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I. INTRODUCTION 
Since the discovery of the atomic nucleus and the subsequent iden­
tification of the neutron and proton as its primary constituents, a 
longstanding goal has been that of deducing nuclear properties from 
those of these constituents. Unfortunately a typical nucleus, being 
composed of many nucléons, possesses several hundred degrees of freedom 
that may be specified in a variety of ways. It is the hope of the 
theorist that a proper method of specification will leave him with only 
a handful of coordinates that need be actively considered. In indepen­
dent-particle models such a partitioning of the degrees of freedom may 
arise naturally as mutual interactions force the majority of nucléons to 
group themselves into closed shells. For the purposes of low energy 
structure calculations, such an "inert" core of nucléons may be either 
neglected entirely or specified by only a few coordinates that represent 
its general features. Nucléons outside of the core, on the other hand, 
must be followed in more detail. Such calculations become increasingly 
unruly as we stray farther from the closed shell nuclei and the number 
of active particles rises. In such circumstances it may be more instruc 
tive to focus ones attention upon the gross properties of the nuclear 
"fluid", and to choose the active degrees of freedom accordingly. 
The discovery of nuclear fission in 1553 (i) and its Subsequent 
interpretation (2) in terms of the surface and Coulomb energies of a 
deformed, charged liquid droplet, indicated that individual nucléons 
were capable of taking part in large scale cooperative phenomena. As 
2 
experimental techniques were refined, evidence for low-enengy collective 
behavior began to accumulate^, particularly in nuclei far removed from 
shell closures. Anomalously large quadrupole moments and electric 
quadrupole transition rates were observed. The low-energy spectra of 
many nuclei were found to contain sequences of levels resembling the 
rotational and vibrational bands known to occur in the excitations of 
molecules. Such discoveries emphasized the importance of taking the 
nuclear collective degrees of freedom into direct account. 
A. Bohr (4) recognized that collective coordinates, used to specify 
the shape and orientation of the nuclear surface, could be treated as 
dynamical variables. In particular he studied the lowest order (quadru­
pole) surface vibrations of a liquid droplet about a spherical equilib­
rium shape, introducing the intrinsic coordinates (3, y, 0.) as a means 
to specify an arbitrary quadrupole surface. The three Euler angles, 6., 
serve to orient a set of body-fixed (BF) principal axes within the 
nuclear droplet, while 3 and y describe the appearance of the surface to 
a 6F observer, p is a measure of the overall deformation from sphericity, 
and the angle y describes the rotational asymmetry about the BF z-axis. 
(The nature of quadrupole deformation, and the meanings of the coordi­
nates B and y, are illustrated by the figures of Appendix A.) Assuming 
the irrotational flowing of an incompressible nuclear fluid, Bohr 
developed a quadrupole vibration Hamiltonian and obtained its operator 
form in the intrinsic coordinate representation: 
^See for example Chapter 1 of the text by Eisenberg and Grelner (3) 
for an accounting of the empirical data. 
3 
.2 , 
Hg = -ïg T(6, Y, e.) + ICB . (1.1) 
The two terms on the right hand side of Equation (1.1) represent 
respectively the kinetic and potential energies of the droplet. The 
latter possesses a minimum for a spherical (g = O) shape. B and C are 
constants which depend upon the nature of the fluid. 
Hg possesses a highly degenerate energy spectrum, and its underlying 
assumptions are evidently too restrictive to adequately account for 
observed low-energy nuclear excitations. However it has served as a 
starting point for a variety of collective models which seek to describe 
the positive parity states of even-even nuclei^. Marty (7, 8) and later 
Davydov and Filippov (9) investigated the case of a triaxially deformed 
rotor in which g and y are treated as fixed parameters. The model 
enjoyed considerable success in accounting for low-energy spectra of 
nuclei having 150 ^ A 190 or A ^ 220. However systematic deviations 
from theory lead Davydov and Chaban (10) to partially relax the rigidity 
constraint, allowing vibrations in the g coordinate in addition to the 
rotations. Again y was considered to be fixed, and the potential 
energy function in Hg was replaced by 
iC(g - g^)^ 
to allow a non-spherical equilibrium shape. In a series of papers cul­
minating with (11), A. Faessler et al. treated both g and y as dynamical 
Vhe text (5) and article (6) by Davidson review these developments. 
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variables, and investigated the Bohr-like Hani 1tonian having 
iCg(6 - + lc^(Y)2 
as its potential energy term. These authors showed that a triaxially 
deformed core (i.e., one in which the equilibrium value of y is not 
zero) was not essential in achieving a good fit to the experimental 
data. 
My ovvn involvement in collective physics was triggered by diffi­
culties in the theoretical interpretation of certain excited states of 
^^^Pd. Gamma-ray coincidence and angular correlation measurements 
enabled Hsue, Hsu, Wohn, Western and Williams (12) to deduce the experi­
mental spectrum shown in Figure 1.1. These authors employed two models 
in an effort to interpret the spectrum: the anharmonic vibrational model 
of Brink, de Toledo Piza, and Kerman (13); and the Davydov-Chaban model 
(10) referred to earlier. The use of the first was motivated by the 
appearance of a nearly degenerate triplet at approximately twice 
the energy of the first 2" level. Such is often the signature of a 
quadrupole vibrator; possesses such a spectrum with an exactly D 
degenerate triplet. in the model of Brink £t aj_. , small anharmonic 
terms are added to H_ to remove the degeneracies. A typical spectrum of D 
the Davydov-Chaban Hamiltonian, on the other hand, may be viewed as a 
series of rotational bands, each based upon a "breathing mode" or g-
vibrational excitation of the deformed nuclear droplet. The purely 
vibrational states have angular moment J = 0, and are labeled by the 
integers n = 1, 2, 3, ... . Associated with each is an asymmetric rotor 
5 
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spectrum having (J+2)/2(J even) or (J-l)/2(J odd) states for each value 
of angular momentum. States of like spin and g-vibrational character 
are enumerated by N = 1, 2, 3. ... in order of increasing energy. The 
Davydov-Chaban Hamiltonian contains four adjustable parameters: B and 
C pertain to the density and elastic properties of the nuclear fluid, as 
in Hg; and Y ~ YQ describe the equilibrium deformation. Three com­
binations of these parameters may be determined by fitting the model to 
experimental energies and/or ratios of E2 transition rates. These are 
^o '  = ^ = • (1-2) 
Aw is an overall energy scale factor, while p is a measure of the stiff­
ness of the B-vibrator against centrifugal stretching, in the limit 
y -»• 0, the rotations and vibrations of the Davydov-Chaban model are 
completely decoupled. The fourth parameter, 8^ itself, may be deter­
mined from absolute E2 transition rates. 
The authors of (12) concluded that the available experimental 
evidence strongly supported a rotor-vibrator interpretation as opposed 
to that of the anharmonic spherical vibrator model. However it was not 
possible to account for entire low-energy spectrum of '^^Pd with a single 
application of the Davydon-Chaban model. Rather, three similar Davydov-
Chaban spectra (3p S^, and in Figure 1.1) were identified, based 
upon J = 0 levels at 0, 1134, and 1706 KeV. Dr. S. A. Williams suggested 
that the latter two levels may be associated with vibrations of the 
asymmetry coordinate y about its equilibrium value, a degree of freedom 
7 
that is neglected in the Davydov-Chaban treatment. A careful treatment 
of the quadratic potential Hamiltonian 
2 
V " • ^  " *Cg(B - (1.3) 
was clearly warranted. 
Davydov (14) had considered such a Hamiltonian earlier, but had 
made use of several approximations in separating variables and solving 
the resulting differential equations. Subsequent investigations by 
S. Williams, W. Western, A. Gregerson and myself indicated that these 
approximations might have a major impact upon the solutions in the case 
of '^^Pd, and a more reliable technique was sought. One reasonable 
approach involved the diagonalization of H^p in a large basis of Hg 
eigenfunctions, 
Hp Y ,  e.) = E ij) (e, Y ,  0;) .  (1.4) D CC I U (X I 
Unfortunately, a closed expression for the in an angular momentum 
basis was not available, although ssvsral contributions had been made in 
that direction (15-19). However Dr. Williams noted that the underlying 
group-theoretical problem which prevented the attainment of such an 
expression had been solved by N. Kemmef, D. Pursey, and himself some 
years earlier (20, 21). This realization lead to a closed formula for 
the *^(6, y, e.) as reported in (22) by T. Corrigan, F. Margetan, and 
S. Williams. A path was then opened for the study of the spectra and 
eigenfunctions of H^^p; furthermore, calculational errors could be 
judged from the effects of shrinking or enlarging the expansion basis. 
The results of such a study are contained within this thesis. 
8 
In the following chapter the quadrupole surface vibration model of 
A. Bohr is reviewed, and properties of the are discussed. The 
mathematical details of the expansion technique used in treating gener­
alized versions of H„ are the subjects of Chapter III. In the course of D 
testing the accompanying computational methods, it was discovered that 
several other authors (23-28) had previously employed expansion tech­
niques to obtain the eigenfunctions of Bohr-like Hami1tonians. Though 
the details of their treatments differed from my own, these works pro­
vided a fertile testing ground for the refinement of my procedures. 
Initial test calculations are described in Appendix C, and Chapter IV 
is devoted to my attempts to duplicate the calculations of Habs et al. 
(29, 30) which employ a form of the collective Hamiltonian of Gneuss and 
Greiner (26). Insight is gained into the importance of the choice of 
expansion basis in a realistic setting, and methods of selecting an 
optimal basis are discussed. A procedure for estimating the sizes of 
caicuiationai errors is also presented in Chapter iv. 
Having concluded with these preliminary topics, the quadratic 
potential Hamiltonian is considered in Chapter V. The development of 
rotational bands is traced as H^p Is systematically evolved from Hg, and 
B and y-vlbrational states are identified. The dependence of the low 
energy spectrum upon the parameters of H^p is investigated, and trends 
in electric quadrupole transition rates are described. In the final 
chapter, the quadratic potential model is applied to several even-even 
nuclei with particular attention being paid to ^^^Pd. It is shown that 
9 
no choice of the Hamiltonian constants can result in a theoretical 
spectrum which resembles that of Figure 1.1 and has a yvibrational band 
head near 1134 KeV. The applicability of the model to both deformed and 
near-spherical nuclei is indicated by a brief examination of the spectra 
of '^^Te, '^^Er and The osmium isotopes ^®Ss, ^^^Os, ^^°0s and 
1A2 Os are treated in detail. 
An effort has been made to specify all model calculations in a 
manner that permits their precise duplication by future investigators. 
Many of the computational details, tables, and derivations of secondary 
importance have been relegated to the appendices, so as to keep the main 
text relatively uncluttered. As several of the chapters are quite 
lengthy, I have adopted the policy of beginning each chapter with a 
brief survey of its contents. This has also been done for the longer 
appendices. The angular momentum conventions employed throughout this 
thesis for Euler angles, rotation matrices, tensor operators, Clebsch-
Gordon coefficients, spherical harmonics, and the form of the Wigner-
cckart theorem are tnose or Rose (3'/ • Several of thé iTorê important 
formulae from that reference have been collected into the final appendix. 
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II. THE BOHR EIGENFUNCTIONS AND THEIR PROPERTIES 
In this chapter the quadrupole surface vibration model, introduced 
by Aage Bohr in 1952 (4), is summarized and the intrinsic coordinate 
eigenfunctions of the model Hamiltonian are presented and discussed. In 
the initial section, the assumptions leading to the Bohr Hamiltonian are 
briefly reviewed, and the quantized Hamiltonian is displayed in several 
representations, including that of the intrinsic coordinates (6, y, 6.). 
[The Bohr model has been extensively reviewed in the literature, and the 
summary presented here has drawn heavily on the treatments contained in 
(3) and (5). The reader is referred to these texts and to the original 
paper (4) for proofs of the assertions given in Section A.] Section B 
describes the procedure used to obtain a closed expression for the 
eigenfunctions y, 0.). The mathematical details have been published 
elsewhere (22) and will not be repeated here. [References (32-37) are 
excellent sources for the group-theoretical concepts assumed in (22) 
and in Section B of this chapter.] The expression for the general 
eigenfunction, G;)» 'S examined in the final section. 
Ranges of the quantum numbers, normalization, symmetries and parity are 
all considered. Shape-coordinate probability distributions are defined 
and displayed graphically for selected low-energy states. Their role 
in first-order perturbative calculations is the final topic of Section 
C. 
n 
A. Review of the Bohr Model 
Ignoring structural details, we begin by visualizing the atomic 
nucleus as a homogeneous liquid droplet. Its classical configuration 
will be assumed to be completely determined by a specification of the 
nuclear surface. The latter may be conveniently given by expanding the 
surface in spherical harmonics, Y , and using the accompanying expansion 
A y  
coefficients, , as measures of the deviations from sphericity. In Ay 
terms of spherical polar coordinates (R, 6, (}») measured with respect to 
a set of right-handed cartesian laboratory (LAB) axes, we write 
R(e, = R^[l + Z a Y* (8, *)] ; ^ 
A y  y  =  - X ,  - A + 1 ,  . . . ,  X  
It is understood that R represents the radial distance to the surface 
along a ray specified by (9, (|>). Changes in the coordinates and 
can be shown to correspond to changes in the nuclear volume and 
center of mass (CM) respectively. If we position the LAB origin at the 
CM of a constant volume droplet, then quadrupole coordinates (X = 2) 
become the lowest ones of interest. Confining our attention to these 
degrees of freedom, we may suppress the X index and write 
2 
R(e, $) = R^[l + E a Y* (0, (j>)] . (2.1) 
° V=-2 
The Bohr coordinates (0, y, 6.) may be introduced by describing the 
nuclear surface as it appears to an observer in a principal-axis, body-
fixed (BF) frame. Again we write 
12 
2 * 
R(0', *') = R^[] + I  a Y (6', (t')] , (2.2) 
U=~2 
where (0', <|)') are measured from the right-handed BF axes. The two sets 
of surface coordinates are related through the J = 2 rotation matrix 
\ • (Z.3) 
In Equation (2.3) 6. = (8^, e^, 6,) are the LAB Euler angles parameter­
izing the active rotation 
R(e.) : LAB 4. BF 
which takes the LAB axes into coincidence with the BF ones. The 
reality of the nuclear surface is assured by demanding 
The nuclear surface is thus seen to be specified by five real numbers 
and hence possesses five independent degrees of freedom. We may require 
that the BF axes be principal axes for the droplet by insisting that the 
surface coordinates in Equation (2.2) satisfy 
a, = = 0 
a^ = a_2 (real) 
a^ (real) . (2.5) 
A quadrupole surface, as viewed from a principal axis frame, is completely 
specified by only two real numbers, a^ and a^. Equivalently we may use 
13 
the deformation and asymmetry parameters, B and y, defined by 
a^ = Scos y , 0 £ B < " , 
8 (2 6) 
a. = — sin Y , 0 < y < 2n 2 ^ - -
The radial-like coordinate B = E a a is a measure of the overall de-y y y 
formation, while y specifies the asymmetry of the surface about the BF 
z-axis. The 3=0 surface is a sphere, independent of the value of y; 
for Y = 0, the surface is axially symmetric about Zgp for all values of 
B. 3, y and the three Euler angles comprise the five intrinsic or Bohr 
coordinates. 
For small oscillations about a spherical equilibrium shape, the 
classical Hami1 tonian is expected to be of the form 
- ~ da 
H = T + V = i  r Bjij + i  I Cjcj ; • (2.7) 
The constants B and C will depend upon the details of the model y y 
employed. in the case of the Bohr model. a nuclear fluid of constant 
mass and charge density is assumed to undergo irrotational flow: the 
velocity field, v(r), of nuclear matter within the droplet obeys 
7 X V = 0 , 
7 • V = 0 ; 
and may be expressed as the gradient of a scalar function satisfying 
Laplace's equation. This equation may be solved subject to the boundary 
condition that the normal component of v vanishes at the nuclear surface. 
14 
The kinetic energy may then be found in terms of the and their 
associated generalized velocities, The potential energy is assumed 
to arise from electrostatic repulsion and surface tension effects. When 
the classical Hamiltonian is so calculated we find, to lowest order in 
the coordinates and velocities, 
Hg = I  Z (-l)^a à + I  Z (-O^a a , (2.8) 
or equivalently 
Hg = ^ J: (-1) + I  Z (-l)^a a , (2.9) 
V P 
where the generalized momenta have been used. The two model 
V 
constants B and C depend upon the size, mass, charge and surface tension 
2 
of the droplet. They have units of [Energy • Time ] and [Energy] 
respectively. 
The classical system may be quantized by replacing the generalized 
coordinates and momenta with operators satisfying the usual commutation 
relations. Some care must be taken as the a are not real coordinates 
u 
and their operator counterparts are non-Hermitian. Figure 2.1 contains 
the commutation relations which result for this a-H operator representa­
tion, and il lustrates the manner in which we may transform to three 
other useful representations. !n the intrinsic coordinate representa­
tion the Hamiltonian assumes the form 
2 
HB = ^T(g, Y, 9.) (2.10) 
15 
a-n Operator Representation 
u u 
I a. . = [n". n"] = 0 
K -  " I = '"«y.v 
I  
J  
realize the commutation 
relations by 
: .f y.v i  
0 V=v 
1 
—c= 
adopt dimens ion less 
coordinates and momenta 
a -> a 
y U 
p a-coordinate Representation— 
U u -p 
+ ^2 (-l)^aa y -y 
i 
change variables to the 
collective coordinates 
(B, Y, 0.) 
—Intrinsic Coordinate Repr, 
H3 = ;|JT(6, Ï, 6.) 6^ 
u) = /C/B 
'  [ f ]  
i  y 
= (ABw) " n 
I 
define new operators 
b^ = — [a' - i(-l)^n' 
b = — [a' + i(-1)^n''^] 
I— ureation/uestruCLlOn 
Operation Representation 
"b = = ^ (-l)Vb.,, 
""u- ' 'v' ° ""I- ' 'v' '  ° 
lb„, b*l .  
Figure 2.1. Appearance of Hg in several representations. The operators 
a , n , b^ and b^ are non-Hermitian. If t denotes Hermitian 
conjugation, then (a = (-l)^a_ , (H^)^ = (~l)^n and 
16 
where T is the differential operator 
T(6, Y. Qj) = \- — 6^ — + -2— — sin 3Y ^ Z • 
6 36 36 6 sin 3Y 3Y 3Y 46 k=l . 2u 
( 2 . 1 1 )  
The L|^ appearing in Equation (2.11) are the (dimensionless) body frame 
components of the angular momentum operator^ and are realized as functions 
of the 9. and their partial derivatives. Their specific form will not 
BC be required here. The intrinsic coordinate eigenfunctions ij; (g, y» 6.) 
are solutions to the Schroedinger equation 
H R/ ^ ( B ,  Y ,  6 . )  =  y ,  e  )  .  ( 2 . 1 2 )  
D I 1 
As we shall see shortly, five lower labels N, SL, v, J and M will be 
required to distinguish the states of good angular momentum. The upper 
labels, B and C, are the values of the physical parameters appearing in 
H„. The interpretation given such an eigenfunction (representing a D 
nuclear state) is: 
probability that a measure­
ment made of the nuclear 
2 surface finds 6, Y, and the 
!%{; (B, Y, 8;) I dn(6, Y. 9;) = 6. to be in the ranges (2.13) 
[6, B+dg], [Y, Y+^YJ. 
[9., 9.+d9.] respectively 
(i = 1, 2. 3). 
The appropriate volume element in Equation (2.13) is found to be 
A, , dQ(B, Y> 0.) = 6 |sin 3Y| =—d6dYd9,d9_d9_ , (2.14) 
' 8u ' ^ ^ 
1 2 2 LAB components are den o t e d  b y  ( J ^ , J ^ , J 2 ) = ( J ^ , , J ^ ) ;  hence J =L , 
17 
and collective coordinates range over the region 
0 < 3 < «0 
0 < Y < 2n 
n(6, Y, e . ) :  0 ^ 9j ^ 2ir ( 2 . 1 5 )  
® £ ®2 — ^ 
0  <  9 _  <  2 n  
—  3  —  
The operator T(g, y, 0.) has the useful property that under 
scaling transformations of the g variable, the functional form of the 
operator is preserved to within a factor. In particular, if g' = sg 
(s a constant), then reexpressing T in terms of the new variable gives 
The result is helpful when passing from liquid-drop problems with units 
to those without, and vice versa. By an appropriate choice of s we may 
transform the Schroedinger Equation (2.12) into a standard reduced (SR) 
form in which the two physical constants no longer appear. Solutions 
of the SR problem are associated with solutions of the original 
equation. The connection is depicted in Figure 2.2. The symbol will 
be used exclusively to denote eigenfunctions of the Bohr Hamiltonian. 
When lower but no upper labels appear, the eigenfunctions are assumed 
to be those of the standard reduced form, H': 
T(6, Y, 9;) = s^T(B', Y, 6.) (2 .16 )  
H g ( 8 ' .  Y> 9 ; )  = -?T( 6 ' ,  Y, e . )  +  i ( 8 ' ) ^  ( 2 . 1 7 )  
FORM WITH UNITS 
H g  -  E  / ' ' ( B . Y . O , )  
Change var iab les to  
0' = 50 
and d iv ide the 
Schroedinger  equat ion 
by f l i t )  :  
i [?]' 
STANDARD REDUCED FORM 
* (8 '  . Y , 0 . )  = E '  ip (0 '  , Y . 0 j )  
H '  =  - i T ( B ' . Y . O . )  +  i e ' ^  
Coord inates range over  
Coord inates range over  
f l (0 .Y i6 j )  o f  Equat ion (2 .15) .  
Normal ized e igenfunct ions obey 
1 = / 
f i ( 0 , Y . 0 j )  
® ^ ( 6 , Y . 0 . )  | ^ d f i ( 6 , Y , 0 . ) . . . ( C l .  
Sî(8 ' , Y t 0 j )  of  Equat ion (2 .15)  
w i t h  0 '  w r i t t e n  I n  p l a c e  o f  0 .  
Normal ized e1 gen funct  ions obey 
oo 
1 = / 
n(B' . Y . e , )  
l,j,(0',Y.e.)rdn(0',Y.o,) ...[C]-
Solut ions are connected by ;  
Hg = 
E =  AwE'  
/ ^ (B,Y,0. )  =  1 , (50,Y,8. ) .  
1^^^  obeys [C]  i f  i( i  obeys [C] -
Figure 2.2. Connection between original and SR forms of the Bohr liquid-drop problem 
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B. Construction of the Bohr Eigenfunctions 
2 The Bohr Hamiltonian Hp commutes with J and J , the square of the 
D  Z  
total angular momentum operator and the z-component respectively. It is 
therefore possible to construct eigenstates of Hg which are simultaneously 
2 eigenstates of J and We will now briefly take up the problem of 
labeling and constructing all such normalizable states. Furthermore we 
desire their form in the Bohr coordinate representation. 
Initially we work in the creation/destruction operator representa­
tion defined in Figure 2.1. From the commutation relations of Hg with 
the b^ and b, we deduce that eigenstates of Hg may be built by applying 
a succession of creation operators upon an angular momentum zero vacuum 
state: 
b^ b^ ... b^ l0> (N phonon state) . (2.18a) 
Ui ^2 UN 
The vacuum state |0> is defined by its property of being rendered zero 
by the action of any destruction operator: 
b^|0> =0 y = 2, 1, ..., -2 . (2.l8b) 
From the known transformation properties of the c under rotations, we 
may deduce those of b, b^ and of the states (2.l8a). For example 
+ 2 
b |0> may be shown to be an eigenstate of J and J^, with eigenvalues 
2 + 
2(2 + 1)A and yft respectively. Any one of the b^ is then said to 
create a phonon of angular momentum two. The state (2.18a) consists of 
N such phonons. 
Each of the twenty-five operators A = b^b commutes with H'. yv y V B 
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Together they generate the continuous group U(5), the maximal symmetry 
group of the Bohr Hamiltonian. Thus the degenerate eigenfunctions of 
H' will form a basis for an irreducible representation (IR) of U(5). D 
Because of the symmetry of expression (2,l8a) under the interchange of 
subscripts, only the so-called symmetric representations of U(5) will be 
involved. These may be labeled by the single quantum number N which 
counts the number of creation operators acting upon |0>. Equivalently 
N is the eigenvalue of the U(5) Casimir operator 
CÙ(5| = I  <•""">-« = "b - f • '2-'9) 
Eigenstates belonging to the [N] symmetric IR of U(5) require four 
additional labels to distinguish them. U(5) contains two chains of 
nested subgroups 
U(5) => R(5) => Physical R(3) (Physical Chain) 
(2 .20)  
U(5) ^ R(5) = R(4) 'V SU(2) X SU(2) (Natural Chain) 
either of which may be used to provide a labeling scheme. To do this we 
choose to span [N] with states which are simultaneous eigenfunctions of 
a mutually commuting set of operators constructed from the A , This 
set, S, consists of 
(1) the Casimir operators (C^; i  = 1, 2. ...) of each subgroup 
(G) in the chain, and 
(2) the largest set of mutually commuting generators {H^, H^, ...} 
of the right-most subgroup in the chain. 
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The states may then be labeled by the eigenvalues of these operators. 
This method works well for the natural chain and supplies a complete set 
of labels for enumerating the states of [N]. The operators comprising S 
may be built, and simultaneous eigenstates of the form (2.18a) may be 
2 identified. Unfortunately, such states are not eigenstates of J which 
is proportional to the single independent Casimir operator of the 
physical R(3) subgroup. 
When the physical chain is used in the labeling method, S may be 
taken to be 
( C u ( 5 ) '  J '  '  ^ R ( 3 ) '  "  " l ^  
The eigenvalues of S are in one-to-one correspondence with the integers 
N, A, J, and M respectively. They do not uniquely specify a state be­
longing to the [N] IR of U(5), as two or more distinct states may possess 
the same four eigenvalues. An inherent difficulty arises: when the 
states that span a single symmetric IR of R(5) are grouped into sets 
which transform among one another under spatial rotations, two or more 
sets may be found which transform in the same way (i.e., according to 
the same IR of R(3))- An additional label v is required to distinguish 
such sets. One could attempt to enlarge S with a fifth operator whose 
eigenvalue would supply the missing label. A different approach is 
taken in (22). There, basis functions for the physical chain, |N£,VJM>, 
are projected from selected "intrinsic" states, |N&v>, belonging to the 
natural chain basis: 
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* 
1N£VJM> = / dfi DjJ g_2^(n)R(n)|NAv> . (2.21) 
R(fi) is an active rotation operator, and the integration is over all 
rotations (n) • For fixed £, the integer v runs over the range 
V  =  0 ,  1 , 2 ,  . . . ,  [ £ / 3 ] g |  
where [x]g| designates the greatest integer ^ x. The intrinsic states 
may be identified by their eigenvalues to be 
N-£ 
lN£v> = {[bV]^^} ^ (b+2)^(bj)*"^|0> (2.22) 
in the creation/destruction operator representation, where the notation 
[bV] ,^ = Z C(22J; vvM)bV (2.23) 
Jn U V pv 
has been employed. The projected states of Equation (2.21) are shown to 
properly span the [N] IR of U(5); hence, the integral label v completely 
resolves the R(5) R(3) multiplicity difficulty. 
Our original problem of spanning the space of degenerate eigen-
states of H_ with states of good angular momentum is now solved in 
D 
principle. It remains only to translate Equations (2.l8b), (2.21), and 
(2.22) into the intrinsic coordinate representation. The vacuum state 
eigenfunction becomes 
-i.Z a'*a' -IB'Z 
<3',Y, 8.|0> = e y ^ ^ = e (2.24) 
and the normalized eigenfunctions of the standard reduced problem are 
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found to possess the factored form 
"Y' ~ ®î^ " (2.25) 
The radial and angular terms are given respectively by 
2 
fNg/G') = 1^1 (-n; «; G'Z) (2.26) 
n = , a = £. + I" ; 
and 
* * 
J 0^ (6 ) + (-D'^o;! (9 ) 
«,) = %VJK<V) / ' . 
K>0 (I + 6% ,) 
even 
a 
max 
(Y) = (cos y)^ Z A_(&vJK)(tan y)2c+iK _ (2.28) 
a=0 
A closed form expression for the coefficients A^(JlvJK), derived in 
Reference (22), is given by Equations (B.15) and (8.16). and , 
are normalization coefficients which are chosen to insure that Equation 
(C) of Figure 2.2 is satisfied. As discussed in Appendix B, the radial 
and angular factors of separately normalized. If is 
absorbed by the A-coefficient in Equation (2.28), the angular factor can 
be wri tten 
* * 
J D_ «(0r) + (-1)^0^ .(((9;) 
= 4o 'WK(Y) 
even '  
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a 
g,,,%(?) = (cos y)^ Z A^X&vJK)(tan (2.30) 
o=0 ^ 
The calculation of the normalized A-coefficients, A^, and the upper 
l imit on the summation over a are described in Appendix B. 
C. Properties of the Bohr Eigenfunctions 
The ranges of the quantum numbers N, Z, v, J, and M follow from the 
group-theoretical meaning given them in the derivation of Reference (22). 
N, the number of phonon excitations above the ground state, labels the 
U(5) symmetric IR to which i{) belongs: 
N = 0, 1, 2, ... . (2.31) 
For N = 0 the IR is one-dimensional and the corresponding Bohr eigen-
function is just the properly normalized vacuum state of Equation (2.24). 
Because of the similarity between Hg and the U(5) Casimir operator 
[Equation (2.19)], distinct states with the same N quantum number are 
degenerate in energy. In particular we have 
"B^NAVJM^G' '  •Y'  Y, 6;)  
(2.32) 
=  - i T ( 6 ' ,  Y .  e . )  +  i B ' Z  
If we confine our attention only to transformation properties under the 
operations of the R(5) subgroup, the states of the [N] IR of U(5) may be 
decomposed into a direct sum of symmetric R(5) multiplets according to 
the simple rule 
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""R(5) 
[H^U(5) ~ [^]R(5) *  "  ^^R(5) *  ' ""  *  ° ' '  
^^^R(5) 
Hence for fixed N, the I  quantum number, which labels the R(5) content of 
\l), may range over 
Jl = N, N - 2 0 or 1 . (2.33) 
When we restrict our attention to transformation properties under 
physical rotations, further decomposition is complicated by the 
R(5) => R(3) multiplicity problem. As stated in (22), the rule for the 
angular momentum content of the IR is as follows. 
For each value of £, the empirical quantum number ranges over 
V = 0, 1, 2, ... [2/3]%, . (2.34) 
For each (£, v) pair, the allowed values of angular momentum are 
J = 2k, 2k - 2, 2k - 3, k ; k = £ - 3v . (2.35) 
For each value of J, the projection " may be anyone of 
M = -J, -J + 1, ..., J . (2.36) 
The energy spectrum of Hg may be quickly deduced from Equations 
(2.31)-(2.36). Figure 2.3 illustrates the low energy portion of the 
highly degenerate spectrum. Notice that J = 2k - 1 does not occur in 
Equation (2.35), and subsequently there are no states of angular momentum 
1. J = 0 states may only occur for k = 0, i.e., for 
(£, v) = (0, 0), (3, 1), (6, 2), ... 
LOW ENERGY SPECTRUM OF Hg. 
N runs vertically. 
J is labeled directly above each level. 
i = N = N - 2  
A 
i =N - ' 4  j ) =N-6  
(T  
N  
LU 
Z  
1x1 
6  17 /2  -
13/2 
9/2 
5/2 L 
_I2 JO __9 __8 _7 __6 _6 _4 _3 JD _8 _6 __5 , __4 __2 _J4 
JO _8 7 ._6 _4 _6 _4 _O _2 
_8 _6 _5 _4 __2 _4 _2 _0 
_6 _4 _3 JO _2 
_2 
_Û 
_2 
0 = J 
z/ = 0 
gure 2.3. Quantum numbers (N£vJ) and absolute energies for low-lying eigenstates of Hg 
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The V label is then never required to distinguish states having the same 
values of N, i, and J = 0. This is also the case for J = 2, 3» 4, 5, 
and 7; however, it is not true in general. For example (6, O) and (6, 1) 
each give rise to J = 6. The possible angular momenta occurring for 
each value of Z may be deduced from Equations (2.34) and (2.35) • For 
£ _< 10, they are listed in Table 2.1. When the superscript p is attached 
to J, that value of J occurs p times in the angular momentum decomposi­
tion of the [£] symmetric IR of R(5)- The label v is then required to 
resolve the multiplicity. The complexity of the decomposition and the 
degree o f  mul t ip l ic i ty  grow wi th  increas ing i .  For  2  < 6,  the label  v  
is seen to be redundant. 
The total number of states of the form for which the 
principal quantum number obeys N _< is given in Table 2.2 for several 
values of J and The normalized A-coefficients of Equation (2.30) 
have been calculated only for the states described in Table 2.3. For a 
given value of J, all states having N ^ ^ max^^^ have been determined. 
TiicSc states comprise the expsr.sicn basis that nay be employed 
in the calculations of the later chapters. 
Of the five quantum numbers which label ij), only v is not associated 
with the eigenvalue of an Hermitian operator. The normalized eigen-
functions must therefore possess the orthogonality property: 
/ '  (2-37) 
wi th 
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Table 2,1. Angular momentum decomposition of R(5) symmetric IR 
J-decomposition of 
& indicates that J occurs p times 
(p = 1 is not written) 
0 0 
1 2 
2 1, k 
3 0, 3, 4,  6 
4 2, 4, 5,  6, 8 
5 2, 4, 5,  6, 7, 8,  10 
6 0, 3, 4,  6^, 7,  8, 9, 10, 12 
7 2, 4, 5,  6, 7,  8^, 9,  10, 11, 12, 14 
8 2, 4, 5,  6, 7, 8^, 9,  LOF, I I ,  12, 13, 14, 16 
9 0, 3, 4,  6^, 7,  8,  9^, LOF, 11, 12^, 13, 14, 15, 16, 18 
10 2, 4, 5,  6, 7,  8^, 9, LOF, 11%, 12%, 13, 14^, 15, 16, 17, 18, 20 
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Table 2.2. The number of states , , for which N < N N&vJJ — max 
J N : max 10 15 20 25 30 
0 14 27 44 65 91 
2 22 45 77 117 165 
3 8 19 33 52 75 
4 25 56 100 156 225 
5 12 30 57 92 135 
6 24 61 114 184 271 
7 12 36 72 121 182 
8 21 60 121 202 304 
9 10 37 80 140 217 
10 16 56 121 211 326 
11 7 34 82 151 240 
12 11 49 116 212 338 
i 3 4 29 79 154 254 
14 7 40 107 207 340 
15 2 23 72 151 259 
16 4 31 95 196 335 
17 1 16 63 143 256 
18 2 23 81 181 323 
19 0 11 52 131 247 
20 1 16 67 163 305 
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Table 2.3. Particulars for the maximum usable expansion basis (grouped 
by angular momentum J) 
J ^max^J) 
Number of 
N < N (J) 
— max 
Number of 
A2(£VJK) 
£<£ ; K>0 
— max — 
Number of distinct 
<£vJJ!£V'JJ> 
(v < v') 
0 30 91 91 0 
2 27 135 261 0 
3 30 75 85 0 
k 25 156 504 0 
5 27 108 240 0 
6 25 184 854 7 
7 25 121 457 0 
8 25 202 1266 13 
9 25 140 766 6 
10 25 211 1719 18 
11 15 34 319 4 
12 25 212 2191 27 
13 15 29 393 5 
14 25 207 2660 34 
15 15 23 431 6 
16 25 196 3098 39 
17 15 16 560 3 
18 25 181 3480 45 
19 15 11 313 2 
20 25 163 3778 48 
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<&vJM|&vJM> = 1 
The general overlap bracket <2.VJM]AV'JM> is independent of M, and its 
accurate calculation for v 5^ v' is described in Appendix B. The number 
of distinct overlap brackets between maximal basis states of a given 
spin is listed in Table 2.3. An abbreviated listing of their values can 
be found in Table B.5. The overlaps will be required in Chapter III 
when an orthonormal set of eigenfunctions is constructed from the 
All of the Bohr eigenfunctions are associated with positive parity 
nuclear states. Under a simultaneous inversion through the origin of 
the positions of all nucléons, the wavefunction ^ left unaltered. 
This statement of course requires that a connection be made between the 
collective coordinates and those of the individual nucléons. For 
instance, if the collective and microscopic expressions for the 
nuclear quadrupole moment are equated (38), one finds to lowest order 
'W '  R- • (2 3*) 
Here (r., 9., s}).) are the spherical polar coordinated of the i—nucléon, 
and A is the number of nucléons. The surface coordinates a may then be 
seen to be unaffected by the parity operation, 
Ï :  (r., 8., ( j ) . )  4 .  (r., i r  -  6 . ,  ( j ) .  +  i r )  
As the eigenfunctions ip are single valued in the a coordinates, they too 
will be unaffected by H. The positive parity of the ij; is simply a 
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manifestation of the inversion symmetry of the general quadrupole surface 
[Equation (2.1)]. 
The a coordinates are in one-to-one correspondence with the distinct 
quadrupole surfaces; however, this is not the case for the Bohr coordi­
nates (g, Y> 6.). There exist 2h possible choices for the body-fixed, 
principal-axis system, and hence any given quadrupole surface may be 
properly described by any one of 24 sets (g, y, 6.). As a result, the 
Bohr-coordinate eigenfunctions possess a number of symmetries which may 
be deduced from 
The first relationship is trivial, and the second follows from Equation 
(2.22) and the form of the creation operators in the a-representation 
[Figure 2.1]. In Appendix A, four independent symmetries are found. 
They may be written in terms of the g^ functions of Equation (2.30) as 
(2.40) 
The first symmetry permits the angular portion of ip to be written in 
either of two equivalent forms: that of Equation (2.29), or 
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*G,VJM(Y' ^ '  (2.^»!) 
K=-J 
The second symmetry applied twice restricts K to even values in 
Equations (2.29) and (2.4l). 
The Y"C00rdinate probability density P(Y) of a normalized state 
function (J)(3', y, 0.) is defined by 
œ Zir TT Zir  ^
P(Y)dï = / / / / 4» 4» dO(g', Y. 8.) • (2.42) 
0 0 0 0 
6 '  0  
P(ï)dY is then the probability that a measurement of the nuclear surface 
will find Y to be in the range [Y, Y + dy]» For the P(y) depends 
only on the £, v, and J quantum numbers. As a consequence of the 
symmetries expressed by Equations (2.40), P(Y) is shown in Appendix A 
to satisfy 
P(Y) = P(-Y) = P(Y -  I^) = P(Y + TF) (2.43) 
for any Bohr eigenfunction. P(Y) thus possesses reflection symmetries 
about Y = 0, 30°, 60°, ..., and has translatîonal symmetries under shifts 
of 60°, 120°, 180°, ... . if P(Y) is specified on 0 £ y £ n/6, it is 
then determined elsewhere by Equation (2.43).  In Figures 2.4-2.6, P(Y) 
is displayed for selected low energy states. The drawings have been 
grouped by angular momentum, and were prepared by evaluating P(Y) at one 
hundred equally spaced values of y on [0, n/6]. of the same J 
and V are often similar in appearance. In fact for the states of 
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Figure 2.4. y-probabi1ity densities of selected J = 0,2,3 Bohr 
e i  genfunct ions 
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Figure 2.5. ^-probability densities of selected J = 4,5 Bohr eigenfunc-
t ions 
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Figure 2.6, yprobabi 1 ity densities of selected J = 6,7 Bohr eigenfunc-
t ions 
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angular momentum 2 and 5, we have the identity 
' 'n.v.jW = Vl.v.jM 
J = 2; 2 = 1, 4, 7, 10, 
OH 
j = 5; JL = 4, 7, 10, .. 
(2.44) 
Furthermore, for the J = 0, 2, 4 states of the N = 2 triplet in Figure 
2.3, we may use 
= 1 
^0000 2 
- < 
9202K ^ 
^ (cos^Y - sin^y) 
Y sin Y cos Y 
K = 0 
K = 2 
and 
N _ ) 
^204K \ 
3  2 ^ 1 . 2  Y cos Y + ^ sin Y 
15 .  
-g- s I n Y cos Y 
® SIN^Y 
K = 0 
K = 2 
K = 4 
I  '  
to show that 'S identical for all: 
'  ''202'^ '  °  ^ 204(7) °  T IS'"  3YI (2.45) 
If a perturbation V(Y) is slowly added to H', the energy of the D 
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perturbed state growing from 'S given to first order^ by 
EJ ^ = (N +-J) + /  
(2.46) 
2ir 
=  ( N + f ) + /  d Y P % ^ j ( y ) V ( Y )  
0 
By virtue of Equation (2.45), the N = 2 triplet states are, in first 
order, neither split nor shifted in energy with respect to the new ground 
state. 
In a manner similar to that used for P(Y), a radial coordinate 
density P(g') may be defined by 
2tt 2 IT T: 2 i r  ^  
P(8')d6' = / i j ! *  4 da (B', Y,  8.y . (2.47) 
0 0 0 0 
Y e  
As a consequence of the factored form of Equation (2.25), we have 
P(S') = Pw,(g') = [6'\,(B')]^ (2.48) 
for any Bohr eigenfunction, The function in brackets is dis­
played in Figure 2.7 for selected low-energy states. The drawings have 
been grouped according to the value of 
Here it is assumed that the perturbed eigenfunction approaches 
*N&vJM V(Y) -*• 0. This will not generally be the case if there are 
two or more distinct Bohr eigenfunctions which differ only in their £ 
or V values. Such states will be strongly mixed by V(Y) and degenerate 
perturbation theory [see Chapter 16 of (39)] must be applied. However 
any function V(g',Y) is an angular momentum scalar, and consequently 
cannot connect states of different (J, M). 
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Figure 2.7- Square root of radial probability distribution for selected 
low-energy Bohr eigenfunctions 
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IJ « 0 
—-— = number of zeroes of P.,, (g' ) on 0 < 3' < " . (2.49) Z NX 
2 In preparing the drawings, 6' was evaluated at one hundred 
equally spaced values of g' on [0, 7]. We can see that even for the 
ground state there is only a negligible probability of finding the 
nuclear surface to be spherical (g' = O). Because of the zero-point 
vibrations, the mean value of B' is given by 
~ O "  C G|2 A 
<g'> = / B'P_(B')de' = — / (G')>e 9 dg' = -2- % I.50  
0 3»^ 0 3A" 
if a perturbation V(g') is added to Hg, the radial counterpart of 
Equation (2.46) is 
= (N + |) + / dg'P^^(B')V(g') . (2.50) 
0 
If we consider the N = 2 triplet to first order, we notice that the 
J = 2, 4 states each possess £ = 2; they will remain degenerate but will 
in general be split away from the J = 0, x, = 0 state. Any function which 
depends solely on the radial coordinate will commute with the generators 
of the R(5) subgroup in the physical chain (2.20). Consequently 
H = + V(g') (2.51) 
possesses R(5) symmetry, and £ remains a good quantum number for 
describing degenerate multiplets of H. Two eigenstates of H which 
arise from ^nd ^N£v'J'M' respectively, will remain degenerate to 
all orders of perturbation theory. 
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III. EXPANSION TECHNIQUES 
We now begin an investigation of the mathematical details necessary 
for treating the more general problem 
H*(G, Y. 9j) = E*(6, Y» 6j) (3.1a) 
.2 
H =  ^  T(6 ,  Y .  e . )  +  V(g ,  Y)  .  (3 .1b)  
2 Here the potential energy term of the Bohr Hamiltonian, iCg , has been 
replaced with a more general function of the shape coordinates. For any 
choice of the constants B and C in Equation (2.10), the eigenfunctions 
of Hg form a complete set in terms of which we may expand the normaliz-
able solutions of any similar problem having the same degrees of freedom 
and boundary conditions. When such an expansion is made, the Schroedinger 
Equation (3.1a) may be cast into the form of a matrix eigenvalue problem. 
Computer solution of the resulting equation is more economical if the 
matrix whose eigenvalues are desired is both real and symmetric. This 
will be the case for Equation (3.1a) if the expansion basis is ortho-
normal. In Section B of this chapter we take up the problem of forming 
an orthonormal basis of Kg eigenfunctions from the original 
of Chapter 11, and we examine the matrix form of the Schroedinger equa­
tion in each basis. 
The method of solution by expansion requires the calculation of 
matrix elements of H between states of the expansion basis. Different 
selections of the two physical constants in Hg lead to different sets of 
expansion functions and hence affect the calculations. In principle 
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this presents no difficulties when the entire expansion basis is used; 
calculated eigenvalues and eigenfunctions of H should be independent of 
the choice of basis since each basis is a complete set. However for 
practical purposes, * will be expanded in a finite (truncated) basis and 
the independence of basis is no longer guaranteed. In Section C the 
choice of expansion basis is shown to effect the calculated matrix 
elements through a single parameter s. The meaning of s is discussed 
and methods for selecting the optimal basis of a given size are 
described. These methods will be examined in a practical setting in 
Chapter IV. 
The final section contains a summary of the calculation of electric 
quadrupole transition rates between the eigenstates of Equation (3.1a). 
Details of the derivation and programming methods can be found In 
Appendix D. First-order transition rates between Bohr eigenstates 
having N £ 5 are presented and discussed. 
A. Notational Conventions 
A "Bohr-like" problem will be defined to be one having the form 
Y» 8j) #g(8, T> 9j) - Y, 8.) (3.2a) 
Hg(B, Y, 0j) = A^[-iT(3, Y, e.)] + . (3.2b) 
Here A^ and A^ are constants; they may be dimensionless or have units of 
energy. The coordinate g may represent either the original deformation 
parameter appearing in Equations (2.6), or a rescaled version such as 
the $' of Figure 2.2. The lower labels on ip serve to distinguish the 
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various eigenstates. Greek letters a, g, ... will be used to denote the 
set of labels employed in Chapter II: 
» = (N~. V (3.3) 
The will be assumed to be normalized over the region 0(B, y, 0.) of 
Equation (2.15) with respect to the volume element dfi(3, y, 6.) of 
Equation (2.14). The are then normalized but they are not orthogonal 
on the V label. Roman letters i, j, ... will denote the labels for an 
orthonormal set of solutions to Equations (3 2), 
i = (N., 2., t., J., M.) (3.4) 
Presumably each of the ifi. will be some linear combination 
ij)! = z u. 4"^ I la a V 
a 
r N = N 
a 
; < 
1 = 1  
a  
J^ = J 
M = M 
a 
A method for determining the constants U.^ will be presented in Section 
The upper label on the will again indicate the form of Hg for 
which is an eigenfunction. Rather than listing the two physical 
parameters of Hg as was done in Chapter II, the single label s will be 
employed, s relates the solutions of Equations (3.2) to those of the 
standard reduced Bohr problem (A^ = A^ = 1). In the manner of Figure 
2.2, we may write the former as 
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*^(9, y, Qj) = Y. ôj) ; s = (3-5) 
E„ = /OT (N^ + 5/2) . (3.6) A 1 /  A 
As before, the SR solutions, y ,  0.), will bear no upper label. 
Matrix elements of an arbitrary operator ©(3, y, 8.) between 
normalized Bohr eigenfunctions will be written as 
< t® l i s (6 ,  Y ,  e . ) | * a>  5  ! do (8 .  -r. e , )  5  )  
"  '  ® n (6 ,T ,0 . )  '  °  '  
X &(g, Y, 8.)$g(6, y, 0 . )  .  (3 .7 )  I  P I  
When SR eigenfunctions are involved only the subscripts will appear, as 
in 
< ! |& (6 ,  Y ,  8 . ) t j >  =  < * . |G (6 ,  Y ,  8 . ) | * j >  .  (3 .8 )  
Finally we agree that if & is the unit operator it will be suppressed. 
Fo r  examp le ,  
<*;|1|*!> = <*; !* !> = 
A "generalized" Bohr problem will be defined as one having the form 
H(B, Y, 8.) *(g, Y, e.) = E*(B, Y, 8.) (3.9a) 
H = A[-&T(6, Y, 8.)] + V(B, y )  (3.9b) 
where A is constant. The potential energy function V(B, Y )  IS expected 
to possess the symmetries of a quadrupole surface as discussed in 
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Appendix A. V(S, y) may be arbitrarily defined on the region 0 ^ B < », 
O^Y ^ TT/3 ; the symmetries will then determine it elsewhere. The eigen-
functions # will be assumed to be normalized in the same manner as the iji 
of Equat ions (3.2). 
Equation (3.1a) is in the form of a generalized Bohr problem where 
2 A = A /B and V have units of energy. Because of the scaling property 
[Equation (2.16)] of the kinetic energy operator, a linear change in the 
6 variable in Equations (3.9) will again result in a problem of the same 
form. In particular, let B and C be two arbitrary constants having 
2 
units of [energy.time ] and energy respectively. We can cast Equation 
(3.1a) into dimensionless form by making the change of variable 
1/4 
6' = sg , s = j , (3.10) 
-  -  4 
and then dividing by the energy factor ^[C/B] . This results in the 
"reduced" form 
H ( 6 ' .  Y .  6 . )  6 ( S ' ,  Y .  6.) = EÂ(P',  Y, S.) » 
i  (3.11) 
H ( 6 ' ,  Y »  6 ; )  =  ^  [ - I T ( G '  , Y > 6 J ) L + | '  T  J  V  ^  4 R  *  Y  J  
The solutions of the original problem (3.1) are related to those of the 
reduced version by 
r  -  1  ^  
E = Ê (3.12) 
*(B, Y, 0j) = Ô(sg, Y, 9j) • (3.13) 
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The raised bar, .will be used to denote the energies and eigenfunctions 
of the reduced (dimens ion less) form of a generalized Bohr problem, it 
is also used when writing B, C, and s which specify the transformation 
connecting the original and reduced forms. 
The collection of energy eigenvalues, {E.}, each having an asso­
ciated state label i, comprises the energy spectrum of a Hamiltonian. 
The members of the reduced energy spectrum are obtained from 
(3.,4) 
2^ GS 
where Egg and E^ are the energies of the ground state and the first 
excited J = 2 state respectively. From Equation (3.12) it is clear that 
H and H will have the same reduced energy spectrum. Let us suppose that 
H depends upon n adjustable parameters. By a judicious choice of B and 
C, H can be made to depend on only (n - 2) combinations of these 
parameters. The search for the distinct reduced energy spectra that H 
may possess is then considerably simplified by investigating the spectra 
of H. Notice that the general Bohr-like problem [Equations (3.2)] 
depends upon the two constants A, and A^; however its reduced spectrum 
may be seen from Equation (3.6) to be independent of either constant. 
B. Matrix Form of the Schroedinger Equation 
in the Bohr coordinate representation, the operators for the 
laboratory components of angular momentum [J.] involve only the Euler 
angles and their partial derivatives; hence they will commute with an 
arbitrary function of 6 and y. In as much as the three operators also 
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commute with Hg, we conclude that they will commute with the Hamiltonian 
operator for a generalized Bohr problem. This follows because the latter 
may be written as the sum of two terms, 
H =  Hg +  [V(G,  y )  -  iCgZ]  
each of which commutes with the J.. We may seek solutions to the 
generalized Bohr problem [Equations (3.9)] which are also eigenstates 
of the total angular momentum operator and its z projection, with eigen-
2 
values J(J + 1)A and MA respectively. We write 
"*JMq ^ *JMq '  (3.15) 
where J and M label the angular momentum eigenvalues, and q represents 
the remaining labels. For the purposes of this section, it will be 
convenient to suppress the arguments (3, y, 0.) when they occur. 
Let us expand <J) in terms of the closed-form solutions to some 
Jnq 
Bohr-like Schroedinger equation: 
+JMq = C ° J. = J- = ") • <'•' ' ' 
a 
[!t follows from the Wigner-Eckart theorem [Equation (F.79)] that only 
those having J = J and M = M can have a non-zero overlap with 
a a a 
({), . Hence only these need occur in the sum of Equation (3.16).] JMQ 
Substituting Equation (3-16) into Equation (3.15), multiplying the 
result by , and integrating over the space of the coordinates gives P 
z  =  E r  •  (3  '7 )  
a a 
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or as a matrix equation^ 
[H'LB^ = E [NJB^ .  (3.18) 
— A 
Here elements of the matrices have been defined by 
= / dfi , and (3.19) 
DN .  (3.20) 
The prime on H is to remind us that the matrix elements of the Hamiltonian 
are computed in a (generally) non-orthogonal basis. The inverse of the 
matrix [N] exists, and Equation (3 18) may be rewritten in the form of 
an eigenvalue equation: 
[ [ N ] " ' [ H ' ] ]  B F  =  E Q B ^  .  ( 3 . 2 1 )  
[H'l is an Hermitean matrix. In Appendix C its matrix elements are 
calculated to be real. Hence [H'] is real and symmetric: 
[H'l = [H']^ = [H']*. The same may be said of the matrix [N], but not 
of the product [N] ^[H'], 
Rather than solving Equation (3.21) we may transform to an ortho-
normal basis i  = (N., i l . ,  t., J., M.). The Schroedinger equation 
wiii then be replaced by an eigenvalue equation for s real syrs^atric 
In this section, brackets [] will be used to denote a matrix; 
superscripts t, -1, and * will denote the transposed, inverse, and 
complex conjugate matrices respectively. 
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matrix. The original and orthonormal bases will be connected by some 
linear transformation 
=  Z  U . _  .  ( 3 . 2 2 )  
I  G 'B G 
The orthonormal ity of the liif, = 6.j, imposes the condition 
[1] = . (3.23) 
The matrix [U] may be found from [N] by the following procedure. 
[N] is a real, symmetric matrix. Its diagonal elements are 
all unity; some of its non-zero off-diagonal elements for 
selected values of J are listed in Table B.5. [N] is also 
positive definite in the sense that 
Z V.[N].,v. > 0 for al1 real v # 0 
. J I  F J J -
There will exist^ a real, orthogonal matrix [P] which 
diagonalizes [N]: 
[P]" ' [N][PI = [P]^[N][P] = 
n^ 0  0  
u n_ u 6 
0 0 n. 
(3.24) 
The eigenvalues n. will be real and positive. If we define a 
real diagonal matrix by 
^See for example Chapter 7 of Reference (40). 
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Li]' 
0 
0 
0 
0 
then the real matrix 
(3.25) 
(3 .26)  
can be easily shown to satisfy Equation (3.23). 
If we use the set of orthonormal states as an expansion basis 
•jMq = : i = (Nj, &., t j, J. = J, M. = M) (3.27) 
and repeat the procedure that led to Equation (3.18), we find 
[Hja^ = E a^ ; [H]. = <ij)! |H|I|;^> 
'J " J 
(3.28) 
which may be compared with Equation (3.21). From Equation (3.22) it 
follows that the relationship between the two sets of expansion 
coefficients is 
b = E U. a. or b = [U] a , 
a .  10 I  .  (3.29) 
and the Hamiltonian matrices are related by 
[H] = (3.30) 
From the last equation and the previously mentioned properties of [H'] 
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and [U], [H] may be shown to be real and symmetric. 
If the set of expansion functions is truncated, and the matrix 
elements of H between orthonormal states are calculated, the eigenvalues 
and eigenvectors of Equation (3.28) may be found through standard 
computational techniques. In my work, the Argonne National Laboratory 
EISPACK (41) routines for matrix manipulation and diagonalization were 
used. Appendix C describes how standard reduced matrix elements of 
= effCy) , p = 0, 1, 2, ... ; (3.31a) 
and 
2 
V2 = gPf(y) , a > 0 (3.31b) 
between orthonormal Bohr eigenfunctions may be calculated. f(y) must 
obey the symmetries of the quadrupole surface, but is otherwise quite 
arbitrary. Conventions for enumerating the expansion functions and for 
storing the matrix elements on magnetic tape are set forth in Appendix C. 
The potential energy functions, V(3, y)> employed :n this thesis 
are predominantly linear combinations of terms of the form . Terms of 
the form were added in one instance during the preliminary test 
calculations described in Appendix C. In the next section we shall see 
that the matrix [H] for such Hamiltonians may be assembled from 
<!|V,|j> and (ilVglJ). 
C. The Influence of the Choice of Basis 
A single parameter s relates the eigenfunctions of any Bohr-like 
Hamiltonian to those of the standard reduced problem. Only matrix 
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elements of these functions are required in Equation (3.28); hence the 
choice of the basis Hamiltonian [Hg of Equation (3.2b)] can effect the 
outcome of the calculations only through s = [A^/A^]^. When the eîgen-
functions of 
H =  A[ - iT (G, y ,  e. ) ]  +  V (3,  Y) 
are to be found by expanding in solutions of 
Hg =  A , [ - iT (6 ,  Y ,  8 . ) ]  +  Agl le f ]  
there is no loss of generality if we restrict A^ = A. In this case H 
and Hg differ only in their potential energy terms, and the basis 
parameter s may be varied by changing A^. Figure 3 la compares a 
typical potential energy term of H with those of Hg for three choices of 
s. For the optimal value of s, we expect that 
Vhr -
should approximate V(S, y) as well as is possible over that portion of 
the potential well that is strongly sensed by the eigenfunctions of H. 
For a finite basis calculation, the optimal value of s may be empirically 
defined as that value of s for which small changes in s leave the output 
energies and eigenfunctions unaltered. For example if we repeatedly solve 
Equation (3.15) using a succession of different expansion bases, we 
could plot the calculated energy of some state * versus the basis 
parameter as shown in Figure 3.1b. The optimal value of s, would 
then lie in the center of the flat region (if it exists). This issue 
will be investigated at length in Chapter IV. 
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^BOHR 
(large S) 
For Fixed y=y, 
'Bohr 
(Optimal S\ 
\ for ^ I 
Total energy of STATE 4> / 
UJ 
UJ 
(a) 
UJ 
VBOHR 
(small S) 
s 
finite basis calculation 
^ _ EXACT VALUE 
best 
CD 
S used in calculation Ui 
Figure 3.1. Dependence of Vgohr ~ s A[i6 ] and calculated energy [E in 
H<I) = E*; H = A(-IT(6,Y,0J) ) + V(8,Y)] upon the basis param­
eter, s, In a typical application 
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The manner in which the choice 
isolated by expressing the required 
standard reduced ones. 
[H].. = <*:|H|*S> 
of s enters the calculations may be 
matrix elements [H].. in terms of 
= / dO(6, y ,  ( B,  Y , 6.) T-y T(B, y ,  0.) + V(B, Y. 
fi L J 
= s^ J dn(B, y ,  8.)*.(sB, y ,  e.)|^-jT(B, y ,  8.) + V(B, y) j  
X 4y(s6, Y, 6;) , 
where Equation (3.5) has been used to write the ipî in terms of the SR 
functions . Changing the radial variable to 6' = sB, we have: 
dfi « B^dB dn(B, Y, e.) = s"^dn(B', Y. 6.) 
Equation (2.16) -»• T(6, Y ,  8.) = s^T(B', Y ,  8.) , 
and 
* r A 2 
[H].. = / dn(B', Y, 8.)*.(B', Y, 8 ) "-^T(B', Y, 8 ) 
'J n(B',Y,8;) ' ' ' ^ 
+ V i — . Y ^1I I>.(6',Y , 0.) 
\s /J J ' 
Finally we use 
-Y T(6' ,  Y. 8.)^J(G', Y, 8.) = (N^ + |- -^'^)^J (6', Y» 8.) 
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to obtain the result 
2 2 
[H].j = A s^fNj +|)Ô;j + <i|V(|- , y) - ^ 2 ^ • (3 32) 
In the usual case, the potential energy function has the form 
m 
V(B, T) = E C B^f (Y) (3.33) 
p=0 
where some of the constants may be zero. In order that bound 
solutions may exist, the coefficient of the highest power of B is 
assumed to satisfy 
C f (Y) > 0 for all 0 < Y < 2n 
MM — — 
For the above potential, Equation (3 32) becomes 
[H].. = A s^(N. + 1)6.. - A s^<ili B^|j> + Z C s"P<ijg^f (y)jj> . (3-3^) 
* J J 'J p=0 
The expression for the diagonal elements may be simplified by making use 
of the virial theorem (42) [or Equation 0.31] to write 
<i 1-1 T|i> = <i|y 6^1 ;> = Y (N. + |) 
Using this result we have 
A _ — m 
[H] = y (N + |)s^+ E C <i!6Pf (y)!Î>s'P , (3.35) 
' ^ ^ p=0 P P 
and the asymptotic properties 
[H]j. {C^<ilB"'f^(Y)|i>}s""' , (3.36a) 
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[H. ] ! 
s -*• 
I  f (N; + |)]s^ . (3.36b) 
The two quantities in braces {} are necessarily positive. Regarded as a 
function of s, [H].. will have at least one minimum on 0 < s < <*>. The 
same may be said of the trace of [H]: 
tr[H] = Z [H].. = sum of the eigenvalues of (3.37) 
all basis ' ' the finite matrix [H] 
states, i 
Equation (3.35) affords us an opportunity for estimating We 
wish to know the optimal value of s for use in a finite basis expansion 
of the few lowest energy (E^, , Ej^) eigenstates of H. Empirically 
we could proceed by calculating the curve of Figure 3.1b for each of 
these states. The center of the region where the Ej - vrs - s curves 
are mutually flat could be taken to be (Here Ej refers to the 
calculated value of the exact eigenvalue Ej.) Because of the asymptotic 
properties of the diagonal elements, the curves might be expected to 
rise away from the flat region for both large and small vâiues of 5. If 
this is indeed the case, should l ie not too distant from the 
lowest minimum of the sum of the k curves: 
^ r Z Ei 1 = 0 . (3.38) 
ds L j=i J  J j  
s = s^est 
Because the eigenvalues of [H] are very complicated functions of s, 
Equation (3.38) is difficult to use. The Ej - vrs - s curves must be 
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obtained by repeated diagonalization. On the other hand 
[ z l"!nl '  ° <3.39) 
L k lowest enerav J gy
basis states 
best s = s 
requires only that we find the roots of a polynomial in s. Furthermore, 
as k is increased to the size of the expansion basis, Equations (3-38) 
and (3 39) become identical by virtue of Equation (3.37). The two 
criteria will be compared for realistic calculations in Chapter IV. 
I will close this section with a few comments on style in the 
solution of the generalized Bohr problem [Equations (3.1)] which opened 
this chapter. For any such problem two approaches are open to us: 
1) we may diagonalize H directly in an expansion basis 
{4^}; or 
2) we may transform to a reduced problem, diagonalize H in 
a basis {^u}, and then reconstruct the energies and 
eigenfunctions of the original Hamiltonian. 
The two methods are summarized and compared in Figure 3-2. For every 
choice of s in the first approach, there is a corresponding value of s 
which will lead to an identical solution of Equation (3.1a). The 
second approach appears roundabout, but as was noted in section B of 
this chapter, it is useful in limiting the search for possible reduced 
spectra when a class of Hamiltonians is being investigated. The second 
approach will be used exclusively in the ensuing chapters. 
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To be solved 
(for fixed J,M)' 
H  =  ^  T ( 6 .Y , e . )  +  V ( 6 , y )  
-DIRECT METHOD-
Select an orthonormal, truncated 
expansion basis by choosing s at 
will. Write 
max 
«_ = Z a?*; . i = (N £ t.,J.M), J  H Q  . 1 1  I I I  
Eq and a are the eigenvalues and 
associated eigenvectors of the 
matrix problem 
where 
[H], . = <4!|H|*!> . 
IJ ' J 
[H];j may be written in terms of 
standard reduced matrix elements: 
+ . Y)|j>] • 
•VIA REDUCED PROBLEM-
Choose B [energytime^] and C [energy] 
at will. Make the change of variable 
• - m 
s6 , 
and divide by A*C/B '  
This results in a dimensionless problem 
" = ÊQ .Y , e . )  
H - Y ,Y.6.) ] + j; I/Ï-F. y) 
The solutions of the original problem 
are related to the normalized solutions 
of this reduced problem by 
A / :  Ê 
The reduced problem is solved by choosing 
s and expanding in an orthonormal, 
truncated basis: 
:Q .,.S 
If s = ss it follows that 
Thus if the same size expansion 
basis ['maxl used, the two 
methods will result i" identical 
solutions to the original problem. 
Eq and a^ are the eigenvalues and 
eigenvectors of the matrix problem 
[HLI" = I ,  I" 
whe re 
[H].. .  . 
[H]ii may be written in terms of 
standard reduced matrix elements: 
[H];J =1 1)6;J - L<I|EF|J) 
+ ,_2_2 <• 1V{7^ . Y ) | j>l . 
ns S s s 
Figure 3-2. Direct and indirect methods of solving a generalized Bohr 
problem 
59 
D. E2 Transition Rates and Quadrupole Moments 
The probability per unit time that a nucleus in an initial state 4». 
will undergo a transition into a final state will be denoted T^..^ 
If the transition is effected by the emission of a photon of energy AWp, 
angular momentum L, projection y, and parity (-1)^, then T^. is related 
to the matrix element of the electric multipole operator by (3): 
8ir(L +1) 1 /w V ^L+l ^ 
As we are dealing with quadrupole surface vibrations, we expect that 
transitions between the positive parity states may be rapid when induced 
by the quadrupole operators The spectroscopic quadrupole moment of 
the degenerate multiplet M = 0, ±1, ±J) will also be of 
interest, and is defined (3) as 
Neglecting spin degrees of freedom, the electric muitipoie operators 
for a system of nucléons are (3) 
^LY " ® YLY(^K' * (3-42) 
The subscripts f and I will be understood to represent the angular 
momentum quantum numbers J and M, as well as any remaining labels q that 
may be required to further distinguish the states. For the purposes of 
this section, J;M; will often be written in place of i, with q not being 
explicitly carried. 
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The neutrons do not contribute and (r^^ are the spherical polar 
coordinates of the K— proton. The corresponding collective operator 
may be deduced in an adiabatic approximation (3) to be 
E, = / p(r) r*" Y (0, (j>)dV (3.43) 
nuclear " 
vol ume 
where p(r) is the charge density within the nuclear surface. If the 
charge density is assumed to have the uniform value p^ within the 
surface specified by 
R = R^[l + Z 7*^(8, 6)] , (3-44) 
then may be easily expressed in terms of the collective coordinates 
a : 
y 
" " E  ^ 5  * ) D S  
dS = sin 0d0d(j) 
0 0 ^ TT 
S: 
0 ^ (J) ^ Zir 
% % 4 ]^  V  
L S V S VE 
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|o + 5a^ + C(222; 000) 
Z C(222; vevi)o o + — / 
JF -J 
X  
ve 
= DJO^ + ,  (3.45) 
through second order with 
3ZER^ Q R 10 1 
The second order term has been written in the notation of Equation (2.23). 
In developing higher-order expressions, care must be taken to first 
modify Equation (3.44) which conserves volume only to first order in 
the a . From the known transformation properties of the a under 
U V 
rotations, E^^ in Equation (3.45) may be seen to be properly labeled as 
the component of an irreducible tensor of angular momentum 2. 
The expression for T^. depends strongly on the energy difference 
between the initial and final states. Ignoring this, we concentrate on 
the state dependence. Furthermore we disregard information concerning 
the orientations of the initial and final states by averaging over the 
initial state projections, and summing over those of the final state and 
outgoing photon. In doing so we define the reduced transition rate 
B(E2: J; + Jf) = (2j + ]) ^ '  (3.4?) 
I  I I  1  I I  
Equation (3-47) may be rewritten by making use of the Wigner-Eckart 
theorem [Equation F.79], the orthogonality of the Clebsch-Gordon 
coefficients [Equation (F.46a)] and E» = (-I)^E, _ [Equations (2.4) and 
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(3.45)]. The last relation permits us to replace by in Equation 
(3.47). 
d(E2: J. ^ JF) - Wj— ^  | C ( J . 2 V R ;  | jE-j|(j), >} 
'  ^ ZJ. + I MM IT 1 R ^ J. 
I  R 
! < • ,  L | E 2 L U J . > L '  
= ! I  I  [C(J.2J ;  M.YM.)]^ 
(2J. + 1) (. M.Y 
1 
( 2 J F  + 1 )  2  
1  | < *  | | E  II* >1 . (3.48) 
(2J. + 1) ^I 
The spectroscopic quadrupole moment may also be expressed in terms of 
the same reduced matrix element: 
= C(J2J; JOJ)<(J)J| LE^I |(|.J> 
/16TT R (2J)(2J -1) I* 
(2J+2) (2J+3) <*J||E2||*J> . (3.49) 
As il lustrated in Figure 3.2, the eigenfunctions 4>jMq a 
generalized Bohr Hamiltonian are found, in practice, by solving an 
associated reduced problem. Matrix elements of any operator, for 
example 
"fi = (3-5°) 
=  /  d n (6, Y, e . ) * ,  ( B ,  Y, e . ) E _  ( 6 ,  Y, 8.)*, U ( B ,  Y, 6 ; )  ,  
S Î  I  I  z y  '  ^i " i  '  
(3.51) 
should be independent of the method of solution. That is they should be 
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independent of the choice of the reduced problem (B, C) and of the 
expansion basis used in solving the reduced problem (s). Using the 
- - 2 * 
change of variables g' = sg = [B C / f i  ] B, M^. may be written in terms of 
the corresponding eigenfunctions of the reduced Hamiltonian, and : 
Mf. = / dn(B', y ,  8.)*, _ (B', Y, e.)E (C, y ,  8.)*, _ (g', y ,  0.) 
n(B' , Y ,8.) '  J f M f  ' 2 y  s i  J.M. . 
' (3.52) 
= Y. • (3-53) 
f f II 
The prime on the (dummy) integration variable has been dropped in 
Equation (3.53). The radial dependence of may be found by expressing 
Equation (3.45) in terms of Bohr coordinates. For the moment it is 
sufficient to recognize that = 6 and hence we have 
^2V^7' ®I^ = ;  °1% + I  °2^°'°^2V • (3-54) 
We may now wri te 
"F, '  J, (3-») 
with the definitions 
Y, 8.) = a_(B, Y, 8^) ; • (3-56) 
LAB Notice that in Q. , the label k refers not to the angular momentum K, 
classification (J = 2 is understood) but rather to the fact that k 
factors of o are involved. The upper label LAB emphasizes that the 
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components y are pseudo-spherical projections upon laboratory axes. 
Equation (3.55) has a counterpart for reduced matrix elements, 
<<t'j i iEoiiOj > = ^ "zr J i ^ • (3.57) JF /  J. 1^=^ GK K J. 
Matrix elements appearing on the right hand sides of Equations (3.55) 
and (3-57) depend implicitly upon B and C as the latter determine the 
form of the reduced Hamiltonian and hence affect its eigensolutions, 
However these matrix elements are fully determined by the reduced 
problem and their values should be independent of the choice of the 
expansion basis parameter s. This will be strictly true, of course, 
only when a complete (non-truncated) basis is employed. 
As described in Appendix C, the computer code THEORY returns the 
original (non-orthonormal) basis expansion coefficients, b, of the 
•J,M, '  ^ V •», • <5.58) 
f t  r  f  
I né nufïi^r iCâi VâiucS of IZuc u depend upon the choicc of S. RêuuCêu 
°f 
matrix elements may be conveniently evaluated by using Equation (3.58) 
to wr! te 
'  : Oa.<< • (3-59) 
f I  a . C R  f I  f I  I f 
As shown in Appendix D, the explicit dependence upon s may be isolated 
by rewriting the right hand side of the above equation in terms of 
standard reduced (s = 1) integrals. This results in 
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OR 
X  < £ ^ V ^J^11-!^1U.V .J.> . (3.60) 
3 
The radial factor is defined to be 
<Nf&f|Gk|N.%.> = / I (6)6*^6 . (3.61) 
O f f  Î  i  
Expressions for the retraining angular term may be found in Appendix D, 
where the manner of their accurate computation is described. 
Recapitulating, energies, B(E2) transition rates and quadrupole 
moments are obtained by the following procedure: 
1) B and C are chosen, and the original Schroedinger equation 
is transformed to a reduced problem with Hamiltonian H. 
2) The reduced problem is solved by expanding in the 
Energies and expansion coefficients (b) are returned for 
the eigenstates of H by the THEORY program. 
3) Equation (3.60) is used to find reduced matrix elements of 
between eigenstates ^ of H. [Angular matrix elements 
arè^precomputed as described in Appendix D. Radial factors 
may be rapidly found by using Equations (D.30)-(D.32).j 
A) Reduced matrix elements between eigenstates of the original 
Hamiltonian are found with the aid of Equation (3.57). 
5) Q and B(E2: J. -+ J_) are calculated using Equations (3.49) 
and (3.48) respectively. 
The calculation of quadrupole moments and transition rates is 
greatly speeded by the recognition that a number of selection rules 
exist which severely limit the contributing terms on the right-hand side 
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of Equation (3.59). As discussed in Section B of Appendix D, we have 
for the first and second order operators respectively: 
*^'^N£VJm''^1U ° unless < 
r N = N' ±l 
& = &' ±1 
J' + 2 ^ J > IJ 
M = M' + u 
(3 .62)  
I . 
and 
/,s I_LABI ,s . 
^N£VJH' 2P = 0 unless < 
f N = N', N' ±2 
1 = 1 ' ,  £ '  ± 2  
J' + 2 ^ J >_ |J 
M = M' + y 
(3.63) 
- 2 
The calculations required for the employment of Equation (3.60) may 
be further limited by restricting its use to cases for which J. ^ 
For transitions in which this is not the case, B(E2: ->• J.) may be 
computed and a reversal formula employed. By virtue of Equation (3.42), 
the operators obey 
(3.64) 
where t denotes Hermitean conjugation. For the collective form of the 
operators. Equation (3.40), this property may be seen to follow from 
(3.65) 
As a consequence of Equation (3.64) we have 
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Applying the Wigner-Eckart theorem, and making use of symmetry properties 
of the Clebsch-Gordon coefficients, we deduce the reversal formula 
[l3^] • '3-"' 
This equation will, of course, hold if is replaced by either of the 
k 
In Section A of this chapter we saw that the reduced energy 
spectrum was the same for both H and H. As a result, the investigation 
of possible reduced spectra possessed by a class of Hami1tonians could 
be speeded by an appropriate choice of a common reduced form. A similar 
situation exists for the ratios of B(E2) transition rates if we confine 
ourselves to the first order term in the expression for Eg^. Then 
B(E2: j; - Jp 
/ 2JL + 1 \ P 
B(E2: J. -»• jp 
O 1 1 
1 
1 
2Jf + 1 
2J. 1 + Î 
2J' + 1 
2J1 1 + 1 
2Jf + 1 
\ I '  ^ s '  f I 
D  j / *  I  I  I À  
(3 .68)  
ZJPRRJ( : !) ' '"• 'I • 
The dependence on s as well as that on the charge and radius of the 
droplet are seen to cancel. The ratio then depends solely on the 
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eigenfunctions of the reduced Hatni 1 tonian. 
I will close this chapter with a presentation of B(E2)'s for 
transitions between selected eigenstates of the Bohr Hami1 tonian. They 
will prove useful for comparisons with later studies of generalized 
problems. Only the first order term of has been employed, and the 
selection rules of Equation (3.62) may be invoked. Restricting the 
principal quantum number to N _< 5, 74 E2 transitions are allowed, and 
_ 2 their reduced transition rates are presented in units of [D^/s] . The 
bulk of the results is contained in Figure 33. Anticipating the 
discussion of Chapter V, the levels have been grouped into wedge-shaped 
bands sitting atop J = 0 states. Individual levels have been labeled by 
the abbreviated notation J. where i increases with increasing energy. 
The associated N, £, and v quantum numbers may be read from the figure. 
Each B(E2) is a product of a radial and an angular factor. The mg 
band may be obtained by adding 2m units of N quantum number to every 
state of the ground state (GS) band. As a result, corresponding 
transitions within each band (i.e., 2^ ^ 0^, 2^ -»• O^, 2^ 0^^, etc.) 
differ only in their radial factors. By arranging for these factors 
to cancel, we can obtain a large number of identities which connect 
transitions rates within the GS band to their counterparts among the g 
bands. For example 
B(E2: 6, B(E2: 6. k.) 
!  ]_ = 3 1_ = 1.4 
B(E2: 3, + 2%) B(E2: 3% + 2^) 
The situation is more complicated for the y bands which are obtained by 
N 
5 
4 
3 
2 
I 
0 
J )  = N  
i / =  0  
(ground state) 
band 
7, §2^ 
2.5000 19000 1.7143 l.02l!3 1.71^ 2 
6, 
ill 
1.0000 1.0000 
/ 
§4  ^4  ^
2.0000 1.3636 1.0500 1.0593 
7857 I.C~ 
:J/ 
1.5000 . 1.0714 
.50000 
Oil 
^ = N 
l / =  I 
(/ band) 
% ^ 
1.2662 1.8571 
isj/ 
.7333 
Oal 
F =N-2 I=N-2 J)=N-4 
i /  = 0  %/= I 2/ = 0 
band) (X+jS band) (2/8 band) 
6 % ^ 
1.8333 .9603 1.3095 
0. 
24/ 
26 
.9000 
2 
1.2857 1.2857 
2I/ 
.7000 
oj 
1^3 "^^2 
.8730 
.4074 
B(E2)'s FOR MAJOR 
FIRST ORDER 
TRANSITIONS 
WITHIN BANDS 
Eigenstates are those of the Bohr Hamiltonian 
HG'A, [-IT(AR.A)] +A2[I^'^] 
JJ 
È(E2:J; -»Jf) is in units of [Dj/S]^ 
I-L S' [A/AIF, 
O S  U> 
Figure 3.3. Selected B(E2) rates for transitions which connect Bohr eigenstates [N _< 5] belonging 
to the same band 
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B(E2)'s FOR REMAINING FIRST 
ORDER TRANSITIONS WITHIN 
THE GROUND STATE BAND 
10 8. 
— ."J /V 
B(E2: J; Jf) is given for the 
of [D/S] 
Figure 3.4. Ground state band transitions not shown in Figure 3-3 
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Table 3.1. Comparison of B(E2)'s for în-band and Interband transitions 
4. 1 2f 2. -» 1 Of 
: f band. band^ B(E2: \ - 4) i f band. band^ B(E2: 2. 
1 1 G 1 .00000 1 1 G G .50000 
2 2 G G .78571 
3 3 6 3 1 .28571 3 2 3 3 .70000 
5 4 S 8 .96032 5 3 Y  Y  .73333 
6 5 y Y  1 .26623 6 4 23 23 .90000 
1 3 G 3 .28571 1 2 G 3 .20000 
2 4 G 3 .17460 2 3 G Y  .30000 
2 5 G Y  .19444 3 4 3 23 .40000 
4 7 G Y  .35714 4 3 3 Y  .06667 
3 6 6  23 .57143 4 5 3 Y +3 .36667 
5 5 3 Y  .03535 5 5 Y  Y +3 .13333 
^Quantum numbers and band assignments for a given Bohr state 
[such as 4]] may be determined from Figure 33. G denotes the ground 
state band. 
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Table 3.2. Remaining transition rates for N < 5 states 
J. J_ band, band, B(E2: J. •> J,) J. band, band^ B(E2: J. -»• J.) 
I T  i f  i f  i f  i f  i f  
Zg 2% 6 G .28571 6^ 4^ B G .00271 
3, 2^ G g .23810 6^ 5, G G .07273 
4^ 3, 6 G .07407 6. 6% 6 G .11570 
4^ 3% G G .19259 8, 6^ G B .36364 
42 4 G 6 .15873 3, 2^ G y .65476 
4^ 4^ 6 G .16713 4^ 4^ y G .20401 
5, 3% G B .19091 5, 4^ G y .67686 
5, 4^ G B .08678 6% 4^ G y .14018 
6, 4^ G B .33333 3^ 2g 6 Y .11905 
62 4^ G B .24793 2^ 2^ 2B B .57143 
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adding multiples of (N, £) = (3, 3) to the GS band. Nonetheless the 
sets of B(E2)'s for in-band transitions have a similar structure, with 
the magnitudes of the transition rates growing as we progress to higher 
bands. This results from the growth of the radial term: 
|<N, &|6|N', £+l>l = 2 ^N',N+1 2 "^N'.N-l 
(3.69) 
For the in-band transitions shown in Figures 3*3 and 3.4, 
and 
AN = - N. 
have the same sign, and the first term in Equation (3.69) contributes. 
For the majority of the allowed transitions between bands, the opposite 
situation exists. A£ and AN have opposite signs, the rightmost term in 
Equation (3.69) contributes, and the radial factor is consequently 
smaller on the average. This is the case :n Tables 3.Î and 3.2 for the 
transitions of the types GS ++ g, g -w- 26, and y + g ++ y. 
Care must be taken when comparing B(E2) transition rates because of 
the angular momentum factors involved. In Table 3.1» all k 2 and 
2 -»• 0 transitions (N £5) allowed in first order are listed, and in-band 
transitions may be directly compared with interband ones of the same 
initial and final angular momenta. B(E2)'s for transitions between 
states belonging to a single band are seen to be larger on the average 
by factors of 3.9 and 2.9 respectively for the two spin types. 
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Modulation by the radial factor is of course only part of the story 
as can be seen in Figure 3-4. B(E2)'s for the eight transitions in the 
topmost row range in value from .02 to 1, but all possess the same 
radial factor. The angular factor evidently discriminates against 
allowed in-band transitions between two levels that have a large lateral 
separation in the figure. In Chapter V we shall return to this point in 
connection with K-bands in deformed nuclei. 
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IV. TEST CALCULATIONS USING THE GNEUSS-GREINER HAMILTON IAN 
Having concluded the mathematical preliminaries, we stand ready to 
explore the consequences of employing various collective potential energy 
f u n c t i o n s  i n  t h e  g e n e r a l i z e d  B o h r  p r o b l e m .  E q u a t i o n  ( 3 . 1 a ) .  O n c e  V ( g ,  y )  
has been selected, such calculations may be carried out with the battery 
of computer programs described in Appendices C and D. As these codes 
are quite lengthy, a systematic testing policy was followed to establish 
their trustworthiness. The initial phase, including efforts to duplicate 
calculations reported by Rabotnov and Seregin (28), and Kumar and 
Baranger (4), 44), is summarized in Appendix C. An excellent opportunity 
for further testing was afforded by the model calculations which sprang 
from the work of G. Gneuss and W. Greiner (23-26). The present chapter 
reports my attempts to duplicate a collection of these calculations and 
to examine, in a realistic setting, the limitations of moderate basis 
calculations and their sensitivity to variations in s. 
The Gneuss-Greiner (GG) technique is identical to my own in spirit. 
Each involves the diagonalization of a collective Hamiltonian in a basis 
of Bohr eigenfunctions. Each method calculates matrix elements between 
states [of good J] belonging to the physical chain of Equation (2.20); 
however, the calculational details differ vastly. In my own work, 
matrix elements are found within the intrinsic coordinate representation. 
The closed expressions of Chapter II are used for the and integra­
tions which arise are analytically or numerically performed. Gneuss and 
Greiner, on the other hand, work exclusively in the creation/destruction 
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(C/D) operator representation, and write all dynamical quantities in 
terms of and b. 
The form of the collective Hamiltonian of interest in this chapter 
is that employed by Habs et al. (29, 30): 
HQG = + CGTOOLO + 
[AAJGO o + C6 
[AA]G(^ ^ + C^{[AA]^}^ + C^[AA]^ 
[AALGOL + DG{[AA]^}^ .  (4.1) 
H is clearly rotationally invariant, having been constructed from UB 
angular momentum scalars. The kinetic energy term may be rewritten in 
3 H  
terms of the generalized momenta 5 — = 2B2(-l)^a_ / , 
Y 
B^[act]^ = — E (-l)^a a 
WTY ^ 
= ^z (-nVn"" 
2 VI 
ï t '"«o (It.2) 
sequently be written in terms of b and b by the use of 
Figure 2.1. In the (g, y, 6.) representation, H . assumes the form I UU 
^GG 2B Y'  9;)  + VGG(6, Y) (4.3) 
'GG^' " "3 /  35 " 
fL .3 .  FT ,4 _ R Jl_ «5 
"5 / 175 
+ C, ^ cos^3Y + D, — 
6 35 ^ 5/5 
2B, 
B  =  
(4.4) 
(4.5) 
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In the C/D representation, the calculation of matrix elements of 
H__ may be reduced to the calculation of reduced matrix elements of b^ 
between states of the physical chain. Such matrix elements are easily 
obtained between states of the natural chain, and Hecht (45) has done 
this. To make use of his values it is necessary to find the transforma­
tion coefficients which relate member states of the natural and physical 
chains. In the GG method this is accomplished by numerically solving a 
homogeneous system of linear equations. The equations are given by 
Hecht (45) and typically involve several hundred simultaneous unknowns 
for large values (~25) of the a quantum number. Matrix elements of H__ 
Vau 
are eventually found in a truncated basis of eigenstates of 
"B = Bgstâ&lo + (4.6) 
which appears as 
"B° RLT.N T'E-
2s 
(_ ./C J 
in the intrinsic representation. In my notation, the eigenfunctions of 
Equation (4.7) are ^^(6, y, 6.) with 
s = 
^ 5h^ 
(4.8) 
My technique has been used to obtain the energy spectrum of for 
23 sets of the parameters appearing in Equation (4.4). In Section A of 
this chapter I compare my results with those of equivalent calculations 
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which use the GG method. Of the 23 cases, five representatives were 
selected for further study; the effects of varying i  and are 
described in Section B. An analysis of the resulting calculations leads 
to the introduction of s-curvature in Section C, where empirical 
methods for estimating s^^^^ and errors in calculated energies are set 
forth. In light of these methods, all 23 cases are reconsidered in 
Section D. Low spin calculations are again compared with those of Habs 
e^ aj_. , and higher spin (j  ^ 8) results are compared with experiment. 
In the final section, a method of estimating s^^^^ without diagonalizing 
is considered. 
A. Preliminary Calculations 
Hgg depends upon seven adjustable parameters: B^, C^, C^, C^, C^, 
and D^. in 1972 D. Habs e^ aj^. applied this Hamiltonian to 21 nuclei 
in the 50 £ (N, Z) £ 82 region. In each case the seven parameters were 
determined by fitting the low-energy experimental spectrum together with 
one quadrupole moment or reduced E2 transition rate. Theoretical 
energies for spins 0 J ^ 6, quadrupole moments, and B(E2) rates were 
reported in (29) and (30). The second reference is essentially an 
abridged version of the first. Twenty-one isotopes divided among six 
\3h 142 
elements were treated in each, however Ba and Sm were assigned 
different sets of parameters in the two references. The distinct 
parameter sets appearing in the second reference are denoted here as 
BA-134P and SM-142P respectively. The values of B^, C^, .., are 
tabulated to four significant digits in each reference; however, the 
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first also contains a series of figures which specify the parameters 
more precisely. When legible, values were taken from these figures 
which were available on microfilm only . Table 4.1 lists the parameter 
values assumed in the calculations of this chapter. Even though the 
values Bg, C^, ..., often differ markedly for neighboring nuclei, the 
shape of the potential well [VQQ(B, Y)] varies systematically over the 
mass region. This may be seen in Figure 2 of Reference (30). 
To obtain solutions to the Schroedinger equation for H^g, I first 
performed a reduction of the type indicated in Figure 3.2. 
Y, 6,)*(g', Y, 9.) = Ë *(6', Y, e.) BU I I S 
results, and in every case the transformation constants, B and C, were 
chosen such that the reduced Hamîltonian had: 
1) -iT(B', Y ,  0 J )  as the kinetic energy operator, and 
2) e = 10 ^ as the coefficient of (3')^-
The mass parameter and asymptotic behavior of 
Hgg(B', Y, 0j) = -iT(6', Y, e.) + Vgg(6', Y ) , (4.9) 
V-_(p', y) ) /E M /âl. GG'P '  FT /  - -GGV - '  ' ;  
; B C 
5 = 1 - 3 "  
(4.10) 
(4.11) 
for large g' were thus fixed. The two constraints force the choices 
2B-
B = B = — , (4.12) 
/R 
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Table 4.1. Model parameters for the Gneuss-Greiner Hamiltonian 
[from References (29) and (30)] 
1  s o t o p e  -4? 2 ( 1 0  H e V - s e c  )  
2  
( M e V )  
3 
( M e V )  
4 
( M e V )  
B A - l 2 8  0 . 3 5 8 5 0 0 0 D  0 2  - 0 . 1 9 8 8 6 0 0 0  0 3  0 . 2 8 0 6 0 0 0 0  0 2  - 0 .  1 0 1 0 8 0 0 0  
P A - l 3 0  0 . 8 1 5 5 0 0 0 D  0 2  - C . 2 8 3 3 0 0 0 0  0 3  0 . 9 9 7 8 4 0 0 0  0 3  - 0 . 3 5 2 7 8 0 0 0  
B A - J  3 2  0 . 7 4 3 5 6 0 0 0  0 2  - 0 . 4 4 9 2 0 0 0 0  0 3  - 0 . 6 2 7 1 6 9 9 0  0 4  - 0 . 3 2 3 5 5 0 0 0  
B A - 1 3 4  0 . 6 3 6 2 5 0 0 D  0 2  - 0 . 4 3 3 4 5 0 0 0  0 3  - 0 . 5 8 6 8 0 0 0 D  0 5  - 0 .  1 0 2 8 4 0 0 0  
B A - 1 3 4 P  0 * 6 1 4 1 0 0 0 0  0 2  - 0 . 3 9 7 1 0 0 0 0  0 3  - 0 . 5 3 3 4 0 0 0 0  0 5  - 0 . 9 3 3 4 0 0 0 0  
B A - 1 3 6  0 . 8 2 6 2  G O O D  0 2  0 . 7 0  1 6 0 0 0 0  0 2  - 0 . 3 3 4 8 0 0 0 0  0 4  - 0 . 1 7 2 0 0 C O O  
C E - I  3 6  0 . 5 6 1 0 5 0 0 0  0 2  - 0 . 3 4 6 4 2 0 0 0  0 3  - 0 . 1 5 1 6 7 0 0 0  0 5  - O e  5 2 2 3 1 0 0 0  
c e - I  3 8  C  « 4 4 6 4 9 0 0 0  0 2  0 . 1 0 9 7 S 0 0 D  0 3  - 0 . 1 5 3 4 4 6 0 0  0 5  - 0 . 3 3 7 2 6 0  0 0  
N D - 1 3 8  0 . 5 5 6 0 0 0 0 0  0 2  - 0 . 3 1 3 7 3 0 0 0  0 3  - 0 . 1 3 3 7 0 0 0 0  0 5  - 0 . 4 4 8 1 3 0 0 0  
N D - 1 4 0  0 . 3 9 3 7 1 0 0 0  0 2  0 . 9 5 2 9 3 0 0 0  0 2  - 0 . 1 2 4 6 3 0 0 0  0 5  - 0 . 2 5 6 2 3 0 0 0  
S M - 1 4 2  0 . 4 4 2 2 0 0 0 0  0 2  0 . 1 2 3 4 2 0 0 0  0 3  - 0 . 1 8 3 4 2 0 0 0  0 5  - 0 . 4 1 7 7 5 0 0 0  
C M - 1 4 2 »  0 . 5 0 9 5  0 0 0 0  0 2  0 . 8 6 2 3 0 0 0 0  0 2  - 0 . 3 6  3 6 0 0 0 0  0 4  - 0 . 4 7 0 8 0 0 0 0  
T E - 1 2 0  0 . 7 0 2 5 0 0 0 0  0 2  0 .  1 6 8 0 8 0 0 0  0 3  0 . 4 1 9 9 4 0 0 0  0 3  - 0 . 7 8 8 1 0 9 8 0  
T E - 1 2 2  0 . 6 3 0 5 7 0 0 0  0 2  0 . 1 1 7 5 0 0 0 D  0 2  - P . 1 6 1 2 3 0 0 0  0 3  - 0 . 2 9 8 8 1 0 0 0  
T E - 1 2 4  0 . 6 4 4 5  3 0 0 0  0 2  - 0 . 4 2 7 0 7 0 0 0  0 2  - 0 . 7 1 7 7 3 0 0 0  0 3  0 . 2 5 7 2 6 0 0 0  
T E - 1 2 6  0 . 7 1 6 7 0 0 0 0  0 2  0 . 1 9 3 6 0 0 0 0  0 2  - 0 . 4 2 1 3 9 0 0 0  0 3  0  a  1 6 5 6 1 0 0 0  
T E - 1 2 8  0 . 8 2 4 0 0 0 0 0  0 2  - 0 . 8 5 4 7 0 0 0 0  0 2  - 0 . 1 3 2 8 7 0 0 0  0 4  0. 8 1 4 9 7 9 7 0  
T E - 1 3 0  0 . 8 9 0 4 8 0 0 0  0 2  - 0 . 1 0 3 5 9 0 0 D  0 3  - 0 . 2 6 2 0 7 0 0 0  0 4  0 . 1 1 7 6 7 0 0 0  
X E - 1 2 6  0 . 7 6 8 3 4 0 0 0  0 2  - 0 . 5 0 0 6 5 0 0 0  0 3  - 0 . 8 8 5 3 7 9 7 0  0 4  - 0 . 2 4 9 8 8 0 0 0  
X E - 1 2 8  0 . 8 1 7 2 0 0 0 0  0 2  0 . 4 9 1 7 7 0 0 D  0 3  0 . 1 5 0 3 2 0 0 0  0 4  - 0 . 7 3 9 6 5 0 0 0  
X E - 1 3 0  0 . 1 0 1 1 8 0 0 0  0 3  0 . 5 5 4 3 8 0 0 0  0 3  - 0 . 1 6 C 8 1 0 0 0  0 4  - 0 . 9 8 1 6 1 0 0 0  
X E - 1 3 2  0 . 1 2 9 5 0 0 0 0  0 3  - 0 . 6 8 6 5 9 0 0 0  0 2  - 0 . 6 8 5 8 8 0 0 0  0 3  - 0 . 1 4 7 9 0 0 0 0  
X E - 1 3 4  0 . 2 3 6 8 6 0 0 0  0 3  0 .  1 3 3 4 2 0 0 D  0 3  - 0 . 8 9 0 6 5 0 0 0  0 4  - 0 . 1 6 9 4 6 0 0 0  
^5 
( M e V )  ( M e V )  ( M e V )  
2A-:2S -0i<=tT:£9sr 0» Cs12C69Cnn 06 0 î!92!5C0D 06 
B A - 1 3 0  - 0 . 1 2 3 5 8 0 0 0  0 6  0 . 2 0 4 6 7 0 0 0  0 7  0 . 1 5 8 5 5 0 0 0  0 7  
B A - 1 3 2  0 . 4 8 8 6 9 0 0 0  0 6  0 . 4 6 8 7 6 0  0 0  0 7  0 . 1 8 1 5 0 0 0 0  0 7  
B A - l 3 4  0 . 5 6  2 1 l O O C  0 7  0 , 5 0 5 4 2 5 9 0  06 0 . 5 7 0 = 1 0 0 0  0 7  
B A - l 3 4 P  0 . 4 7 4 5 0 0 0 D  07 0 . 4 2 8 5 0 0  O D  08 0 . 4 7 4 0 0 0 0 0  0 7  
B A - 1 3 6  0 . 2 0 5 1 0 0 0 D  0 6  0 . 5 3 3 7 0 0 0 0  C6 0 . 1 9 0 8 0 0 0 P  0 6  
C E - l 3 6  0 . 1 2 3 3 8 0 0 0  0? 0 . 1 5 8 4 9 0 0 0  0 8  0 . 2 0 8 9 6 0 0 0  0 7  
C E - 1 3 8  0 . 7 7 4 8 4 3 0 0  0 6  0 . 2 0 4 1 0 2 0 0  0 7  0 . 1 1 4 3 8 0 0 0  0 7  
N O - 1  3 8  0 . 1 0 3 0 3 0 0 0  0? 0 . 1 2 8 8 2 0  0 0  0 8  0 . 1 6 9 8 5 0 0 0  0 7  
N D - 1  4 0  0«5506600r 0 6  0 . 1 3 5 6 8 0 0 0  0 7  0 . 7 6 0 3 6 0 0 0  0 6  
S M - 1 4 2  0 . 9 5 0 7 3 0 0 D  06 0 . 2 6 7 4 6 0  0 0  0 7  0 . 1 4 1 1 2 0 0 0  0 7  
S M - 1 4 ? P  0 . 1 3 5 6 0 0 0 D  0 6  0 . 3 2 4 1 0 0 0 0  0 6  0 . 1 2 2 7 0 0 0 0  0 6  
T C - i 2 0  - 0 . 1 0 8 3 2 0 0 0  05 0 . 1 1 5 P 4 0  O D  0 4  0  .  1 4 1 9 4 0 0 C  0 6  
T E - 1 2 2  0 . 1 1 5 5 6 0 0 0  0 5  - 0 . 6 7 6 1 5 0 0 0  0 4  0 . 4 3 7 1 9 0 0 0  0 5  
T E - l 2 4  0 . 4  1  9 4 3 0 0 0  0 5  0 . 8  4 3 4 2 0  0 0  0 5  0 . 1 7 3 9 8 0 0 0  0 5  
T E - 1 2 6  0 . 2 7 3 4 0 0 0 0  0 5  0 . 5 3 1 9 0 0 0 0  0 5  0. 8 4 3 8 6 9 9 0  0 4  
T Ç - 1 2 3  0 . 1 3 2 4 9 0 0 C  0 6  0 . 1 9 6 9 4 0 0 0  0 6  0 . 1 1 6 8 1 0 0 0  0 6  
T E - 1 3 0  0 . 2 7 3 0 C 0 0 r  0 6  0 . 5 5 7 5 0 0  0 0  0 6  0 . 2 3 4 0 0 0 0 0  0 6  
X E - 1 2 6  0 . 5 5 5 3 5 0 0 0  0 6  0 . 2 0 7 5 7 0  0 0  0 7  0 . 1 4 8 6 6 0 0 0  0 7  
X F - 1 2 8  - 0 . 3 2 7 6 4 C 0 D  0 5  0 . 4 1 6 8 3 0 0 0  0 7  0 . 2 0 7 3 2 0 0 0  0 7  
X F - 1 3 0  0 . 1 4 8 6 8 0 0 0  0 6  0 . 4 8 9 4  3 0 0 0  0 7  0 . 3 5 6 1 0 0 0 0  0 7  
X E - 1 3 2  0 . 6 4 0 9 9 0 0 0  0 5  0 . 8 3 5 1  1 0 0 0  0 7  0 . 9  7 5 6 9 0 0 0  0 5  
X E - 1 3 4  0 . 1 0 2 1 5 0 0 0  0 7  0 . 3 7 1 6 0 0 0 0  0 7  0 . 1 0 8 4 8 0 0 0  0 7  
0 5  
0 5  
0 5  
06 
0 5  
0 4  
0 5  
0 5  
0 5  
0 5  
0 5  
0 4  
0 4  
0 3  
0 4  
0 4  
0 4  
0 5  
0 5  
0 5  
0 5  
0 4  
0 4  
Table 4.2. Expansion basis data used in reproducing the 
62 S 
( I 0 ''^hteV-sec^) 
2S (MeV) ( 1 0  
B A ­ 1  2 8  
B A —  1  3 0  
B A - 1  3 2  
B A - 1  3 4  
S A - 1  3 4 0  
8 4 - 1  3 6  
C T - 1  3 6  
a-1  3 8  
N O - 1  3 8  
N D - 1  4 0  
S M - 1  4 2  
S M - 1  4 2 D  
T E - 1  2 0  
T ^ - 1  2 2  
T"?.- 1  2 4  
T E -1  2 6  
T E - 1  2 8  
T Ç -I  3 0  
XE- 1  2 6  
X E - 1  2 P  
X E - 1  3 0  
XE- 1  3 2  
X E - 1  3 4  
100.0000 
100.0000 
100 .0000  
100.0000 
100.0000 
100.0000 
100.0000 
100 .0000  
100.0000 
100.0000 
100.0000 
I  00 .0000  
100 .0000  
1 0 0 .0 0 00  
100.0000 
100.0000 
I  00 .0000  
1 0 0 * 0 0 0 0  
100.0000 
100.0000 
100.0000 
100 .0000  
I  00 .0000  
2 5 0 . 0 0 0 0  
600.0000 
1000.0000 
1200.0000 
1 0 5 0 . 0 0 0 0  
100.0000 
1000.0000 
3 0 0 . 0 0 0 0  
1200.0000 
2 3 0 . 0 0 0 0  
3 0 0 . 0 0 0 0  
100.0000  
4 0 0 . 0 0 0 0  
200.0000 
4 0 . 0 0 0 0  
20.0000 
7 0 . 0 0 0 0  
5 0 0 * 0 0 0 0  
9 0 0 . 0 0 0 0  
7 5 0 . 0 0 0 0  
1100.0000 
4 0 0 0 . 0 0 0 0  
5 0 0 . 0 0 0 0  
B C 
^^MeV-sec^) (MeV) 
3 2 . 0 6 5 2  4 6 1  . 9 8 7 4  
7 2 . 9 4 0 5  9 1 7  . 7 6 5 3  
6 6 . 5 0 6 0  1 0 2 8  .  3 7 2 0  
5 6 . 9 0 7 9  1 9 7 1  . 6 9 5 7  
5 4 . 9 2 6 8  i e 2 P  . 6 8 7 8  
7 3 . 8 9 7 6  3 1 6  . 3 1 2 6  
5 0 . 1 8 1 8  1 2 7 0  .  2 8 3 8  
3 9 . 9 3 5 3  1 0 5 3  . 5 1 1 1  
4 9 . 7 3 0 2  1  1  5 0  .  4 4 3 6  
3 5 . 2 1 4 5  9 1 4  . 7 2 6 7  
3 9 . 5 5 1 6  1  1 7 5  . 8 5 8 0  
4 5 . 5 7 1 1  3 2 3  . 0 1 3 1  
6 2 . 8 3 3 5  2 9 5  . 8 6 6 8  
5 6 . 3 9 9 9  1 7 3  . 3 1  5 0  
5 7 . 6 4 8 5  l O P  . 1 4 2 9  
6 4 . 1 0 3 6  7 1  . 4 2 3 1  
7 3 . 7 0 0 6  2 4 7  . 8 2 5 7  
7 9 * 6 4 7 0  3 3 7  •  4 1 6 1  
6 8 . 7 2 2 4  9 1 5  . 5 6 7 3  
7 3 . 0 9 2 6  1 0 4 8  . 3 « > 8 5  
9 0 , 4 9 8 1  1 2 3 4  . 8 3 4 1  
1 1 5 . 8 2 8 3  1  6 0  . 6 7 2 1  
1 4 0 . 2 9 9 8  5 4 7  . 3 7 9 7  
Hgg calculations of Habs e_t £]_• (29, 
A w  
(MeV) 
2 .  5 5 1  7 1 4  . 6 5 7 9  
2 .  3 3 4 8  1 6  . 2 4 4 ?  
2 .  5 8 8 3  2 0  . 7 2 9 4  
3 .  8 7 4 4  2 1  . 6 9 6 2  
3 .  7 9 7 9  ? C  . 9 8 3 6  
1 .  3 6 1 6  1  1  . 6 5 7 0  
3 *  3 1 1 7  2 0  . 7 2 9 4  
3 .  3 6 0 7  1 5  . 3 4 1 5  
3 .  1 6 5 9  2 1  . 6 9 6 2  
3 .  3 5 4  7  1 4  .  3 5 5 5  
3 .  5 8 8 9  1 5  . 3 4 1 5  
1 .  7 5 2 4  1  1  . 6 5 7 0  
1 .  4 2 8 3  1 6  . 4 8 5 5  
1 .  1 5 3 9  1  3  . 8 6 2 6  
0 .  9 0 1 5  9  . 2 7 0 5  
0 .  6 9 4 6  7  . 7 9 5 5  
1 .  2 0 7 0  1 0  . 6 6 2 6  
1 .  3 5 4 6  1 7  . 4 3 1 3  
2 .  4 0 2 5  2 0  .  1 9 0 5  
2 .  4 9 2 9  1  9  . 2 9 0 9  
2 .  4 3 1 4  2 1  . 2 2 9 3  
0 .  8 2 2 1  2 9  . 3 1 5 9  
1 .  3 0 0 1  1 7  . 4 3 1 3  
ft 
S  S 
1 3 . 7 4 2 3  1 . 0 6 6 6  
1 9 . 8 2 6 3  0 . 9 2 0 2  
1 9 . 9 3 2 8  1 . C 4 0 0  
2 2 . 5 5 8 °  O . O 6 I e  
2 1  . 9 4 3 0  0 . Ç 5 6  3  
1 5 . 2 4 0 6  0 . 7 6 4 9  
1 9 . 5 8 5 1  1 . 0 5 6 4  
1 7 . 6 5 2 8  0 . 6 6 9 1  
I  9 . 0 6 2 8  1 . 1 3 8  1  
1 6 . 5 1 2 7  0 . 9 6 9 4  
I  8 . 1 0 0 7  0 . P 4 7 6  
1 3 . 5 7 6 6  0 . 6 5 9 6  
1 4 . 3 9 2 5  1  .  1  4 5 4  
1 2 . 2 5 5 9  1 . 1 3 1 1  
1 0 . 9 5 2 5  0 . 6 4 6 4  
1 0 . 1 3 9 0  C . 7 6 P 9  
1 4 . 3 2 9 1  0 . 7 4 4  1  
1 5 . 7 8 1 5  1 . 1 0 4 5  
1 9 . 5 2 1 5  1 . 0 3 4 3  
2 0 . 5 0 7 6  0 . 9 4 0 7  
2 2 . 5 3 6 0  0 . 9 4 2 0  
1 4 . 8 2 4 9  1 . 9 7 7 5  
2 0 . 5 1 6 8  0 * 8 4 9 5  
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and 
i 
(4.13) 
So as to mirror the reported GG-model calculations, I  employed an 
expansion basis approximately equivalent to that used by Habs et al .  
The latter authors resorted to bases of 25 phonons in the f i t t ing 
process which determined the potential parameters. Slightly larger 
bases may have been used for their f inal diagonalizations. I  chose to 
employ the largest basis available to me (Table 2.3). with ^^^^(J) 
equaling 30, 27, 30, 25, 27 and 25 for J = 0, 2, 3, 4, 5 and 6 
respectively. In diagonal izing Habs al_. used eigenstates of Hg 
[Equation 4.6]. was f ixed at 10 MeV-sec^, and was stepped 
through a coarse grid to locate an optimal basis for each isotope. The 
best value of was taken by these authors to be that which roughly 
minimized the sum of the calculated absolute energies of the lowest few 
J = 0 levels. The values of and employed in the f inal diago­
nal izations were reported in (29) and (30), and they have been tabulated 
in Table 4.2. The corresponding values of s fol low from Equation (4.8) 
and have also been l isted. 
Rather than diagonal izing in a basis ,  we may, according to 
Figure 3.2, achieve an identical end result by diagonalizing H 
basis where 
s (4.14) s 
s 5B C 
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This in fact was done for the calculations performed for the present 
work. The value of s used for each isotope may be found in Table 4.2, 
together with those of the transformation constants, B and C. Aw is the 
scale factor relating the eigenvalues of H__ and H__: 
va la  bb  
E = (Aw)Ë = Ë .  (4.15) 
s is approximately constant over the mass region due to the common form 
adopted for the reduced Hami1 tonians. In the second constraint, e was 
* 3 ^ 
assigned the value 10 so as to make s 'V' 1. The most notable exception 
occurs for XE-132, with s % 2.0. This discrepancy arises from the fact 
that >> for this parameter set. The asymptotic behavior of the 
potential, 
v) eTt "^6 & ^ "6 
is then not dominated by the term which appears as e(3')^ in 
in my iniLiâi energy calculations, al l  23 isotopcs wars trsatsd 
using the expansion bases described in Tables 2.3 and 4.2. The results 
appear in Table 4.3 where, for the most part, only those energies which 
have a counterpart in Reference (29) or (30) have been given. For each 
level, the result of the present work has been placed directly above the 
value quoted by Habs et al. All values are in MeV and refer to the 
relative energy above the ground state, with the exception of the ground 
s t a t e  i t s e l f  f o r  w h i c h  t h e  a b s o l u t e  e n e r g y  h a s  b e e n  g i v e n .  O v e r a l l  
agreement between the two sets of results is very good, indicating that 
Table 4.3. Comparison of GG-model calculations. My resi 
et al. All energies are in MeV 
(Abs.) °2 °3 ^1 ^2 S ^1 ^2 
ba-128  
BA-130 
BA-132 
BA-134 
BA-134P 
BA-136 
CE-136 
CE-138 
ND-138 
ND-I40 
-8.205) 3 .085 4.303 .281 .880 3.564 1 .207  5.391 
-8.20% 3.085 4.303 .281 .879  3 .563 1  .207  5.390 
-3.78:1 2.997 3.471 .356 .907 3.592 1 .300  5.316 
-3.783 2.997 3.469 .356 .906 3.591 1 .300  5.316 
-3.634 2.939 4.750 .465 1 .034 3.621 1 .507 5 .669 
-3.634 2.939 4.748 .465 1 .032  3.621 1 .507 5 .669 
-2.417 1.666 6 .061 .645 1.175 2 .652 1 .469 5.495 
-2.339 1 .725 6 .200 .600 1.178 2 .672 1 .701  5.708 
-2.487 1.710 6 .057 .656 1 .199 2 .652 1 .522  5.440 
-2 .431 1.771 .607 1.164 1 .622 
1.723 1.584 2 .178 .819 1.618 1.985 2 .517 3.033 
1.723 1.589 2.181 .819 1 .616 1.985 2 .521 3.047 
-2 .631 2 .912 6 .803 .549 1.113 3.926 1 .572 6.245 
-2.620 2 .927 6 .852 .545 1.102 3.931 1 .578 6 .276 
.105 1 .386 4.390 .781 1.481 2.465 2 .514 4.359 
.105 1.392 4.393 .780 1.481 2.469 2 .529 4.370 
-2.515 2.784 6.504 .523 1.064 3.751 1 .500  5.962 
-2.504 2.798 6.553 .521 1.050 3.758 1 .500  6.001 
.104 1.376 4.356 .775 1.470 2 .446 2  .495 4 .326 
.104 1 .382 4 .359 .774 1.469 2 .450 2 .510  4.336 
is l isted above that of Habs 
.770 1.639 2  .348 1.959 1 .405 2.623 
.770 1 .638 2  .347 1.956 1 .405 2 .621 
.903 1 .816 2  .415 2 .126 1 .592 2 .925 
.903 1.813 2  .414 2 .126 1 .591 2 .923 
1 .126 2.207 2  .764 2.497 1 .941 3.573 
1.125 2.205 2 .762  2 .496 1.940 3.570 
1.448 2 .522 3 .212  2 .606 2  .321  4.016 
1.361 2.433 3 .123  2.714 2  .  192 3.935 
1.472 2 .582 3 .198  2.647 2  .370 4 .070 
1.369 2.431 2  .190  
1 .678 2 .033 2 .832 3 .021 2  .199 2.797 
1.679 2 .033 2 ,  .826 3.034 2  .201 2.795 
1 .308 2.538 3. ,121  2 .723 2  .245 4.164 
1 .295 2.518 3. ,108 2.716 2  .223 4.148 
1.732 2 .318 3. 030 3.189 2 .433 3.577 
1.725 2.314 3. 024 3.197 2 ,414 3.557 
1.248 2 .427 2 .  979 2.604 2 .  144 3.979 
1.236 2.411 2 .  965 2.593 2 .131 3.963 
1.719 2 .301 3. 007 3.165 2 .414 3.550 
1.712 2 .296 3. 001 3.172 2.405 3.542 
Table 4.3. Continued 
I  
0,  
(Abs.) 
SM-142 
SM-142P 
TE-120 
TE-122 
TE-124 
TE-126 
TE-128 
TE-130 
XE-126 
XE-128 
- .342 1.414 4.763 .768 1.499 2 .389 2.417 4.528 1.747 2  
- .342 1.426 4.770 .768 1.498 2.398 2.442 4.545 1.741 2 
1.710 1.431 2.343 .768 1.514 2.022 2.163 2.932 1.635 1 
1 .709 1 .420 .768 1 .496 2 .162 1 .623 1 
1.817 1.217 1 .869 .560  1.201 2 .038 1 .830 3.804 1.151 1 
1.817 1 .216 1.868 .560 1 .200 2 .038 I.830  3.803 1.151 1 
1 .095 1 .297 2 .014 .565 1.226 2 .028 1.984 3-758 1.178 1 
1.094 1.291 2 .008 .564 1.215 2 .018 1 .982 3.755 1.175 1 
.953 1.147 1.945 .603 1.240 1.669 2.067 3.055 1.191 1 
.953 1.144 1.942 .602 1.234 1.663 2 .066 3.053 1.190 1 
1.392 1.341 1 .811 .669  1.361 1.745 2 .139 2.945 1.345 1 
1.39:2 1.338 1.811 .668 1.354 1.740 2.138 2.954 1.343 1 
1 .171 1 .321 1 .934 .743  1 .459 1 .795 2 .663 4 .224 1 .433 1  
1 .171 1.318 1.935 .743 1.452 1 .789 2.663 4.229 1.429 I  
1.331 1 .328 2 ,088 .839 1 .468 1 .917 2 .919 4 .233 1 .520 1  
1 .331 1 .329 2 .089 .838  1 .468 1 .917 2 .919 4 .235 1 .520 1 
•5 .062 2.094 4.435 .388 .891 2.642 1 .352 4.413 .944 1 
•5 .060 2 .094 4 .432 .388 .890  2 .641 1 .351 4 .412 .944  1  
1 .208 1 .921 4.100 .444 .967 2 .880 1.351 4.900 1 .038 1 .  
1.210 1 .920 4.099 .444 .965 2.879 1.351 4.902 1 .038 1.  
.373  2 .992 3 .130 
.367  2 .986 3 .144 
.899 2 .398 2 .514 
.882 
.854  2 .547 2 .532 
.853  2 .545 3 .531 
,900 2 .749 2 .742 
,881 2 .736 2 .742 
.778 2.314 2.735 
.773 2 .302 2 .734 
.849 2.182 2.834 
.840 2 .170 2 .833 
.877 2 .574 3 .604 
.867 2 .562 3 .603 
.963 2 .829 3 .901 
.963 2 .824 3 .901 
.805 2 .385 2 .174 
.803 2 .383 2 .174 
987 2.426 2.201 
985 2 .425 2 .200 
2 .490 3 .620 
2 .481 3 .609 
2 .076 2 .726 
2.048 
1.800 2 .555 
1.800 2 .553 
1.834 2.625 
1.831 2 .602 
1 .703 2 .360 
1 .830 2 .601 
1 .909 2 .209 
1 .852 2 .136 
1.879 2.517 
1 .828 2 .502 
1.894 2 .791 
1.894 2 .791 
1 .632 2 .869 
1 .632 2 .867 
1.746 3.179 
1-746 3.177 
00 
V/1 
Table 4.3. Continued 
J i  • (Abs.) 4 4 4 3; 3; 4 6 |  
XE- 130 1.475 1.475 
1 
1 
.877  3 .573 
.877 3.571 
.529 
.529 
1 
1 
.123 2 
.121  2  
.894 
.893 
1.604 5.041 
1.603 5.040 
1 .188 
1 .188 
2 .198 2 .668 2 .504 
2 .196 2 .666 2 .504 
1.955 3.418 
1.955 3.415 
XE- 132 1.031 1.032 
1 
1 
.619 3.220 
.638 3.340 
.  669 
.668  
1 
1 
.342 2 
.342 2 
.321  
.328  
1 .808 3 .662 
1.817 3.750 
1.403 
1.397 
2 .362 2.753 2 .604 
2 .350 2 .729 2 .631 
2.148 3.451 
2 .138 3.421 
XE- 134 1.789 
1.789 
1 
1  
.503  2 .089 
.513 2 .089 
.848 
.848 
1 
1 
.575 1 
.577 1 
.893 2.397 2 .780 
.888 2 .407 2 .783 
1.697 
1.694 
1.878 2 .527 2 .627 
1.876 2.521 2.627 
1.999 2.747 
2 .000 2 .735 
00 
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the MEWORK and THEORY computer codes perform properly. The same may be 
said of the BE2 package (see Appendix D). The largest anomalies occur 
for BA-I34 and BA-134P, and are presumably due to differences in basis 
size. We shall see that even 25 phonons may not be enough to guarantee 
convergence in certain "realist ic" situations. 
B. Convergence Calculations for Representative Isotopes 
The convergence properties of the expansion technique were next 
examined, in the hope of clarifying the minor discrepancies which appear 
in Table 4.3. In particular, the effects of the choices for and 
s upon the calculated energies were studied. Rather than treating al l  
23 isotopes, a representative sample of f ive was selected, and the in­
vestigation was further l imited to the angular momentum values contained 
in {0, 3, 9. 10, 20}. This set includes the largest and smallest even 
and odd spins for which ^ 25 bases are readily available 
[Table 2.31. 
In selecting the representative nuclei, preliminary calculations 
were needed to approximately rank al l  23 isotopes on the basis of their 
convergence properties. The reduced form of the Schroedinger equation 
was used so as to treat al l  isotopes on an equal footing. As the 
potential energy function is of the form 
6 
Vp- ( 8 ' ,  y) = T. c B'^f (Y ) ,  (4.17) 
GG p=2 P P 
the results of Chapter I I I ,  Section C apply, and matrix elements of the 
reduced Hamiltonian may be written as 
88 
[("; + Y)«ij - <I|Y «f|j> ] 
6 
+ Z c s"P<iiB^f (Y)| j> .  (4.18) 
p=2 P P 
Diagonal elements have the asymptotic properties 
[Hgg];. J- :> e[<itB*|;> + c%<i|6* cos^Syl :>];"* ,  (4.19) 
s 4. 0 
2/5" C 6 
"6  70 ;  
["GG^ii 
S ->• 00 
^r(N; + ]  s^' ,  (4.20) 
and we may expect the calculated energies, regarded as functions of s, 
to behave similarly in these l imits. Such was Indeed found to be the 
case for the J = 0 states of each of the 23 isotopes. An N^..„(0) = 30 MAX 
expansion basis was used with s swept over sixteen equally spaced 
values in the range .4 ^ s 1.7. For each isotope, calculated absolute 
energies of the f ive lowest states were graphed as functions of s, and 
curves resembling that of Figure 3-lb resulted. A healthy variety was 
observed in the widths of the central "f lat" regions. 
Such a region is of course only approximately f lat, and typically 
3C33C3 Oi l  I l l  I  11 I  I I I  Wi l l  i i oa i  # V  a  wOl icOl *  I I I  VI  V # I  11 I  u  y  w  i  c i t i s  
minimum, the E -  vs - s curve is approximately parabolic: 
Ê -  Eg = K^(i - Sg)2 .  (4.21) 
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The constants E_, s^ and K, may be found by f i t t ing the parabolic form 
D D I 
through three adjacent calculated points. The local curvature serves 
as an estimate of the sensit ivity of Ê to changes in s. I t  was computed 
for the ground states of the 23 isotopes, and the isotopes were ordered 
accordingly. TE-122 had the lowest value of and was ranked f irst; 
BA-134 ranked twenty-third. The f ive isotopes selected for inclusion in 
the representative set, together with their rankings were 
TE-122 BA-130 XE-126 SM-142 BA-134 
1 9  11 18  23  .  
The potential energy surfaces of these f ive isotopes exhibit a 
variety of shapes, as depicted in Figure 4.1.^ Lines of constant 
V- - (6 ,  Y ) are shown on a polar coordinate system in which G is the 
bG 
radial variable and y is measured counter-clockwise from the horizontal. 
Four of the surfaces possess non-spherical (3 ^ O) minima, with TE-122 
being the lone exception. The surface for BA-134 differs most strongly 
from the paraboloid of the expansion basis Hamiltonian. Reflection 
symmetry about y = 6O" is evident in ai i  five cases. 
Following the selection of the representative isotopes, a series 
of calculations was performed in which both s and were varied. 
The former was swept through twenty equally spaced values in the range 
.45 < s < 1.7, while the latter assumed each of the values: 
'Figure 4.1 
Reference (29). 
has been assembled from drawings contained in 
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70 
04 
0.3 
0.2 
0.1 
«Ba„ 
n 
03 
02 
0.1 
0.1 02 03 0.1 0.2 0.3 ^ 
Theoretical Potential 
Energy surfaces 
selected for testing 
and Convergence 
Studies 
gure 4.1.  Potential energy functions VQQ(3,Y ) for the representative isotopes [taken from 
Reference (29))  
Timo required to assemble Hqc 
and find the first five 
eigenvalues and eigenvectors 
J: 0 3 9 10 20 
30 30 25 25 25 
120 
100 
d 80 
*  
a# 
60 UJ 
Z 40 P 
20 
0 
J«IO^ 
/ 
J«0 
j-2y 
± ± 
vx> 
50 100 150 200 
NUMBER OF STATES IN BASIS 
Figure 4.2. Typical computation t imes [IBM 370/158] for 
maxima I-bas is calculations 
NMAXI 
S-TILOA ' '  
J =  0  J =20 
S-TÎl'Sfl '• O.VO 
Convergence 
Studies 
vo N> 
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r 15, 20, 25, 30 [J = 0, 3] 
NMAV(J) = j 
t  15,  20,  25 [J  =  9 ,  10,  20]  
Absolute energies for the f ive lowest states of each spin were computed 
and stored, 340 diagonalizations being required for each isotope. 
Typical computation t imes for maximal basis calculations are indicated 
in Figure 4.2. 
The results of the energy level calculations are displayed graphi­
cally in Figures 4.3-4.7- The horizontal coordinate is s, and each 
curve represents the calculated absolute energy (MeV) found when using 
a f ixed value of has been labeled for the uppermost 
energy level only; without exception increasing was found to 
lower the result ing curve. As always, J. denotes the i— lowest energy 
state of angular momentum J. To avoid overcrowding and intersections, 
al l  J. have not been shown, and some of the individual curves have been 
truncated past the points where they r ise steeply. Convergence [ in both 
NuAv(J) and s] can be seen to range from excellent in the case of TE-122, 
where 15 phonons usually suff ice, to poor for BA-134 where 25 phonons 
do not. The double minimum in the potential energy surface of SM-142 
results in an addit ional r ipple upon the calculated energy curves of 
certain states. 
The msir. features of Figures 4.3-4.7 zay be summarized as fol lows: 
1) The energy curves r ise very sharply for s << 1 and more 
slowly for s » 1, in qualitative agreement with the ex­
pected asymptotic behavior. 
2) In al l  cases, increasing the size of the basis while 
holding s f ixed lowered the calculated energy. 
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3) The central "f lat" region broadens as the number of phonons 
is increased. This effect is not very pronounced in the 
case of BA-134. 
4) Within a given isotope, the rate of convergence [ in 
(J)l is best for states of lower energy. For f ixed J 
ano ,  states of lower energy possess broader f lat 
regions. 
5) For f ixed N^„(J), the optimal value of s (center of the 
f lat region)^is approximately the same for al l  levels 
within a given isotope. As increases, the optimal 
s shifts sl ightly to higher vaTues-
The expansion technique used throughout this thesis possesses an 
inherent f law: the expansion basis upon truncation is no longer a com­
plete set. A given function [such as Y» 9j) of H] can be only 
approximately represented as a f inite l inear combination of basis 
functions. Calculated quantit ies consequently differ from their exact 
counterparts. The coeff icients a. in the calculated solution 
" s 
4» — Z  3. \i). 
i  = 1 '  '  
are determined by solving the set of n l inear equations 
n 
z  <4u|H | ^ î>a .  = E a. [ i  = 1, 2, —, n] 
j=i '  J J '  
Multipl ication by a. and summing over i  yields 
" • ,s,..,.s " • 
z  a.<ip. Ih  U.>a .  =  e  z  a. a. 
i , j  '  ' J  J  1 = 1  '  '  
Hence, the calculated energy E is seen to equal the expectation value of 
H in the calculated state 41: 
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= E 
A lower l imit for E may be deduced by expanding (p in terms of the exact 
eigenfunctions 4)* of H (ordered by increasing energy; E* ^ 
this case 
4> = Z a* ** 
i=l '  '  
and 
E = 
= Î  
i  = l  ' '  
> Z laul^E* = [X (4.22) 
i=l '  '  '  
Hence the calculated energy may be no smaller than the lowest exact 
eigenvalue of the spin in question. As N^^(J) tends to infinity, the 
source of the inherent error is removed and calculated energies approach 
their exact counterparts. For the lowest-lying state of a given spin, 
the exact energy is approached from above. The same appears to be true 
for al l  states considered in the representative isotope calculations. 
However there is no guarantee that this wil l  always be the case. 
The curves in Figures 4;3-4=7 have been only coarsely determined 
due to the l imited number of s values used. To further investigate the 
f latness of the central regions, f iner resolution is required. Such 
calculations were carried out for the J = 0, 3 states of XE-126, with s 
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'2*Xe 
Calculated eneray of the 
ground state ot as 
a function of "s for 
four choices of NMAX 
02^ MEV 
-5.05339 MEV 
T 
002 MEV 
i 
NMAX=20 
-5.061417 MEV 
I 
0002 
00002 
.8 .9 1.0 I.I 1.2 1.3 1.4 
Figure 4.8 .  Calculated absolute GS energy for HQQ [XE-126] .  [The 
vertical (energy) scale and zero are different for each 
curve.] 
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.00004 MEV 
.00004 MEV 
.00004 MEV 
.00004 MEV 
Xe 
Calculated absolute 
energies of the first 
four J=0 st(rtes as 
functions of s. 
NMAX*30 
T 
i 
T 
i 6272061 MEV 
T 
1 
1 
.8 1.0 1.2 1.3 1.4 
Figure 4.9. Calculated absolute energies for J = 0 states of HQQ 
[XE-126]. [The vertical zero of energy is different for 
each curve.] 
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.0126 
-3.6858 MEV 
'26xe 
Calculated absolute energy 
of the first J«3 
state as a function of 
s for four choices 
OF NMAV |NMAX*'5| 
.000955 MEV 
3:70855 MEvl 
|NMAX'25 0000298 MEV 
3.710459 MEV 
!NUAX*30| 
-3.7105925 MEV 
The energy scales have 
been chosen such that 
the distance between the 
minimum and relative maximum 
is (proximately the some for 00000188 MEV 
each figure. 
Figure 4.10. Calculated absolute energy of the 3l state of Hgg [XE-126]. 
[The vertical (energy) scale and zero are different for 
each curve.] 
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'2GXe 
Calculated absolute energy 
of the second J-3 
state as a function of 
s for four choices 
of NMAX 
.04 MEV 
-.59753 MEV 
.004 MEV 
-.642234 MEV 
.0004 MEV 
-.648886 MEV 
t  \  
.00004 MEV 
-.649301 MEV 
9 1.2 1.3 7 8 1.0 I.I 
S 
Figure 4.11. Calculated absolute energy of the J; = 32 state of HQQ 
[XE-126]. [The vertical (energy) scale and zero are 
different for each curve.] 
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varied from .7 to 1.4 in increments of .01. Results are displayed in 
Figures 4.8-4.11 which have been assembled and scaled to i l lustrate 
several of the points previously made in summary of the convergence 
calculations. The f lat regions have been magnif ied and display consid­
erable f ine structure that is not due to arithmetical inaccuracies. 
[ In TE-122, the ground state energy varies only in the tenth decimal 
place as s varies by 20%; this sets an upper l imit on numerical errors.] 
For the 3^ level of XE-126, the form of the f ine structure persists as 
is increased. 
C. s-curvature and Error Estimation 
In l ight of Figures 4.3-4.7, i t  is clear that the result of diag­
onal izing Hgg in a 25-phonon expansion basis need not produce accurate 
results, particularly i f  Vqq(S» y)  'S strongly y dependent. Even i f  
the basis is large enough, a proper choice of s is crucial and some 
searching on this parameter wil l  be inevitable. Such a series of 
calculations, in which is f ixed and s varied, wil l  produce 
curves l ike those of the previous section, leaving us with the problem 
of selecting a best estimate for each energy eigenvalue. Two methods 
were used in analyzing the representative-isotope calculations. For 
f ixed and J., each method yields: MAX I 
1) Eg, a best estimate of the eigenvalue Ë of Hg^; 
2) an associated optimal value, Sg, of the basis parameter; 
and 
3) the s-curvature, K, which measures the sensit ivity of Ë-
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to changes in s near Sg. 
As we shall see, the third quantity may be used to estimate the error in 
the calculated energy. 
The f irst method is based on the premise that increasing 
wil l  lower the calculated energies. Hence, for f ixed the 
lowest calculated value of an energy eigenvalue would be the most 
accurate. Following the procedure used in Section B to select the 
representative isotopes, a parabola was f i t  to the lowest minimum of 
each Ê -  vrs - s curve. The curves appearing in Figures 4.3-4.7 have 
each been determined by twenty points, {(s', Ë'); i  = 1, 2 20}. 
The point with lowest energy, (s^, Ê^), and i ts two immediate neighbors 
were used in the f i t t ing: 
Ê' -  Ëg = K,(s' -  Sg)2 ;  i  = M-1, M, M+1. [Method I ]  (4.23) 
Local f luctuations in Ê - vrs - s curves, of the type seen in Figures 
4.8-4.11, may occur for changes in s on the order of the step size 
As = (s'*^ - s') 
The values of Eg, Sg and consequently depend to some extent upon the 
placement of the s', as i l lustrated in Figure 4.12. [The variabil i ty 
of could perhaps be moderated by foregoing the local curvature in 
favor of a global one, W. However this avenue was not pursued.] When 
a relative maximum neighbors the lowest minimum, method I  was generally 
found to overestimate the local curvature and to shift Sg from the 
visually estimated optimal value. In such cases, a second parabola was 
y GLOBAL. 
/ CURVATURE 
(w per A{') 
LOCAL 
CURVATURE, K, 
IN THE REGION R 
o 
o\  
K UNDERESTIMATED K OVERESTIMATED 
F i g u r e  4.12.  Global and local approaches to defining the s-curvature. In the latter approach, 
K = Kj [of Equation (4.23)] may be sensit ive to the locations of calculated points 
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f i t ted through the maximum, and the values of Sg and | |  were averaged. 
Eg was not modif ied. 
The second method for estimating energies adopts the view that Eg 
should be locally independent of s. i .  is consequently chosen to l ie in 
D 
the center of the "locally f latest" region, i .e. that three-point region 
over which the (s', Ë') data are most nearly a horizontal l ine. For 
each three-point region ( j  =2, 3, 4, —, 19), and 
ch i^  =  J  \  (Ë'  -  Ê )2  
^ i=j- l  ^ 
are determined by the condit ion that 
.  0 *  Ë.  =  y  Z ! '  .  [Method I I ]  (4 .24)  
dig 3 l=j-l 
2 The best energy estimate is taken from that region for which chi is 
smallest ( j  = M'), and Sg l ies at the center 
KI I 
Sg — ^  -  L i ' i cu i iwu i i j  
For the curvature 
. 2  
*^2 "  _M'-1 2 [Method I I ]  (4.26) 
[s - s ]  
is used. The denominator represents an effort to make approximately 
independent of the lateral distance between neighboring points. 
Each of these two methods was applied to the information gathered 
during the representative isotope diagonalizations, and the result ing 
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values of Eg, s_ and K have been l isted in Tables E.l and E.2. Absolute 
D D 
energies in MeV 
Eg =  [ ^ ]Êg 
have been given. Method I  is guaranteed to produce a lower value for a 
given energy eigenvalue, but this small difference is not usually 
apparent in the tables. The observations of Section B which summarized 
the basic properties of the E -  vs - s curves are given quantitative 
verif ication by Tables E.l and E.2. With only scattered exceptions, the 
fol lowing trends may be noted for each isotope. 
1) Both i_ and K. decrease as increases. 
D I HAA 
2) For f ixed J and N^..„(J), K. is lower for states of lower MAX I  
energy; furthermore the values of Eg converge faster for 
such states as increases. 
3) For f ixed ,  Sg is approximately independent of spin 
and eigenvalue number. Sg increases with increasing 
/ I \ 
"MAX^" ' -
The f irst two points suggest a relationship between K. and the rate 
of change of Eg with increasing Such a relationship may be 
exploited to estimate the magnitude of errors in calculated energies. 
I f  we adopt the detailed notation 
Ë.,(J.) = calculated eigenvalue of H__ for the state J., 
N I  Uu I  
found using an N-phonon, Sg basis; 
.) = associated s-curvature near s„ (determined by 
I  D 
either of the two methods) ,  
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then the (posit ive) error in the calculated eigenvalue is 
4E„(J,) = - Ê_(J.) 
The term in brackets is simply the error in the N^-phonon calculation. 
I t may be neglected i f » N and i f  the N^-phonon calculation is well 
converged. The latter is expected to be true i f  Ky = (J.) is less 
TOP ^ 
than some small upper value K .  Hence 
AË|^(J.) % ^ TOP " (^-27) 
L "T <  K 
Equation (4.27) may be used in conjunction with Tables E.1 and E.2 
to estimate the error in E,, for each state included in the representa-
D 
t ive-isotope calculations. In this manner an approximate relationship 
between AE^(J) and K^(J.) can be established. In practice = 30, 30, 
25, 25, 25 were used for J = 0, 3, 9, 10, 20 respectively, and >> N 
TOP 
was taken to mean ^ N + 3- K was chosen such thar Equation (4.2/) 
was satisf ied in ^100 instances. The result ing values of estimated 
error extended over several orders of magnitude, as did the previously 
calculated curvatures. Consequently the pairs (K^(J.), AE^(J.)) were 
plotted on log-log axes. The results are shown in Figures 4.13 and 
4.14, where methods I  and II have been used respectively. In each case 
the points appear to be randomly distributed about a straight l ine 
J=0 ® 
J=20 ^ 
a: 10"^' 
RELATIONSHIP BETWEEN 
ESTIMATED ERROR IN ENERGY 
AND CURVATURE. K| (Method I; KT<5XI0-3) 
^Ê = I0"2-^®' Kj-^35 
I 111 mil— I I i i i i i J  I 11 mi l l  I  I ii iiul I  I i i i i u l  I  11 mill i I iiiiiil i I IIIIMI 
7 I0"5 |0'3 10"' 10' 
s CURVATURE, K 
Figure 4.13. Estimated error [Equation (4.27)] versus curvature Kj [Equation (4.23)] compiled 
from Hgg representative Isotope calculations 
10 
lUJ 
<1 
Sio- '  
q: 
LU 
z 
LU 
10 
"3 
O 
LU 
O 
S 
- 10"® 
a: 
ê 
s 
10 
r? 
10" 
RELATIONSHIP BETWEEN 
ESTIMATED ERROR IN ENERGY 
AND CURVATURE, Kg 
(Method n-, Kt<I0-8) 
..|0".MI6K.5I2 
I0"9 LO'T I0"5 
S CURVATURE, Kg 
10-3 10"' 
Figure 4.14.  Est imated error  [Equat ion (4.27) ]  versus curvature K2 [Equat ion (4.26) ]  compi led 
f rom Hgg representat ive isotope calculat ions 
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The centra '  l ine in  e i ther  f igure represents the least  squares s t ra ight  
l ine [LSSL] through the data.  The neighbor ing l ines are paral le l  to  the 
LSSL and one standard deviat ion 
-  [ I . F ,  < V - Y / J '  .  N  =  
above and below i t .  For a gaussian d is t r ibut ion,  68% of  the n points 
would be expected to l ie  wi th in the two outer  l ines.  The LSSL was found 
to be re lat ive ly  independent  o f  isotope,  spin and basis s ize.  
The energy error  and s-curvature are re lated by a power law 
b_ b ,  
AE^(J. )  = 10 '  (4.30)  
for  points on the LSSL. The power law parameters and standard deviat ions 
TOP 
are l is ted in Table 4.4 for  several  choices of  K 
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Table 4.4.  Power law parameters 
,TOP Number o f  
points (n)  bo h  a 
10-3 83 -2.103 1.036 .477 
Method 
1 *  5 X lo"^  118 -2.081 1.035 .461 
10-2 130 -2.054 1.043 .455 
10-9 85 -  .1430 .511 .410 
Method 
1 1 
O
 1 OO
 
114 -  .1116 .512 .394 
10-7 139 + .0267 .527 .393 
TOP 
Aster isks indicate the values of  K employed throughout  the remainder 
o f  th is  chapter ,  and used in  the construct ion of  Table 4.5.  For  a g iven 
curvature,  the f ive columns l is t  respect ive ly  the errors associated wi th 
points that  are 2a below, a below, on,  a above,  and 2a above the LSSL. 
The table may be used to est imate the error  in  the calculated energy 
f -Ko 1 * # y-a  îc  Cor-  ovamn 1 o  i f  I f inHc If t ry  
be .01,  the associated AË has only  a .16 probabi l i ty  of  ly ing higher 
than la  above the LSSL. Consequent ly  AË wi l l  be less than .0002041 84% 
of  the t ime.  Simi lar ly  AE < .00059 95 t imes out  o f  100.  
The most  s t ra ight forward way to  test  the adequacy of  an N-phonon 
d iagonal izat ion consists  o f  dramat ica l ly  increasing the s ize of  the 
basis and redoing the problem. I f  the addi t ional  basis funct ions do not  
Table 4.5.  Est imated energy error  versus s-curvature for  methods I  and I I .  Least  
squares s t ra ight  l ines [LSSL's]  are those of  Figures 4.13 and 4.14 
S -curvature Estimated error ûË for points that are 
K, 2a below lo below on lo above 2a above 1 LSSL LSSL LSSL LSSL LSSL 
0 .100000 -04  0 .0000000  0 .0000000  0 .0000001  0 .0000002  0 .0000005  
0 .500000 -04  Method 0 .0000000  0 .0000001 0 .0000003  0 .0000008  C .0P00025  
0 .1OOOOP-03  1  0 . 0000001 0 .0000002  0 .0000006  0 .0000017 C . 0000050  
0 .500000 -03  0 .0000004  0 .0000011 0 .0000032  0 .0000002  0 .0000266  
0»  i  OOOOD-02  0 .0000009  0 .0000023  0 .0000065  O .OOOPl68  0 .0000544  
0 .500000 -02  0 .0000041 0 .0000119  0 .0000344  0 .0000996  0 .0002*80  
0 .100000 -01  0 .0000084  0 .0000244  0 .0000706  0 .000204  I  0 .0005O02  
0 .500000 -01 0 .0000447  0 .0001291  0 .0003734  0 .00  10797  0 .0031221  
O. IOOOOD 00  0 .0000915  0 .0002646  0 .0007652  0 .00  22125  0 .0063977  
O.SOOOOO 00  0 .0004  841 0 .0013999  0 .0040478  0 .0117045  0 ,0338443  
0 .100000  01  0 .0009920  0 .00  28685  0 .0082946  0 .023OB43  0«0Q915?5  
0 .500000  01  0 .0052479  0 .0151746  0 .0436786  0 .1268781  0 .3668777  
O. IOOOOD 02  OeOlO7530  0 .0310953  0 .0899144  0 .2590942  0 .7517926  
0 .100000 -12  0 .0000000  0 .0300001  0 .0000002  0 .0000004  
0 .500000 -12  0 .0000001  0 .0000002  0 .0000004  0 .0000010  
0 .1OOOOD-11  0 .0000001  0 .0000002  0 .0000006  0 .0000014  
O.SOOOOD-11  0 .0000002  0 .0000005  0 .0000013  0 .0000032  
0 .100000 -10  0 .0000003  0 .0000007  0 .0000018  0 .0000045  
0 .500000 -10  0 .0000007  0 .0300017  0 .0000041  0 .0000103  
0 .100000 -09  0 .0000010  0 .0000024  0 .0000059  0 .0000146  
0 .500000 -09  0 .0000022  0 .0000054  0 .0000134  0 .0000333  
0 .1 OOQOD - O a  0 .0000031  0 .0000077  0 .0000192  0 .0000475  
0 .500000 -08  Method 0 .0000071  0 .0000176  0 .0000437  0 .0001083  
0 .1OOOOD-07  1  1  0 . 000010  1  0 .0000251  0 .0000623  0 .0001544  
0 .500000 -07  0 .0000  231  0 .0000572  0 .0001419  0 .0003518  
0 .100000 -06  0 .0000329  0 .0300816  0 .0002023  0 .0005016  
0 .500000 -06  0 .0000  750  0 .0001860  0 .0004611  0 .0011431  
0 .100000 -05  0 .0001070  0 .0002652  0 .0006574  0 .0016298  
0 .500000 -05  0 .0002438  0 .0006043  0 .0014981  0 .00371  3 9  
0 .100000 -04  0 .0003476  0 .0308616  0 .0021360  0 .0052953  
0 .500000 -04  0 .0007920  0 .0019634  0 .0048675  0 .0120667  
0 .100000 -03  0 .0011292  0 .0027994  0 .0069400  0 .0172045  
0 .500000 -03  0 .0025733  0 .0063793  0 .0158146  0 .0392053  
0 .100000 -02  0 .0036689  0 .09909SS 0 .0225482  0 .0558983  
0 .500000 -02  0 .0033607  0 .0207266  0 .0513824  0 .1273798  
0*0000011 
0 .0000024  
0 .000003»  
0 .0000978  
0.0000112 
0 .0000254  
0 ,0000363  
0 .0000826  
0 .0001178  
0 .0002684  
0 .0003827  
0 .0008722  
0 .0012435  
0 .0C2P338  
0 .0040403  
0 .0092070  
0 .0131272  
0 .0299140  
0 .0426510  
0 .0971921  
0.1385740 
0 .3157814  
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signi f icant ly  contr ibute in  t i ie  expansions of  the lower energy s tates,  
convergence is  indicated for  these states.  Unfor tunate ly  such an 
approach is  not  a lways pract ica l ,  though some ins ight  may be gained by 
observ ing the ef fect  of  reducing the basis s ize.  The work of  the 
previous sect ion of fers an a l ternat ive method of  est imat ing the conver­
gence of  energy e igenvalues.  Fur thermore,  the informat ion required to 
compute the s-curvature wi l l  be readi ly  avai lable f rom the Sg search 
that  necessar i ly  accompanies a carefu l  ca lculat ion.  
Armed wi th th is  method,  the 23 parameter  sets of  Table 4.1 were re­
considered.  For  each isotope and each of  the spins J  = 0,  2,  3.  4,  5,  
6,  [H-- ]  was d iagonal ized in  a maximal  basis  for  f ive values of  s .  The 
s tep s ize sat is f ied As/ i_ % .05 as was the case in  the calculat ions 
D 
leading to the power law.  Equat ion (4.30) .  The center  o f  the s region 
surveyed for  each isotope had been indicated by the or ig inal  l6-point  
s-sweep of  the J  = 0 s tates.  I t  was fur ther  ref ined as the calculat ions 
for  h igher spins progressed.  Resul ts  appear in  Table E.3,  wi th method 
I  having been used in  the computat ion of  Eg,  Sg,  and ûE.  Relat ive 
energies above the ground s tate [ in  MeV] have been tabulated for  the 
exci ted states.  They may be readi ly  compared wi th the values of  Habs 
e t  a l . ,  which have been p laced immediate ly  below my own.  Error  est imates 
g iven in  Table E.3 are for  points one a above the LSSL, and hence are 
upper l imi ts  on the t rue error  in  ~84% of  the cases.  The est imates have 
been t ranslated in to MeV by us ing Table 4.2,  and 
AE = [Aw]AË .  (4.31)  
1]6 
Averages of the percentage energy difference 
E(J.) - E(J.) 
this work Habs et al. 
Habs a1.  
have been tabulated and are l is ted by level  type and isotope in  Tables 
4.6 and 4.7 respect ive ly .  
Table 4.6.  Mean percentage energy difference 
(averaged over isotopes) 
Spin Level :  1 2 3 
0 0.495 0.753 0.535 
2 0.915 0.570 0.250 
3 1.048 0.562 
4 0.924 0.635 0.424 
5 0 .470 
6 1.352 0.952 
Table 4.7.  Mean percentage energy difference (averaged 
over J.) 
BA-128 0.05 BA-130 0.04 BA-132 0.05 
BA-134 4.76 BA-134P 6.26 BA-136 0.20 
CE-136 0.56 CE-138 0.30 ND-138 0.57 
NO-140 0.25 SM-142 0.35 SM-142P 0.55 
TE-120 0.04 TE-122 0.39 TE-124 1.33 
TE-126 0.63 TE-128 0.34 TE-130 0.04 
XE-126 0.05 XE-128 0.05 XE-130 0.05 
XE-132 1.62 XE-134 0.22 
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As was the case in  Sect ion A,  d i f ferences between my own values and 
those of  Habs e_^ a j_.  are general ly  minor .  Of ten they are on the order  
of  the est imated errors.  Convergence is  par t icu lar ly  poor for  BA-134 
and BA-134P, and the considerable d isagreement in  calculated eigenvalues 
is  not  unexpected.  For  the general ly  we11-converged te l lur ium isotopes,  
the d iscrepancies indicated in  Table 4.7 are pr imar i ly  due to  d i f ferences 
in  J = 6 e igenvalues.  This prompted a fur ther  invest igat ion of  these 
states us ing smal ler  = 15,  20]  expansion bases.  For  each of  
TE-120,  TE-122,  —, TE-128,  s  was swept  over  a range of  ~20% and the 
lowest  energy so obta ined for  a g iven level  has been l is ted in Table 
4.8.  The energies reported by Habs e t  a l .  appear in  the rows marked H;  
they d i f fer  markedly f rom my 25~phonon resul ts  in  several  instances.  
The d iscrepancies,  par t icu lar ly  those for  TE-124,  are not  connected 
wi th convergence d i f f icu l t ies in the present  work.  
For  ten of  the 21 nucle i  considered in  References (29)  and (30) ,  
exper imental  energies for  s tates of  h igher spin [J  = 8 and/or  10]  have 
been reported.  No at tempt was made by Habs e t  a l .  to  extend the GG 
technique and a l low the calculat ion of  such s tates.  My methods have 
been appl ied to th is  end and the resul t ing theoret ica l  energies 
[assuming the model  parameters o f  Table 4.1]  are g iven in  Tables 4.9 
and 4.10.  Methods I  and I I  have been used respect ive ly ;  theoret ica l  
energies have been "corrected" by subtract ing of f  the error  expected 
for  points on the LSSL. Exper imental  va lues taken f rom Nuclear  Data 
Sheets (46)  appear below thei r  theoret ica l  counterpar ts .  The agreement 
between theory and exper iment  is  fa i r ly  good for  the bar ium and xenon 
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Table 4.8.  Calculated absolute energies (MeV) o f  J  = 6 
states.  [H denotes values taken f rom (29)  
and (30) ]  
N J  
max i= ^1 62 S 
TE-120 
<1.08>a 
15 
20 
25 
H 
3.61766 
3.61738 
3-61737 
3.617 
4.37237 
4.37204 
4.37202 
4.370 
5.12865 
5.12786 
5.12782 
TE-122 
<1.06> 
15 
20 
25 
H 
2.92893 
2.92876 
2.92876 
2.925 
3.71997 
3.71960 
3.71958 
3.696 
4.62801 
4.62702 
4.62699 
TE-124 
<1.07> 
15 
20 
25 
H 
2.66213 
2.65719 
2.65670 
2.783 
3.32635 
3.31470 
3.31335 
3.554 
3.97767 
3.96334 
3.96054 
TE-126 
<1.03> 
15 
20 
25 
H 
3.31055 
3.30196 
3.29946 
3.244 
3.62809 
3.60317 
3.59656 
3.528 
4.22493 
4.20115 
4.19422 
TE-128 
< 57> 
15 
20 
25 
ri 
3.15511 
3.05796 
3.04454 
2.559 
3.82099 
3.69767 
3.68167 
3.673 
4.70693 
4.57535 
4.55256 
TE-130 
<.96> 
15 
20 
25 
H 
3.31190 
3.23045 
3.22367 
3.225 
4.18816 
4.12670 
4.12092 
4.122 
5.17244 
5.08171 
5.07073 
Centra l  va lue <s>.  For  each isotope,  J  = 6 
energies of  Hqq were calculated using s = .9<s>,  < i>,  
and 1.1<s>.  The lowest  e igenvalue E(6|)  so obta ined 
appears in  the table.  
9.  
dpp 
129 
130 
132 
I 20 
122 
24 
26 
26 
26 
30 
Relat ive energies and est imated errors for  J  = 8,  10 s tates [Method I ] .  Exp.  
energies (46)  appear in  parentheses.  AE is  for  points la  above LSSL 
( 0 , )  h AE(J , )  
ENERGI I : !>  (MeV)  S -T ILOA PST ,  FPPOn (HeV)  
LEVEL  # :  1  2  3  1  2  3  1  2  3  
SOIN  N M A X  
a  25  2 .1751  3 .7653  4 .8111  1 .06  1 .07  1  . 05  0 .00049  C .00059  0 .00052  
(2 .126)  
10  2S  3 .0772  5 .020 ' t  6 .  2550  1 .07  1 .07  1 *01  0 *00055  C*00056  0 *00162  
(3 .019)  
e  25  2 .4131  4 .  1631}  5 .1550  1 .09  1 .09  1  . 09  0 .00015  C .00028  0 .00050  
(2 .396 )  
10  25  3 .3626  5 .4934  6 .7373  1 .07  1 .07  i .oe  0 .00011  C .0C033  0 .C0051  
(3 .3615 )  
6 25  2 ,9042  5 .  0456  6 .1636  1 .11  1  . 08  1 .10  0 .00019  C .00072  0 .00081  
(2 .796 )  
10  25  4.0096  6 .6047  8 .0919  1 .10  1 .  14  1  . 06  0 .00049  O .OCI54  0 .00255  
(3 -729 )  
a  25  2 *5098  3 .  31  1  7  4 .  1  279  1  . 02  1 .06  1 .06  C .00000  C .00000  0 .0000 1  
( 2 .653 )  
10  25  3 .2787  4 .125 )  4 .9993  1 .08  1  . 06  1  . 02  0 .0000  I  C.00001  0 .00002  
6  25  2 .5336  3 .  399  3  4 .3606  1 .06  1 .05  1  . 05  o.ooocc  c .ooooo  0*  00000  
( 2 . 6 6 9 )  
10  25  3 .2756  4 .2203  5 .2335  1 .07  1 .05  1  . 05  0 . 0 0 0 0 c  0 .00000  0 .00001  
(3 .290 )  
6 25  2 .1668  2 .999 )  3 .6092  1 .09  1 .05  1  . 09  0 .0001 1  C.00032  C .OCO03  
(2 .6643 )  
to  25  2 .6325  3 .660  1  4.1289  1 .06  1 .06  1  . 07  0 .00016  0 *00037  0 .00157  
(3 .1542 )  
e  25  2 .2288  2 .7604  3 .3529  1 . 02  1 .02  1  . 04  0 .00103  C .00076  0 .00333  
(2 .7654 )  
10  25  2 .5146  3 .3222  3 .6314  1 .04  1 . 05  1 .02  0 .001 1 1  C*00036  0 *00813  
(2 .9752 )  
8  25  2 .4437  4.0533  4 .9309  1  . 06  1  . 06  1  . 06  0 .00026  C .0CC40  0 .00126  
(2 .437 )  
10  25  3 .3738  5 .3354  6 .3667  1 .07  1 .06  1  . 04  0 .00025  0 .00050  0 .00079  
(3 .317 )  
a  25  2 .5722  4 .4385  5 .4837  1 *04  1*06  1 *05  0 *00060  0 *00192  0 .00213  
(2 .513 )  
t o  25  3 .5145  5 .77 :0  7 .1732  1 .06  1 .03  1  . 06  0 .00050  0  .00351  0 .00343  
(3 .373 )  
e  25  2 .8347  4 .71  I  7  5 .7009  1  . 04  1 .06  1  . 07  0 .00006  C .00034  0 *00019  
( 2 . 6 9 6 )  
10  25  3 .8254  6 .074  2  7 .3468  1  . 06  1 .02  1  . 06  0 .00006  0  . 00  122  0 .00042  
Table 4.10.  Relat ive energies and est imated errors for  J  = 8,  10 s tates [Method I I ] .  Exp.  
energies (46)  appear in  parentheses.  AE Is  for  points la  above LSSL 
(0,) 
•B ÛE(J, )  
ENERGIIÏS (HEV) S-TILOA EST.  EPROR (MCV) 
LEVEL •  :  1 2  3  1 2  3  1 2  3  
ISOTOPC SPIN NMAX 
QA - IZa  8 25 2 .1752 3 .7639 4 .8112 1 .04 1 .04 1 .04  0 .00030 0 .00019 0 .00027 
(2 .126)  
10 25  3 .0773 5 .0206 6 .2556 1 .04 1 .04 1 .04 0 .00021 C.OOOLI 0 .00014 
(3.019) 
BA-130 S  25 2 .4131 4 .  16 31)  5 .  1551 1 .05 1 .05 1 .05 0 .00010 0 .00029 0 .00036 
(2.396) 
10 25 3 .3626 5 .4938 6 .7373 1 .  10 1 .05 1 .05 0 .00020 0 .00026 0 .00058 
(3.3615) 
BA-132 E 25 2 .9042 5 .04 53 6.1635 1 .11 1 .11 1 .11 0 .00020 0 .00114 0 .00101 
(2.796) 
10 25 4 .0096 6 .6032  8.0923 1 .11 1 .11 1 .11 0 .00058 C.00031 O.OCISL 
(3.729) 
TE-120 Q 25  2 . 909e  3.3117 4 .1279 l.OS 1.  10 1 .00 0 .00000 0 .00000 0 .00000 
(2.653) 
10 25 3 .2787 4 .1239 4 .9993 1 .10  1 . 00  1.10 0 .00001 0 .00000 0*00002 
TE-T82 S 25 2 .5336 3 .3993 4 .3606 1 .07 1 .07 1 .07 0 .00000 0 .00000 0 .00001 
(2.669) 
10 25 3 .2756 4 .220 3  5 .2335 1 .02 1 .07 1 .07 0 .00000 c.00001 0.00001 
(3.290) 
TE-124 s 25 2 .1668  2.9999 3 .6094 1 .06  1.06 1 .06  0 .00014 c .00039  0.00048 
(2.6643) 
10 25  2 .6325 3 .6601 4 .1289 1 .06 1 .01 1 .06 0 .00015 C.00036 0 .00166 
(3.1542) 
TE-126 s 25 2 .2268 2 .7604 3 .3529 1 .03 1 .03 1 .03  0 .00099 0 .00084 0 .00359  
(2.7654) 
10 25 2 .9146 3 .3222 3 .6314 1 .03 1 .03 1 .03  0 .00108 C.00056 0 .00865 
(2.9752) 
XE- 126 e 25 2 .4438 4 .0534 4 .9309 1 .06 1 .06 1 .06 0 .00025 C.00038 0 .00124 
(2.437) 
10 25 3 .3738 5 .3355 6 .3665 1 .06 1.06  1 .06 0*00027 0 .00047 0 .00122 
(3 317) 
XE-I2B a  25 2 .5723 4 .4362 5 .4839 1 .04 1 .04 1 .04 0 .00059 0 .00278 0 .001P4 
(2.513) 
10 25 3 .9144 5 .7711 7 .1738 1 .04 1 .04 1 .04 0*00082 0 .00358 0 .00199 
(3.373) 
xe - i30  s 25 2 .8347 4 .7117 5 .7008 1 .05 1 .05 1 .05 0 .00007 C.00039 0 .00033 
(2.696) 
10 25 3 .8254 6 .0744 7 .  3470 1
0 o
 1.05 1 .05 0 .00007 C.00054 0 .00007 
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isotopes, though the theoretical energies are consistently high. 
V__(g, Y) possesses an asymmetric minimum for each of these nuclei, and GG 
any vibrational model with this feature would probably do as well. 
Theoretical estimates are consistently low for the higher spin energies 
of the tellurium isotopes. The potential energy surfaces for these 
nuclei favor axial symmetry. 
E. Estimating s_ Without Diagonalizing D 
Considerable time and effort can be expended in the repeated 
diagonalization process that is used to search for the optimal value of 
the basis parameter. Although valuable by-products such as error 
estimates also result, it would be useful to have a rapid method of 
estimating s„ beforehand. At the very least this would serve to limit 
D  
the scope of the Sg search. In Section C of Chapter III, the suggestion 
was made that 
Z <*;TH|4;> 1 = 0 (4.32) 
K lowest  ^  beef  
3 — 5  
energy basis 
states 
be used to find a basis parameter appropriate to the diagonalization of 
the collective Hamiltonian, H. The corresponding criterion for the 
reduced Schroedinger problem is simply 
ds •- i = l ' ' 
s = s 
= 0 , (4.33) 
-best 
and a solution to Equation (4.33) induces a solution to Equation (4.32) 
by 
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^best  ,  ;  ;best  (4.34)  
The resulting value of s may easily be siiown to be Independent of 
the t ransformat ion which connects the or ig inal  and reduced forms of  the 
problem. The superscr ipt  w i l l  be used to  denote solut ions to 
Equat ion (4.33) ,  whi le  Sg wi l l  refer  exclus ively  to  est imates made by a 
repeated d iagonal izat ion process.  
Before apply ing Equat ion (4.33)  to  the GG-model  ca lculat ions,  i t  is  
in format ive to examine the manner in  which indiv idual  matr ix  e lements o f  
H_- depend upon s .  Using Equat ion (4.18) ,  such a study was made for  
GG 
var ious matr ix  e lements o f  the representat ive- isotope Hami1 tonians.  The 
J  = 0 e lements o f  BA-130 proved to  be typ ical ,  and examples are shown in  
Figures 4.15 and 4.16.  Because of  thei r  asymptot ic  propert ies [Equat ions 
(4.19)  and (4.20) ]  d iagonal  matr ix  e lements must  possess a minimum on 
0 < i  < ®; however.  F igure 4.16 shows that  th is  need not  be t rue of  o f f -
diagonal  e lements.  Sums o f  d iagonal  e lements are s imi lar  to  indiv idual  
d iagona!  e lements in  thei r  dependence upon s ,  as i l lust rated In Figure 
4.17.  Min ima of  the curves in  th is  f igure correspond to solut ions of  
Equat ions (4.33)  for  the BA-130 Hami l tonian.  
Equat ion (4.33)  may be solved by f ind ing the real  posi t ive roots of  
a polynomial  o f  degree e ight .  This was accompl ished for  each of  the 23 
sets of  potent ia l  parameters by us ing the computer  program ZPOLY (47) .  
Resul ts  for  the f i rs t  12 values of  the summat ion l imi t  k  appear in  
Table 4.11.  J  = 0 basis s tates ordered by the ru les of  Appendix C were 
used.  Mul t ip le solut ions were not  observed,  and the s ingle s^^^^ was 
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'2.00 ' 
030 0.60 
Bo 
Oiogonai Matrix 
Elements of the 
Reduced Homiltonion 
FIGURE 4.15, 
Dependence on i  of <'{'f |Hgg[BA-130]  [ i j ; !>  for  selected J  = 
Bohr e igenstates ( i )  = (N,&,v=t ,J=0) 
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12.00 
A : 
8.00 
4.00 
««• 
0.00 
— 
\/ 13080 
Off'diogonof Matrix 
FÎOIIJMMVE TKO V # #  #  »  V  
Reduced Hamiltonian 
I  
-8.00 -
0.50 aso 0.90 i.20 i.oO 
S 
Figure 4.16.  Dependence on s of  < i |»J IHr q [ BA-130]  for  selected J « 0 
Bohr e igenstates ( i ,  jV i ) .  For  (NivJ)  labels corresponding 
to l is ted values of  i  and j ,  see Figure 4.15 
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25.00 
20.00 
15.00 
1:^10.00 
*•» — 
*WÏ 5.00 
'30 Ba 
Sums of Diagonoi Matrix 
Elements of the 
Reduced Hamiltonian 
0.00 
-5.00 
0.30 0.60 0.90 1.20 1.50 
S 
Figure 4.17.  Dependence on s o f  Z <^Î |H__[BA-130] |^ Î> for  selected 
i= l  '  '  
values of  K.  For  (N£.vJ)  labels associated wi th each value 
of i, see Figure 4.15 
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found to  s lowly increase wi th increasing k .  The k  « 12 values of  
are a lso l is ted in  the centra l  column of  Table 4.12 where they are com­
pared wi th the empir ica l ly  determined Sg.  For  a 30-phonon d iagonal iza-
t ion,  s_ refers to that  value of  s which minimizes the sum of  the D 
calculated absolute energies of  the f i rs t  three J = 0 states.  For  each 
isotope,  i t  has been determined f rom the s-sweep calculat ions of  the 
previous sect ion.  The corresponding value for  a 20-phonon d iagonal iza-
-  HABS 
t ion would be ~8% lower.  The f ina l  column in  Table 4.12 conta ins s ,  
the reduced equivalent  o f  the basis parameter  employed by Habs e t  a l .  
[see Table 4.2] .  The authors c la im in  (29)  to  have determined thei r  
basis parameter  by ( roughly)  min imiz ing the f i rs t  few J = 0 e igenvalues 
in  a smal l  basis  ca lculat ion.  On the average,  may be seen to be 
^ ^habs 
a bet ter  est imate of  the opt imal  parameter  (Sg) than is  s ,  part icu­
lar ly  among the marginal ly  converged isotopes which require extra care 
in  the select ion of  s .  Diagonal  matr ix  e lements o f  (6 ' )P(cos 3y)^ 
vanish when q is  an odd in teger,  and consequent ly  two terms in  do 
Gu 
not  contr ibute in  Equat ion (4.33) .  This loss of  in format ion may 
par t ia l ly  account  for  the d i f ferences between s^^^^ and Sg:  the est ima­
t ion method may be more accurate for  other  Hami l tonians.  
The ca lculat ions which provide the foundat ion of  th is  chapter  have 
been reported here in  great  deta i l .  I t  is  hoped that  they may a id 
future invest igators in  test ing calculat ions,  as two independent  sets 
of  resul ts  are now avai lable for  selected GG Hami l tonians.  The immediate 
lessons are qui te s imple.  Employing a large number o f  basis s tates in  
e igenfunct ion expansions does not  in  i tse l f  insure accurate resul ts .  
Table 4.11.  Value of  s which min imizes the sum 
k  ~ _ ~ 
e lements,  E |H/- .p I ' i ' ;>  
1 = 1 ' I' 
k » 1 2 3 4 5 
BA-L2* 0 ,50 0 ,62 0 .64 0 .69 0 .73 
BA-130 0  .56  0 .67 0 .70 0 .75 0 .79 
BA-L32 0 .60 0 .72 0 ,76 0 ,80 0 ,85 
BA-134 0 ,72 0 ,84 0 .90 0 .93 0 .99 
BA-L34P 0  .72  0 .84 0 .90 0 .93 0 .99 
BA-L36 0 ,82 0 ,89 0 ,92 0 ,96 0 ,99 
Ce-136 0 .69  0 .81 0 .87 0 .90 0 .96 
CF-136 0  .64  0 .74 0 .78 0 .82 0 .86 
ND-138 0 .69 0 .81 0 .87 0 .90 0 .96 
ND-140 0 ,64 0 ,74 0 ,76 0 .82 0 .86 
SM-142 0 .63 0 .?4 0 .77 0 .82 0 .85 
SM-142P 0 .75 0 .83 0 .86 0 ,90 0 ,94 
TE-120 0 .65 0 .72 0 .73 0 .77 0 .79 
TE-122 0  .74  0 .83 0 .84 0 .88 0 .90 
TF-124 0 ,*9 1 ,00 1 ,03 1 ,07 1 ,10 
TE-126 1 .02  1 .  10 1 .12 1 .15 1 . 1 8  
TE-128 0 .86 0 .96 0 .98 1 .02 1 .05  
TF-130 0 ,85 0 .95 0 .98 1 .02 1 .05 
XE-126 0 .56 0 .68 0 .71 0 .76 0 .80 
XF-128 0 .61 0 .71 0 .75 0 ,78 0 ,83 
XE-130 0 .60 0 .70 0 .73 0 .77 0 .81 
XE-132 1 .03  1 .  17 1 .24  1 .28 1 .35 
XE-134 0 ,84 0 .92 0 .95 0 .98 1 ,02 
over J  = 0 states of  d iagonal  matr ix  
6 
0.77 
0 .  83 
0. 88 
1 . 0 1  
1 . 0 1  
1 , 0 1  
0.  98 
0 ,89 
0 .98 
0 .89 
0. 88 
0,96 
0 .  83 
0 .93 
1 ,13 
1 . 2 1  
1.08 
1.08 
0.  84 
0 ,85 
0 .  84 
1 .38 
1 ,04 
7 
0.77 
0 .  83 
0, 88 
1.02 
1.02  
1 , 0 2  
0.99 
0 .89 
0 .99 
0 .  89 
0. 88 
0,  96 
0,82 
0.  93 
1 ,  13  
1 . 2 1  
1.08 
1.08 
0.  84 
0 ,85 
0 .  84 
1 .38 
1 ,04 
8 
0.79 
0. 86 
0,92 
1,06 
1.06 
1,04 
1 ,03 
0 .92 
1 .03 
0 .92 
0 .91 
0 ,99 
0 ,84 
0 .95 
1 , 1 6  
1,24 
1 ,  1 0  
1,10 
0.87 
0 ,89 
0 ,87 
1 ,43 
1 ,07 
9 
0  .82  
0 . 8 8  
0,94 
1 .07  
I .07  
1,06 
1 .04  
0 .94 
1 .04 
0  .94  
0 .93 
1,01  
0,87 
0 ,97 
1 , 1 8  
1 ,25  
1 , 1 2  
1  , 1 2  
0.89 
0 ,91 
0 .89 
1 .45 
1 ,09 
10 
0,83 
0 .89 
0 ,95 
1,08 
1.09 
1 ,07  
1 ,06 
0,95 
1  , 0 6  
0 .95  
0 ,94 
1  , 0 2  
0.87 
0 .98 
1 .19 
1 .26 
1,13 
1 ,13 
0 ,90 
0 ,91 
0 ,90 
1 ,47 
1 ,09  
n 
0,85 
0 .91 
0 .97 
1 . 1 1  
1.  12 
1 ,09 
1 ,09 
0 ,97 
1 ,09 
0 .97 
0 .97 
1 ,04 
0 .89 
0 .99 
1 , 2 1  
1 , 2 8  
1 ,15 
1 ,15 
0 ,93 
0 ,94 
0 ,92 
1 ,50 
1 , 1 2  
12 
0,85 
0 ,91 
0 ,97 
1 . 1 1  
1 . 1 2  
1 ,09  
1 ,09  
0 ,97 
1 ,09 
0 .97 
0 .97 
1 ,04 
0 .89 
0 .99 
1  . 2 1  
1 .28 
1,15 
1 ,15 
0 ,93 
0 ,94 
0 .92 
1 .50  
1 , 1 2  
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Table 4.12.  Compar ison of  "opt imal"  
basis parameters 
-best  ' '  
(k=12) 
-HABS^ 
BA-128 1.11 .85 1.07 
BA-130 1.12 
.91 .92 
BA-132 1.16 
.97 1.04 
BA-134 1.09 1.11 .96 
BA-134P 1.10 1.12 
.96 
BA-136 1.03 1.09 .76 
CE-136 1.14 1.09 1.06 
CE-138 1.00 
.97 .87 
NO-138 1.15 1.09 1.14 
ND-140 1.00 
.97 .87 
SM-142 1.00 
.97 .85 
SM-142P 1.02 1.04 .86 
TE-120 1.11 
.89 1.15 
TE-122 1.11 
.99 1.13 
TE-124 1.14 1.21 .85 
TE-126 1.12 1.28 
.77 
TE-128 1.00 1.15 .74 
TE-130 1.02 1.15 1.10 
XE-126 1.12 
.93 1.03 
XE-128 1.11 
.94 .94 
XE-130 1.10 
.92 .94 
XE-132 1.56 1.50 1.98 
XE-134 1.02 1.12 .85 
^Found by repeated d iagonal izat ion.  
^Found v ia Equat ion (4.33) .  
^Equivalent  to  parameter  used by 
Habs e t  al_.  (29,  30) .  
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Care must  a lso be g iven to the select ion of  an opt imal  basis parameter .  
Perhaps the most  usefu l  s ingle step that  can be taken is  the select ion 
of  a reduced Hami l tonian wi th f ixed mass parameter  and asymptot ic  
propert ies.  This is  par t icu lar ly  appropr iate when one is  invest igat ing 
a c lass of  Hami l tonians whose members d i f fer  only in  thei r  values of  
numer ical  parameters.  Such a t ransformat ion serves to  s tabi l ize the 
value of  Sg.  For  speci f ic  Hami l tonians,  the est imat ion procedure based 
on Equat ion (4.33)  can then be used to  provide a work ing est imate of  the 
opt imal  parameter . '  I f  necessary,  s-sweep d iagonal izat ions can be 
per formed to fur ther  def ine Sg and to  indicate the magni tude of  expected 
errors for  var ious choices of  J  = 0 s tudies wi l l  suf f ice in  th is  
regard.  These precaut ions coupled wi th a generous help ing of  common 
sense can prevent  us f rom employing the expansion technique unprof i tably .  
The usefu lness of  Equat ion (4.33)  is  somewhat obscured in  Table 
4.12,  I t  would appearthat  s = 1.0 provides as good an overal l  est imate 
as i  .  Of course,  H--  was speci f ica l ly  def ined so that  th is  would 
be the case.  Equat ion ^5.33)  can be used in  the absence of  such 
precogn i t ion.  
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V. QUADRATIC POTENTIAL MODEL: GENERAL PROPERTIES 
In  the Gneuss-Greiner  model ,  the authors ef fect ive ly  chose to con­
st ruct  the potent ia l  energy funct ion f rom two rotat ional  scalars and 
thei r  products 
[aa]^  = ,  and cos 3y  
This rest r ic t ion was adopted for  computat ional  ease,  and is  by no means 
necessary.  Wi thout  a pr ior i  knowledge of  V(6,  y)» the only constra ints 
that  need be imposed are those which fo l low f rom the character is t ics of  
quadrupole sur faces.  For  any values of  g and y» the pai rs  (g,  y) ,  
(B,  y  + ,  and (6,  -y)  def ine three d is t inct  quadrupole sur faces in  
the BF coordinate system which d i f fer  only in  thei r  or ientat ions. '  A 
s imple rotat ion wi l l  take one in to another .  Consequent ly  we expect  the 
potent ia l  energies associated wi th these sur faces to be equal ,  
V(B,  y)  = V(B,  y  -  = V(g,  -y)  .  (5.1)  
These symmetr ies serve to  determine V(6,  y)  everywhere i f  i t  is  
speci f ied on 
T T  
0 < y  < y  
R: .  (5.2)  
G < P < «> 
A quadrupole sur face having deformat ion 3 «  0 is  a sphere for  any value 
^This topic  is  d iscussed in  Appendix A.  
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of  y;  hence V(0,  y)  should be independent  o f  y .  F inal ly  we expect  
V(6,  y )  to  be a smooth funct ion of  the shape coordinates and to  have 
asymptot ic  propert ies 
V ( b ,  y )  ^  "  [a l l  y 1 (5-3)  
G -»• 00 
which a l low "bound" or  normal izable solut ions of  the associated 
Schroedinger equat ion.  Without  fur ther  constra ints,  a reasonable 
approach consists  of  c lass i fy ing potent ia ls  according to gross features,  
and systemat ica l ly  s tepping through the possib i l i t ies.  At  each stage 
a l lowed theoret ica l  phenomena may be examined and compared wi th exper i ­
mental  f ind ings.  Wide ranging agreement,  i f  found,  would eventual ly  
have to  be reconci led wi th nuclear  many-body ca lculat ions.  
Regarding V(g,  y)  as a sur face above the B -y plane,  the potent ia l  
energy funct ion may be c lass i f ied by the topographical  features of  i ts  
sur face.  In  th is  chapter  we take up the study of  the s implest  such 
c lass,  which consists  of  sur faces possessing a s ingle minimum on R.  
Near i ts  minimum, (b^,  g^)  a member o f  th is  c lass may be approximated 
by the leading terms in  i ts  Taylor 's  expansion 
Vqp(B,  Y)  =  iCg(6 -  b^)^ + C^,(Y -  + Cg^(B -  b^)  (Y -g^)  •  (5 .4)  
For  points far  removed f rom the minimum. Equat ion (5.4)  is  not  expected 
to resemble V(g,  y)  •  However we may def ine a quadrat ic  potent ia l  
Hami1 tonian 
hqp = t(b, y, 9j) + vgpcs, y) (5.5) 
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by assuming that  Equat ion (5.4)  def ines VQp(6,  y)  everywhere on R.  In 
studying the e igenfunct ions and e igenvalues of  th is  l imi ted category of  
operators,  we expect  to  observe those coarse features which are repre­
sentat ive of  the wider  c lass of  s ingle-minimum-potent ia l  Hami1tonians.  
The quadrat ic  potent ia l  funct ion has two undesi rable features.  At  
6 = 0 V^p is  not  independent  o f  y ,  and consequent ly  polar  graphs such 
as those of  Figure 4.1 would conta in a p inch at  the or ig in along the 
ray y  = g^.  Secondly,  when Equat ion (5.1)  is  used to  extend V^p outs ide 
of  the region R,  the fu l l  sur face which resul ts  is  not  smooth away f rom 
the or ig in.  I f  g^ ^  n/3,  there wi l l  be cusps at  y  = 0,  w/3,  2n/3,  . . .  • 
Nei ther  o f  these d i f f icu l t ies is  ser ious.  In  the calculat ion of  matr ix  
e lements,  in tegrat ions over the shape var iables are per formed wi th 
respect  to  the measure 
3^I  s  in  3y|d6 dy 
which vanishes at  the problem s i tes.  Consequent ly  e igenvalues and 
e igenvectors of  n^p are not  sensi t ive to the behavior  o f  V^p near p = G 
or  y  = n(y) .  Nevertheless,  smoothness could be restored by modi fy ing 
Vgp,  and the resul t ing model  ca lculat ions would be no more d i f f icu l t .  
For example the replacements 
S " S ' " *^GY 
make each term quadrat ic  in  the deformat ion and e l iminate the or ig in 
fo ld,  (cos 3y ~ cos 39^)  could be used in  p lace of  (y  -  g^) ,  thus 
e l iminat ing the angular  cusps.  Such modi f icat ions were not  used,  
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pr inc ipal ly  for  three reasons.  
1)  The topographical  s t ructure of  the potent ia l  energy sur face 
V.p is  easi ly  v isual ized f rom a knowledge of  the parameters 
(^o '  ^o '  S '  
2) The asymptot ic  propert ies of  V_p for  large g are speci f ied 
by the f i rs t  term only and are independent  o f  y. Changing 
var iables to 6 '  = sB = [BCg/A^c and d iv id ing by the 
energy factor  
.2-2 
f to i  =  —^ (5.6)  
casts the Schroedinger Equat ion,  HLp* = £<{>,  in to the 
reduced form^ 
Hgpôtg', Y .  6 J )  = Êô( 6 ' ,  Y ,  e.) , Ë = E/Aw (5-7) 
H ( j p  =  - i T ( 6 ' ,  Y ,  e . )  +  V g p f g ' ,  Y )  ( 5 . 8 )  
VGPTS'. Ï) = ^ (E' - + C^(V - YG): 
+ - 6G)(Y - Y^) . (5-9) 
For moderate values of  Bg,  t^e opt imal  basis  parameter  Sg 
wi l l  be on the order  of  (C )  which may be chosen to  be 
uni ty .  
3)  Techniques for  t reat ing H. .  analyt ica l iy  by employing 
approximat ions which lead to separat ion of  var iables have 
been developed by Davydov (14) ,  and by Wi l l iams,  Western,  
Gregerson and mysel f  (48) .  The va l id i ty  of  such techniques 
could be judged by compar ing thei r  resul ts  against  those 
obta ined by the large basis d iagonal izat ion of  H_p.  The 
work in  th is  chapter  represents the f i rs t  at tempc to t reat  
HQ ^P without  approximat ion.  The only errors int roduced are 
For a g iven value of  C^,  the remain ing parameters o f  Equat ion 
(5.9)  are g iven by 
= SBO • TO = 9O • S = ^  S • Sy ° ^  SY 
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those due to t runcat ion.  These may be contro l led and 
est imated by vary ing the basis s ize.  
In Chapter  VI ,  the quadrat ic  potent ia l  Hami l tonian wi l l  be appl ied 
to speci f ic  nucle i ,  wi th model  parameters adjusted to reproduce exper i ­
mental  energy spectra.  Before beginning th is  process i t  is  invaluable 
to  at ta in a larger  v iew of  the possib i l i t ies pregnant  wi th in H^p.  Such 
is  the goal  o f  the present  chapter .  In  the in i t ia l  sect ion the scope of  
the present  invest igat ion is  def ined.  Calculat ional  deta i ls  of  H^p 
d iagonal izat ions are br ie f ly  addressed,  as wel l  as the problems of  con­
vergence and opt imal  s se lect ion.  On the basis of  s imple arguments.  
Sect ion B then provides a f ramework o f  theoret ica l  expectat ions against  
which the H^p spectra may be v iewed.  As a sharp non-spher ica l  min imum 
develops in  V^p,  rotat ions and shape v ibrat ions can be expected to  
decouple.  Consequent ly  the H^p spectrum may be convenient ly  invest igated 
by consider ing in  turn 
1)  the behavior  o f  J = 0 shape-v ibrat ional  s tates,  and 
2)  the develcpmsr. t  c f  rc tat îcnal  bands based upon such s tates.  
Relevant  character is t ics of  r ig id rotor  e igenstates of  the proper 
symmetry are a lso rev iewed in  Sect ion B.  The invest igat ion of  H^p 
propert ies is  then begun in  earnest .  The behavior  o f  J  = 0 energies 
under var iat ions of  (6^,  C^,  C^)  leads in  Sect ion C to  the ident i f ica­
t ion of  g and y-v ibrat ional  s tates.  The development o f  rotat ional  bands 
based upon these states is  then t raced as Hq^p is  systemat ica l ly  obta ined 
f rom H'  [Sect ion D] .  The rotat ional  band based upon the ground s tate is  D 
singled out  for  addi t ional  s tudy in  the f ina l  sect ion,  where the ef fects 
of  vary ing the V^p parameters are i l lust rated.  
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A. Calculat ional  Deta i ls  
Resul ts  presented in  th is  chapter  have been obta ined by d iagonal iz-
ing the reduced form of  the quadrat ic  potent ia l  Hami l tonian,  H^p.  For  
each value of  J  ^  20,  s tandard reduced matr ix  e lements o f  the f ive 
2 2 
operators 6 ,  6,  By,  y ,  and y  were found between states of  the maximal  
expansion basis [Table 2.3] .  This permi t ted the matr ix  [Hqp]  to  be 
rapid ly  assembled for  any set  o f  values of  the parameters {C_,  B ,  y^,  p o o 
Cy'  ^By^ '  suf f ices to f ix  and vary the remain ing parameters.  In  
th is  manner we obta in a l l  of  the reduced spectra and accompanying sets 
of  B(E2) rat ios which can be generated by vary ing the s ix  constants 
appear ing in  the or ig inal  Hami l tonian Hgp.  Unless s tated otherwise,  Cg 
is  understood to be f ixed at  uni ty .  [ In  Sect ion C i t  wi l l  prove 
inst ruct ive to observe the ef fect  of  increasing C^. ]  P 
Although y^ wi l l  usual ly  be speci f ied by s tat ing i ts  equivalent  in  
degrees,  both y and y^ in  the expression (y  -  y^)  are understood to be 
in  radians.  (y  -  y^)  is  then general ly  smal l  compared to  uni ty  on 
0 _< y  ^  y  ,  and typ ical  values of  C ^10 should not  be unexpected.  In  
the calculat ion of  matr ix  e lements,  the factor  |s in 3y| (y  "  y^)  appears 
in  the y- in tegral  o f  the term. The magni tude of  i ts  var iat ion on 
0 ^  y y  may be seen in  Figure 5-1 to  be s t rongly dependent  upon the 
value of  y^.  Consequent ly ,  for  f ixed C ,  the in t r ins ic  st rength of  the 
"per turbat ion"  C (y  -  y^)  increases as y^ decreases f rom 30°.  As y^ 
2 
tends to zero,  the ef fect  of  C^(y -  y^)  on the energy spectrum is  
expected to grow and an enlarged expansion basis wi l l  be required for  
converged resul ts .  
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Figure 5-1. (Y"YO )  and |s in 3Y |(Y~Yo) as funct ions of  Y for  three 
values of  y  
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The ef fect  of  the (3 '  -  B^)(y -  y^)  term has been reserved for  
future invest igat ion;  in  the present  work = 0 has been imposed.  
[This e l iminat ion of  the crossing term does not  a l low separat ion of  
var iables.  Dynamical ly ,  through the k inet ic  energy operator  T,  the 3 
and Y degrees of  f reedom are mixed wi th the rotat ions and wi th one 
another . ]  Wi th th is  constra int  i t  proves suf f ic ient  to invest igate only 
those potent ia l  min ima whose angular  par t  is  in  the range of  0 ^  30°.  
I f  = 0,  ref lect ion of  VQp(g ' ,  y)  about  y  = 30° returns Vqp(6 ' ,  y)  
wi th y^ replaced by (60° -  y^) .  As noted in  Appendix A,  such an a l tera­
t ion in  the Schroedinger equat ion leaves the energies and ( f i rs t  order)  
B(E2) t ransi t ion rates unchanged;  ( f i rs t  order)  quadrupole moments are 
mul t ip l ied by ( -1) .  This point  is  borne out  in  20-phonon model  ca lcula­
t ions as shown in  Figure 52.  Three Hami l tonians {H^^:  i  = 1,  2,  3)  
have been t reated which are expected to  have the same reduced s t ructure.  
_ 2 
B(E2) 's  and quadrupole moments are g iven in  uni ts  of  [D^/s]  and 
[ lô i r /S]  D^/s respect ive ly .  [As a lways s speci f ies the t ransformat ion 
l ink ing H^p and H^p] .  The resul ts  i l lust rate that  = 1 and 
0 < y  < 30° may be adopted wi th no loss of  general i ty  in  the reduced 
— o — 
spectra or  t ransi t ion scheme. In  par t icu lar ,  i f  
-•) 
i  = Z a.  (5.10)  
- 2  
is  an e igensolut ion of  H^p,  then 
- 1  s ,  
$ = Z a .  $.  ;  = ^3 Sg (5.11)  
i  
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RESULTS OF 20-PH0N0N DIAGONALIZATIONS FOR THREE INSTANCES OF 
Hqp= -I /2T{;8'. y, EI) + i/2C^(/3'-/3o)2+Cr(r-ro)^ 
_ I 
Hqp_ 
(S,= 1.483) 
4.5 
GIO-^ 
uj 
z U 
W 
> 
< 
ûj l .5 t  
oc 
a, 
- 2  
Hqp 
(S2=.8564»S,/V5) 
1l 
-I 
0, 
0.0-^ — 
B(E2) (units of [D,/s]^)— 
H' 
2,-0,: .819 2.457 2.457 
23—Og: .854 2.562 2.562 
22^2,: .311 .932 932 
42—3|: .925 2.775 2.775 
- 2  
Hqp 
(?3».8564) 
4.7315 1.5772 
1.5-• 
J.5772 
1.5-
1.2052 3.6156 1.2052 
1.0489 3.1467 1.0489 
1.0 
2.1577 
1.7927 
6, — .7192 
^ 22 
— .5976 
6, R^.7L92 
-i- Zo 
— .5976 
0.5-• 0.5-
.3501 .3501 
.3580 .1193 .1193 
0.0 
—Q. moment (units of JI6t/5 Di/s) 
H' H2 h' 
2|: -.535 -.926 .926 
22= .548 .949 -.949 
23:-.531 -.919 .919 
41••-.599 -1.038 1.038 
Figure 5.2.  Three quadrat ic  potent ia l  Hami1 tonians possessing common 
reduced energies and B(E2) rat ios.  Making the change of  
var iable B" = y^g '_ in Hgp(§ '  , -y ,6 j )  and d iv id ing by 3 resul ts  
m H§p(S",Y>6i)•  Hgp are re lated by a ref lect ion of  
Vqp(6 ' ,y)  about  Y =  30°.  The value of  s used in  each d iag­
onal  izat ion is  indicated 
139 
and 
, &; S 
4/  = Z a . ( -1)  i j , /  (5.12)  
i  
-1 -3 
are the corresponding solut ions of  H^p and H^p respect ive ly .  I f  were 
30°,  ref lect ion about  y  = 30° would leave Vgptg ' ,  y)  unal tered.  H^p and 
-3 -2 -3 HQP would then be ident ica l  wi th ({> and (|)  re ferr ing to the same so lut ion.  
-2 -3 s2 
Consequent ly  (t> would equal  <i)  to  wi th in a phase,  and a l l  ip.  appear ing 
SL.  '  
in  Equat ion (5-10)  would have a common value of  ( -1)  .  [Recal l  that  i f  
V(6,  y)  is  a funct ion of  6 only ,  £ remains a good quantum number.  This 
is  no longer the case when y-dependence is  added.  However,  i f  V(g,  y)  
has ref lect ion symmetry about  y  = 30°,  basis s tates of  even and odd & 
w i l l  not  be mixed,  and e igenfunct ions of  H = - iAT(6,y,e. )  + V(6,y)  wi l l  
possess a def in i te  %-par i ty ,  ( -1)  .  See Sect ion E of  Appendix A. ]  
For  our  purposes h igh accuracy is  not  requi red,  and the major i ty  of  
the resul ts  in  th is  chapter  have been obta ined by us ing 20-phonon ex­
pansion bases.  A region of  (B^,  y^,  C^)  parameter  space large enough 
to indicate general  tendencies,  yet  smal l  enough that  20-phonon calcula­
t ions were suf f ic ient ly  converged,  was se lected for  s tudy.  A mesh was 
imposed on th is  region,  as shown in  Figure 5-3> and for  each of  the 
7-13*8 values of  y^,  C^)  [Hgp]  was assembled and d iagonal ized.  
The e igenvalue and e igenvector  in format ion obta ined has been used in  
the preparat ion of  many o f  the f igures and tables,  and wi l l  be herein 
referred to as the GRID data.  I ts  fur ther  use in  f i t t ing appl icat ions 
w i l l  b e  d e s c r i b e d  i n  C h a p t e r  V I .  
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PARAMETER-SPACE REGION EXPLORED 
BY GRID CALCULATIONS 
(7 VALUES) 
. ' I • I ' I ' I • I 
30P25*20* 15* 10» 5* 
Xq (Ï3 VALUES) (8 VALUES) 
For MCh of th« 7 •13-8 *728 valu## of 
/ a „ the feM dicgeîîG îfîïStîOîîS «ers 
J : 0 2 3 4 5 6 7 8 10 
22 20 20 20 20 20 20 20 20 
ff states 
in basis; 52 77 33 100 57 114 72 121 121 
jf eigenvalues 
calculated: 7 9 7 9 7 7 6 7 7 
ff eigenvectors 
calculated: 5 7 3 6 3 k k 
Figure 5.3. Part iculars of GRID calculat ions for HQp(6o,Yo,Cy) eigen­
values and eigenvectors [C^ = 1, = 0] 
e 5 
C Y 
10 
40 
70 
1 0  
40 
70 
10 
40 
70 
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Comparison of calculated relat ive energies for 20 [GRID] 
(above) and 25"phonon (below) calculat ions. States 
are J.  = 0^^, 2^,  3^ and 10^ (CW from top lef t)  
0° 10° 20° 30° 
4.551 2.414 
4.239 3.115 
4.074 2.321 
4.540 2.928 
2.929 
3.895 2.075 
3.894 
4.793 2.808 
3.963 1.960 
4.894 2.766 
4.895 
5.294 2.068 
5.283 2.066 
3.272 4.115 
3.273 
5.426 2.256 
5.418 
3.815 3.237 
3.238 
4.948 2.111 
4.949 2.112 
4.297 2.500 
4.299 2.502 
4.684 1.649 
4.687 1.652 
4.413 2.199 
4.416 2.202 
5.332 2.001 
5.308 1.993 
2.892 4.827 
2.893 4.822 
5.493 2.178 
5.482 2.176 
3.541 3.468 
3.469 
5.518 1.980 
5.509 1.984 
4.017 2.291 
4.022 2.294 
5.402 1.352 
5.390 1.356 
3.986 1.804 
3.991 1.808 
2.536 1.252 
1.560 1.464 
2.190 1.006 
1.643 1.140 
2.152 .675 
1.698 .857 
2.139 .496 
1.701 .732 
3.608 1.280 
3.603 1.279 
1.342 2.460 
2.457 
3.277 1.280 
3.276 1.279 
1.515 1.550 
1.549 
2.559 .668 
2.558 
1.583 .788 
2.502 .366 
2.501 
1.508 .525 
3.712 1.304 
3.691 1.295 
1.249 3.087 
1.243 3.053 
3.613 1.294 
3.610 1.291 
1.463 1.714 
1,460 1.712 
3.180 .600 
3.178 .599 
1.503 .709 
.708 
3.155 .316 
3.193 
1.416 .458 
1.415 .457 
2.025 .750 
2.024 
.525 .781 
1.975 .458 
1.974 
.543 .493 
1.607 .208 
.540 .250 
1.432 .110 
.517 .163 
2.876 1.074 
2.832 1.066 
.498 1.501 
.494 1.471 
2.051 .653 
2.046 .651 
.530 .684 
.528 .681 
2.030 .174 
2.028 
.517 .211 
.516 
2.036 .093 
2.033 
.491 .138 
.490 
3.255 1.121 
3.175 1.079 
.503 2.074 
.480 1.915 
2.165 .709 
2.155 .706 
.531 .740 
.522 .735 
2.055 .161 
2.044 .158 
.509 .198 
.504 .194 
2.059 .091 
2.049 .089 
.487 .139 
.481 .132 
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The degree of convergence of the GRID data at various l imit ing 
points of the parameter region is indicated in Table 5-1- Twenty and 
twenty-f ive phonon calculat ions are compared. Within each rectangle, 
calculated relat ive energies of the states J.  = 0^, 2^, 3^ and 10^ have 
been arranged clockwise beginning at top lef t .  The 25-phonon value, 
when di f ferent,  appears below the corresponding 20-phonon result .  
Not ice that for f ixed (B^, C^),  di f ferences are general ly larger for the 
smaller values of and amount to several percent near the bottom of 
the table. As and increase, the relat ive energy of the 2^ state 
drops rapidly;  hence smal l  relat ive errors translate into large percent­
age errors. Near the and extrema, the 20-phonon value of 
A = [Ê(2^) -  Ê(0^)]  is in error by as much as 10%. Consequently 
reduced energies there [obtained by dividing relat ive energies by A] 
are somewhat suspect.  
As always, the quest ion of opt imizing s must be addressed. For 
calculat ions upon H^p, the lessons of Chapter IV have been taken to 
heart,  and s_ is chosen in two stages. Ini t ia l ly Equation (4.33) is D 
used to obtain the est imate s is then swept through a series of 
values near s^^^^ with the absolute energies of the lowest few J = 0 
states determined by diagonal izat ion. i „  is chosen to approximately D 
minimize their  sum. Table 5.2 contains the information used in 
select ing Sg for (g^, C^) = (3, 15°, 30).  Eighteen and 25-phonon 
J = 0 diagonal izat ions were performed; Sg was est imated at .925 for a 
20-phonon calculat ion. This procedure was not repeated for every one 
of the GRID points. Rather for each pair  (B^, C^),  Sg was determined 
only at = 0°,  15°, and 30°. An approximate l inear relat ionship 
Table 5.2. 
18  
s select ion process for (Bo»Yo»^y^ ~ (3.15°.30).  Calculated absolute 
energies of J = 0 states are given (minus t l ie constant + C^Yg) .  The 
average appears in the r ightmost column, and 
value of Sg = .925 used in ensuing calculat ions 
B 
0  Y , -
indicates the selected 
N s 
max 
J; = ° i  
.5 
. 6 
.7 
. 8  
.9 
1 . 0  
1 . 1  
1 . 2  
-4.94551 
-4.96057 
-4.97098 
•4.97546 
-4.97707 
-4.97762 
-4.97738 
-4.97126 
0, 
-3.80383 
-3.83557 
-3.84496 
-3.8^096 
-3.8%386 
-3.8IJ501 
-3.84715 
-3.7W686 
-2.56749 
-2.68070 
•2.69417 
-2.70179 
-2.70527 
-2.70380 
-2.63948 
-2.41605 
•2 .18108  
•2.37043 
•2.38591 
•2.39648 
•2.40365 
-2.40570 
•2.39378 
-2.33119 
-0.75517 
-1.47874 
-1.51601 
-1.52333 
•1.52891 
-1.50377 
•1.27219 
-0.79670 
5 K=1 K 
-2.85062 
-3.06520 
-3.08241 
-3.08960 
-3.09375 
-3.08918 
-3.02600 
-2.86041 Jr-VJ 
25 
.7 
. 8  
.9 
1 . 0  
1.1 
1 . 2  
-4.97608 
•4.97746 
-4.97785 
-4.97799 
-4.97805 
-4.97802 
3.85190 
3.85445 
•3.85542 
•3.85578 
•3.85589 
•3.85432 
-2.70338 
-2.70640 
-2.70785 
-2.70853 
-2.70838 
•2.69208 
•2.40165 
•2.40609 
•2.40725 
-2.40755 
•2.40761 
•2.40546 
1.52583 
1.53076 
•1.53273 
1.53367 
1.52826 
•1.44359 
•3.09177 
•3.09503 
•3.09622 
•3.09671 
•3.09564 
•3.07469 
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=6 % * + 
was deduced and used to determine s_ for al l  v .  For f ixed (S ,  v ,  C ) ,  
D O O O Y 
a single value of s was used to treat al l  angular momenta. From Table 
E.4 the value of s used for each of the GRID calculat ions may be found. 
For example in the thir teen calculat ions having C^) = (4, 30),  s 
ranged l inearly from .78 to .82 as ran through the l ist  0°, 2.5°,  5° ,  
. . . ,  30°. 
No attempt has been made to tabulate GRID or any of the other data 
sets which contr ibute to the f igures of this chapter.  The amount of  
information involved is simply too vast,  and graphical portrayal has 
been used. When energies or B(E2)'s appear plotted against one of the 
potent ial  parameters [e.g.,  Figure 5.6] the ISU Simplotter rout ines (49) 
were used; calculated points have consequently been replaced by a smooth 
(spl ine) curve. Detai led information concerning the density of points, 
and the part iculars (^^^^^(J) ,  s, etc.)  of the f igure calculat ions may 
I  f  J ? _ v .Ci.  r- r"  uc luui iu I I I  lauic c. •  p • 
B. An Interpret ive Framework 
Before examining the spectra of H^p i t  is useful  to formulate some 
simple expectat ions that may be of help in correlat ing and interpret ing 
 ^ 1 1 ^  «0 A m # 1  ^ 1  ^ a 1 1 «A 1 4» # a L# a L% 4" LI IC t I  a LCW I  C 3 U * L 3 » a t l iyviw SJIV/piCC Wl I  I  I  ;  ac 
any instant,  is restr icted to a quadrupole shape. I f  i ts potent ial  
energy funct ion V(6, y) possesses a minimum at (B^ ^ 0, y^),  the 
droplet wi l l  have a non-spherical equi l ibr ium shape. The stabi l i ty of 
this equi l ibr ium shape, as viewed from the BF frame, wi l l  of  course 
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increase as the minimum of V(6, y) is sharpened. For a strong minimum, 
we can expect to "rotate" the droplet^ without great ly affect ing i ts BF 
frame appearance, al though some centr ipetal  stretching should occur.  
Simi lar ly,  low-energy osci l lat ions in the g and y coordinates would not 
severely al ter the pr incipal moments of  inert ia.  The rotat ional and 
shape-vibrat ional degrees of freedom are then effect ively decoupled by 
a sharp non-spherical minimum in V(g, y).  
Though the energies and angular momenta involved wi l l  be discrete, 
the same effect should appear in quantum mechanical calculat ions. As 
Cg and are slowly increased from zero, the spectra of H^p should 
exhibi t  the development of  rotat ional sequences based upon g and y 
The "rotat ion" of the classical droplet here refers to the rotat ion 
of the conf ining surface, as viewed from the LAB frame when 6 and y are 
f ixed at 6 and y respect ively.  Individual f lu id elements do not rotate 
about the center of mass with the angular veloci ty of the conf ining 
surface. Such a r igid motion would v iolate the i rrotat ional f low con­
di t ion V X V = 0 which the classical veloci ty f ie ld, y,  was assumed to 
sat isfy.  Effect ive moments of  inert ia,  l |^,  for the i rrotat ional droplet 
may be deduced by wri t ing the c 'assica'  k inet ic energy. T. [with 
g = Y = 0] in the form 
T = i  :  'k "k • 
where w, is the project ion of the angular veloci ty upon the BF k-axis.  
For a f lu id of mass density p ,  we f ind [ to lowest order in 0^] 
!k = 4Bg2 sinZfy, _ Zmk, .  ^ ^ .  
These may be compared with the inert ia moments appropriate to the r igid 
rotat ion of the ent ire droplet:  
1^^ = [ l6 -irB/15] [1 -  (5/4iT)^g^ cos(YQ -  ]  
in this work the term "r igid quadrupole rotor" wi l l  be used exclusively 
to refer to a r igid rotor with moments of  inert ia I j^.  
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vibrat ions. From the f igures of Appendix A, i t  is clear that the 
changes 
S ^ B + A6 
Y -»• Y + AY 
carry no net angular momentum in the BF coordinate system. Consequently 
pure g and y vibrat ions (as wel l  as their  sums) wi l l  be associated with 
J = 0 states. The rotat ional bands bui l t  upon such vibrat ions should 
resemble those of a r igid quadrupole rotor as and tend to inf ini ty 
[or equivalent ly as 6^ and ->• <» wi th f ixed = 1].  In l ight of these 
expectat ions, i t  wi l l  prove expedit ious to analyze the spectra of H^p by 
asking :  
1) what happens to the J = 0 states as the parameters of  H.p 
are varied; and 
2) how do rotat ional bands develop from the (unperturbed) 
eigenstates of Hg, and how does each compare with the 
asymmetr ic rotor band (ARB) of  a r igid rotor having the 
Bohr moments of  inert ia? 
i t  is necessary for us to recal l  several features of quantum 
mechanical rotors.^ The Hamil ton!an for a general r ig id rotor may be 
wri t ten as 
3 [2 
"R -  IT ~ • (5.13) 
Vhe mathematical detai ls of the summary presented here may be 
found in Chapter 3 of  the text by J.  P. Davidson (5).  
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1 î s  t h e  m o m e n t  o f  i n e r t i a  a b o u t  t h e  k —  B F  a x i s ,  a n d  i s  t h e  o p e r a t o r  
for the project ion of the total  angular momentum upon this axis,  in the 
case !  = !  5^ !  ,  eigenfunct ions of H are the rotat ion matr ix elements 1 2 3  K  
Du„(9.) when the Euler angles specifying the LAB ->• BF rotat ion are used 
MK I 
as coordinates. J and M are good quantum numbers as is K, the project ion 
of J upon the BF z-axis ( in units of h).  The eigenvalue of associated 
with D^^(6;) is 
[1^ = Ig] .  (5.14) 
When I^ ^ Ig, K is no longer a c lassical constant of  the motion, and 
eigenfunct ions of are l inear combinat ions of rotat ion matr ix elements: 
The constants A wi l l  depend upon the moments of  inert ia.  l \  
In general,  the eigenfunct ions of may be classi f ied into four 
types {A, Bp B^-, B^} according to their  transformation propert ies under 
operat ions which relabel the BF axes. The A-type states have only even 
values of K appearing in Equation (5.15),  and further obey 
A_^ = (- l)^A^ • (5.16) 
Their transformation propert ies consequently mirror those of the 
[see Equation (2.27)] ,  and they wi l l  be the only rotor states of 
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interest to us. A-type eigenfunct ions for 1^ = Ig are 
J' [<>•? * ' -O'Ck'^'] • '5-'" 
-2v. nr y , ,  6^,0' 
|K| = 0, 2, 4, . . . ,  J or J -  1 
and these develop smoothly into the A-type states of an asymmetr ic rotor 
as I  g moves away from I  ^ .  [Matr ix elements of between rotor states 
of di f ferent symmetry types vanish for al l  values of the 1^^] Enumera­
t ion of the then serves to enumerate the A-type states of any 
r igid rotor.  J may assume the values 
J = 0, 2, 4, 6,  . . .  ;  IKI = 0 ,  
(5 .18)  
J = |K|,  |K| + 1, |K| +2, . . .  ;  |K| f  0 
and consequently be tabulated as in Figure 5.4a. 
When I^ = Ig, IK| is a good quantum number, and can be used to 
part i t ion the A-type rotat ional "band" into K-sequences [Figure 5.4b].  
E2 t ransit ions between such states of a symmetr ic rotor must sat isfy 
the select ion rule 
AU! = 0, ±2 .  (5.19) 
For the A-type states of an asymmetr ic top, |K| is of course no longer 
a good label.  However I  wi l l  cont inue to refer to a set of  levels with 
spins 0, 2, 4, . . .  or K, K + 1, K + 2, . . .  as a "K-sequence". Such 
These are normal ized over the range of the Euler angles [Equation 
(2.15)]  with respect to the volume element [s in egdG^degdGg/Sn ] .  
Enumeration of the A-type 
states of a rigid rotor 
3 
Eigenvalues of Hr= 2 ^ 
for states possessing A-type symmetry 
J= 8 
0 
e_ 
7_ 
_5_ 
4_ 
3 
_8_ 
J_ 
A. 
5 
J3_ 
K ' 8  
Sequence 
K=6 
Sequence 
K=4 
Sequence 
K=2 
Sequence 
# states = 
(fixed M) 
K=0 
Sequence 
J+2 
"2 
JH_ 
• 2 
(J even) 
(J odd) 
(a) 
80 
CVJ 
u. 
o 
V )  
60 • 
40 
>-(!) 
a: 
ill 
w 20 
0-^ 
8 
8 
-Z- 6 
5 
2 
_2_ 
0 
K = 0 2 4 6 
(b) 
I, =12=413 
8 
8 
7 4 
_6_ 
— _2. 
_2_ 
0 
gure 5-4. Quantum states of an A-type rotor 
(a) Using Equation (5.18) to count the states of an A-type rotor 
(b) Energy eigenvalues of a symmetr ic rotor grouped into K sequences 
RIGID ROTOR QUADRATIC POTENTIAL 
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Figure 55. Comparison of spectra for Hp and Hqp. The drawing at lef t  has been taken from 
Reference (5) and has vert ical  units of Aw = The drawing at r ight,  formed 
from the GRID data, depicts the relat ive eigenvalue Ë(Jj)-Ê(0^) of HQp(go=4, Cy» 30) 
as a funct ion of Yq* J is labeled on each curve 
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sequences are assumed to have developed smoothly from those of a 
symmetr ic rotor as the symmetry I^ = I^ is broken. The sum rules 
[Reference (50)]  
E(^(5^) = 4EpX2,) + 
EpXJ;) = relat ive 
energy (above the GS) 
of  the J J (A-type) 
eigenstate of Hp 
( 5 . 2 0 )  
hold for al l  A-type rotors, independent of  the values of the i j^.  
For the r igid quadrupole rotor,  the effect ive moments of  inert ia 
appearing in [Equation (2.11)1 are used with g and v considered f ixed: D 
'k = "««o (5.21) 
Energies for low-lying A-type states are shown as funct ions of YQ the 
lef t  port ion of Figure 5.5. Notice that 3^ enters only in the overal l  
scale factor.  When = 0®, the quadrupole surface has a peanut- l ike 
appearance which is unchanged by rotat ions about the BF z-axis.  1^, I^,  
2 2 
and I^ are 3BB^, 3BB^, and 0 respect ively;  and the K#0 sequences occur at 
inf ini te energy [Equation (5.14)] .  As and consequently I^ increase, 
axial  symmetry is broken and these energies are lowered. Port ions of 
the K = 2 and K = 4 sequences are shown in Figure 5.5» The J = 6 and 7 
rs of K. f 1/ - xTay be seen tc cross near = 25° 
A-type eigenstates of the r igid quadrupole rotor may be wri t ten as 
f jMK' 
J 
E 
K=0 or 2 
even 
AK'K^To^^JMlKl 
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where K'  is the sequence label appearing in Figure 5.4a, and are 
the symmetr ic rotor eigenfunct ions of Equation (5.17).  At = 0" the 
coeff ic ients sat isfy 
^K' K "  ^ K' ,K 
As y 'S increased from 0°, the a ,„(k'  ^ k) grow in absolute values at 
o l\  k 
the expense of the A^,^, .  For example at  = 30°, has Aqq = /372, 
a20 = 5> and may be said to be 75% [k] = 0 and 25% |k| =2 (9). Cor­
respondingly, ^ 75% |k| = 2 and 25% |k| = 0, The off-diagonal 
A^,^ are general ly found to be appreciable only for y^ > 15" (51).  
The r ight hand port ion of Figure 5-5 has been constructed using the 
GRID data and i l lustrates the dependence upon y^ of selected energies of 
1 . . H^p. The s imi lar i ty with the r igid rotator spectrum is str ik ing. The 
addit ional J = 0, 2 states above .9 are evident ly connected with a g or 
y v ibrat ion. As the parameters of H^p are varied, energy eigenvalues 
are general ly forbidden to cross for states of l ike spin (39). [Such a 
degeneracy, : f  : t  occurred, •.- . 'ou' .d be associated with a symmetry of  H^p.]  
Rather,  the approaching levels strongly repel one another and the 
associated wavefunct ions interchange their  character ist ics. This 
phenomenon occurs for the 2^ and 2^ levels in Figure 5.5 and wi l l  be 
considered later in more detai l .  
Throughout the remainder of  this work, the only r igid rotor of in­
terest is the "r igid quadrupole rotor",  i .e. ,  a r igid rotor with pr inci­
pal moments of  inert ia given by Equation (5.21).  Unless context indi­
cates otherwise, the term "r igid rotor" can be taken to refer to the 
A-type quantum states of the r igid quadrupole rotor.  
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C. The Ident i f icat ion of Vibrat ional States [J = 0] 
The quantized excitat ions of a one-dimensional harmonic osci l lator 
(52) 
Hos<}>(x) = E^^(j)(x) (5.22a) 
2 2 
H = im(x)^ + ik(x -  x )^ = —^ + ik(x -  x )^ ,  (5.22b) 
°  2m d/  °  
subject to the boundary condit ion 
4(x) 5> 0 ,  (5.23) 
1 X - X  ^1 ->• °o 
have absolute energies which are half- integral mult iples of A/k/m 
E = (n + i )A/k/m n = 0, 1, 2, . . .  .  (5.24) 
OS 
As the restor ing constant k is increased, the relat ive energies r ise 
l ike / iT. With this in mind, we may attempt to ident i fy shape vibrat ional 
states in the spectrum of H^p by varying the constants and C^. I f  
the potent ial  minimum is sharp, exci tat ions assccistsd v;: th harmonic 
osci l lat ions in the g or y coordinate should r ise in energy roughly 
l ike or •/Z~ respect ively.  This in fact is the predict ion of strong-
deformation col lect ive models [such as the rotat ion-vibrat ion model of  
Faessler aj_. (11)]  in which both g and y degrees of freedom are 
treated. In the special  case C = B = 0, the Bohr Hamil tonian is 
Y 0 
recovered from H^p; increasing Cg then causes the ent ire energy spectrum 
to r ise in a manner proport ional to /C .  However as a non-spherical,  
P 
y-stable minimum develops, the relat ive energies of the g and 
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y-vibrat ional band heads are expected to become independent of  and 
respect ively.  For J = 0 states of H^P, *(&' ,  Y. 0j)  = 0(8' ,  y)  and from 
Equations (2.11) and (5.8) we have effect ively = 0] 
HQp(6' ,  y) = r+ —2— ~ sin 3y —1 
L 96' 96'  6 '  s in 3y 3Y 3y-• 
+ 10.(6'  -  B )^ + C (Y -  Y )^ .  0 < Y < Y. (5.25) 
p o Y o — — 5 
For large 6 and C ,  the approximation —^ % -^=- in the second term is 6 , ,2 ,2 
expected to be val id,  and permits separat ion of variables. The energy 
of i (8 ' ,  y)  = F(g')  G(y)  is then the simple sum of contr ibut ions from 8 
and Y exci  tat ions: 
Ê = ig + .  (5.26) 
The separated equations may be made to resemble Equation (5.22a), i f  the 
subst i  tut ion 
4(6'.  y) = ^—r (5.27) 
P'2 |s:n 3Y|:  
is used in Equation (5-25).  In that event we obtain 
dg 
f (B')= 1 Êg -  f(B')  (5.28a) 
(5.28b) 
The boundary condit ions appropriate to Equations (5.28) fol low from the 
f in i  teness of (f i :  
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f (0) = 0 and normal izeable (5.29a) 
g{n y) = 0 ,  n = 0, 1, 2 — and normal izeable. (5.29b) 
Equations (5.25) and (5.28b) specify the problem only on 0 ^  y £ ir /S; 
Equation (5.1) must be used to obtain the potent ial  energy funct ion 
elsewhere. However, i t  is suff ic ient to consider only this range as 
HQp(g' ,  y) ,  *(6' ,  y) ,  and the boundary condit ion (5.29b) are al l  un­
affected by the transformations 
y -»• -y ;  y y -  2 i t /3 
I f  we replace the last terms in Equations (528) by their  equi l ibr ium 
values, and subst i tute boundary condit ions of the form Equation (5.23) 
for Equations (5.29) we obtain 
Ëg = [Cg]^[ng + i ]  + "Y ,  Mg = 0, 1, 2, . . .  (5.30a) 
^o 
r  1  ^  9 r  1 "I  
Ë = I  —^ I  [m^^ + 2] 1 1 + 5 I  '  = 0, 1, 2, . . .  .  (5.30b) 
'  L g/ J '  S3- L 3:n^3v 
o 00 
Although these approximations cannot be trusted in al l  cases (part icular ly 
near y^ = 0),  the leading terms in Equations (5.30) indicate how the 
vibrat ional character of  a given J = 0 state may be determined from the 
effects of varying (p^, C^, C )  :r .  H^p. The calculat ion of expectat ion 
2 2 
values such as <(y -  <y>) > and <(g -  <B>) > would also be of aid in 
ident i fy ing shape-vibrat ional states, but has not been attempted in 
this work. As we shal l  see, the energy method is quite suff ic ient.  
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I f  we wish to observe the effect of smoothly obtaining H^p from 
the standard reduced Bohr Hani 1 tonian, i t  is convenient to proceed in 
three stages. 
Stage I .  Cg and Cy are f ixed at 1 and 0 respect ively;  6 is 
slowly increased from zero to i ts desired valui .  At 
each point in this process, % remains a good quantum 
number. Members of  each ^-mult iplet are easi ly traced 
to the "seed" states of Hg from which they or iginate. 
Stage I  I .  With (B ,  C„, Yq)  f ixed, C is slowly increased from 
zero to°i ts desired value,^breaking the Z degeneracy. 
J = 0 y-vibrat ional states may be ident i f ied by the 
r ise of their  relat ive energies. Remaining J = 0 
states, by default ,  are to be associated with 6 v ibra­
t ions. 
Stage i l l .  W i t h  ( g g ,  y  ,  C  )  f i x e d ,  C  i s  i n c r e a s e d  f r o m  u n i t y  t o  
i ts desired valïe to veri fy the ident i f icat ions made 
during Stage I  I .  
The possible reduced spectra of H^p may of  course be invest igated without 
recourse to Stage Ml calculat ions. 
The results of Stage I  calculat ions are shown in Figures 5.6-5.8. 
In the f i rst  of these f igures, the ^-mult iplets may be seen to be 
grouping into t ight iy spaced bands as 2^ is 
given band or iginate from seed states having a common value of N -  %. 
[Such behavior is not unexpected in l ight of the radial  probabi l i ty 
densit ies depicted in Figure (2.7). ]  In the second two f igures, the 
2,  = N and £, = N -  2 bands of mult iplets have been isolated. Though 
a remains a good quantum number, N does not.  At 6^ = 5.1 the £ = J = 0 
ground state which or iginates from [N, £] = [0, 0] is only .03% N = 0. 
s 
s 
5 
UJ 
> 
!  
w (T 
Figure 5.6. 
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HqP Stage I  calculat ions [Cy = = 0, Cg = 1]. Hqp = Hg at Pq ~ and states o 
Uke N are degenerate. At f  0, Z and J remain good quantum numbers and states 
or iginat ing from Bohr states of l ike [N, SL] remain degenerate 
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Figure 57. Hqp Stage I  calculat ions. Relat ive energies of states or iginat ing (Bq = O) with 
[N, H] = [N, N] and [N, N-2] 
Cy = 0. 
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Figure 5.8, Hnp Stage I  calculat ions. Reduced energies of states or iginat ing (Bq = 
[N„ Z] = [N, N] and [N, N-2] 
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That is,  in the expansion^ 
*  = Z a.  (5.31) 
i  
we f ind 
I  Q = .00026 .  (5.32) 
i  i  '  
Similar ly,  the ground state consists of N = 2, 4, 6, . . . ,  20 in the 
fol lowing percentages respect ively:  .4,  3, 9, 17, 22, 21, 15, 8,  4 and 
1. At gg = 5.1 the expectat ion value of N def ined by 
<N> = Z (a.)^N. (5.33) 
i  
is 11.1 for the ground state. I t  is ~12, 13, and 14 for the J = 0 
states or iginat ing from [N, £] = [2, 0] ,  [4,  0] ,  and [6,  0] respect ively.  
As the relat ive energies of these states approach mult iples of /C = 1 p 
for large 6^, i t  is tempting to associate them with the f i rst  three g 
Credence may be given to this associat ion by considering an approx­
imate analyt ical  treatment of Equation (5.7) for C ^ = 0 and large 
S The subst i tut ion $ = —f(S ' ) $ ( Y ,  6.) permits separat ion of 
o g,/ I  
The values of the sums in Equations (5 32) and (5 33) wi l l  of  
course depend upon the value of s used in the expansion of Equation 
(5.31).  in this case s = 1 is used, for which the unperturbed ground 
state would be 100% N = 0. The f igures quoted result  from a 30 phonon 
d i  agonal i  zat ion. 
2 The mathematical development summarized here paral lels that con­
ta ined in (14).  
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variables with the result ing radial  equation 
dS' 
I  - i  + Wa(B ' )1 f (B')  = Êf(B')  (5.34) 
L -> 
W.(g')  = iC,(6'  -  6^)2 + _JL [2 + A] .  (5.35) 
A B o 26'  
The separat ion constant A may be determined from the angular port ion of 
the problem to be 
A = £(£ + 3) ;  £ = 0, 1, 2 (5.36) 
[The $(Y, 0.)  are the angular factors of the £ in Equation (5-36) is 
the usual R(5) IR label. ]  I f  W^(B') is expanded about i ts minimum, 
6^, the result ing approximation 
may be used in Equation (5.34).  Solut ions f (g ')  obeying the boundary 
condit ion of Equation (5.29a) are found to be parabol ic cyl inder 
funct ions (53).  Energy eigenvalues are 
Ë = /C: I  (v^ + [ i  I  (5.37) 
*  L 6 \  Z /  22= L Z" J \ ;
z = (Ce )**A 
= [Z^ + 3(A+ 2)]^ 
where v (n = 0, 1, 2, . . . )  are the (ordered) values which make the 
"b ® 
parabol ic cyl inder funct ion 
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"s 
zero. In the l imit  of large 6^, 
! l  _ ,  + 3 (A *  2) 
Z 4Z 
Mg = 0, 1, 2, .  .  
Ê -+ /cT (n + z) + -—^ ;  (5-38) 
P P oq^ 
^O 2 = 0, 1, 2, . . .  
and the energy spectrum decomposes into & sequences (& = 0, 1,2, . . . )  
based upon equal ly spaced S v ibrat ions. The integer n is interpreted p 
as the number of  B-excitat ional quanta. For the ground state band 
(ng = 0),  reduced energies approach 
i (n„ = 0, &) -  Ë(0, 0) £(£ + 3) 
Ë = [o_ ^ 
1(0, 1) -  E(0, 0) 4 
The reduced energies shown in the lef t  port ion of Figure 5-8 are then 
expected to converge to 0, 1, 2.5, 4.5, 7, 10, and 13-5 for & = 0, 1, 2, 
3, 4, 5, and 6 respect ively.  At 6^ = 5-1. the calculated values are 0, 1, 
z . q / ,  4 . 4 U ,  D . / 4 ,  3 . 4 0 ,  a n a  1 ^ . 3 3 .  
i f  the n - th g-vibrat ional band head or iginates from the J = 0 p 
Bohr eigenstate having 
[N, £, J]  = [2n ,  0, 0] seed state for (5.39) 
n - th g-vibrat ion 
P 
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what can be said of the y vibrat ions? When = 0, rotat ions and y 
vibrat ions are strongly coupled, and the seeds of pure y vibrat ions are 
evident ly buried within the n = 0 [ i .e. ,  N = £] spectrum of Figure 5-7. P 
As & ^ 0, J = 0 states of occur only for & = 3, 6, 9, . .  . ,  we may 
0 
tentat ively assume that the m^-th ^-vibrat ional band head wi l l  eventual ly 
develop from 
[N, £, J]  = [3m ,  3m ,  0] seed state for (5.40) 
^ ^ m - th y-vibrat ion Y 
as the Y coordinate stabi l izes. Under this assumption the angular 
momentum spectrum for the case 6^ = 3, = 0 has been part i t ioned as 
indicated in Figure 5-9. Above each of the low-lying J = 0 states a 
complete set of A-type rotor levels may be assembled, as has been shown 
expl ic i t ly for the ground state (GS) and in less detai l  for the f i rst  6 
and y vibrat ions. Al l  members of  the GS and y bands or iginate from 
N = £ seed states, whi le those of the f i rst g band develop from 
£ = N -  2 seeds. As the y coordinate has not been stabi l ized about an 
equi l ibr ium value, each of these bands of "rotat ional" states bears 
l i t t le resemblance to those shown in Figures 5.4 and 55. In part icular,  
within a given K-sequence adjacent even and odd spin members are pairwise 
degenerate. This si tuat ion is expected to change as moves of f  of zero. 
In Equations (5-39) and (5.40),  J = £ = 0 states have been asso­
ciated with B band heads only. On the basis of Equation (5.30a), the 
relat ive energies of such states are expected to remain approximately 
constant during Stage 11 calculat ions. That this is actual ly the case 
may be seen in Figure 5-10 [25-phonon calculat ions for = 0, 1, 2, 
—, 80].  This f igure may be interpreted in terms of g and y vibrat ions 
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Figure 5.10. Hgp Stage I I  calculat ions [Bg = 2, Cg 
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Figure 5.11. Reduced energies for the eight lowest J = 0 states of Figure 5.10. 
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and their  superposit ions. The quantum number Z, val id at = 0, has 
been labeled for each state of the lef t  panel.  The bottommost of  the 
steeply r is ing curves in each panel or iginates from the 2=3 state of 
lowest energy. This curve, ident i f ied with the lowest y vibrat ion, 
resembles 
Ê(O^) -  Ê(GS) = a^/C^ + a^ (5.41) 
for ^  10, with the constants a^ and depending upon Paral lel  
curves, also or iginat ing from 2. = 3 states, have been labeled as 
represent ing B vibrat ions superimposed upon the f i rst  y vibrat ion. The 
The boundary condit ion (BC) approximation leading to Equation 
(5.30b) is expected to be most val id i f  y l ies in the center of the 
interval [0,  i r /3]-  From the GRID calculat ions 
V = 
Ê(O^) - Ë(GS) 
•[' when Equation (5.30b) holds 
is found to have the values [C^ = 30] 
So = 2 4 6 
0° 1.23 1.71 1.92 
15° 
.85 1.04 1.02 
30° 
.72 .32 .98 
Hence as Bq grows, the calculated rat io v is approximately given by 
Equation (5.30b) i f  Yq 's  not near 0".  An approximate treatment of 
Equation (5.25) with BC appropriate to y =0° [pp. 37-39 of (6)]  results 
in the replacement of  Equation (5.30b) by 
2C -1^ 
[2m + 1] m  = 0 , 1 , 2 ,  
The rat io v then assumes the value 2. 
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vert ical  separat ion between such curves is very nearly equal to the 
relat ive energy of the lowest 6 v ibrat ion. The 2y band head or iginates 
from the lowest 2=6 state and l ies at approximately twice the energy 
of the f i rst  y excitat ion. I t  r ises rapidly "through" the = 0, 1 
levels as increases. True crossing of the energies in Figure 5.10 
is forbidden with the except ion of the y^ = 30° panel within which 
states of opposite ^-pari ty can cross. However the short-range 
repulsion effects are not always v is ible on the scale of the f igure. 
For low values of C^, the modulat ion by y^ of the effect ive strength of 
2 C^(y -  YQ)  is obvious. The value of y^ also has a str ik ing effect upon 
the associated reduced spectra, shown in Figure 5.11. As increases, 
thus stabi l iz ing the intr insic shape, the relat ive energy of the 
rotat ional state J.  = 2j  fal ls sl ight ly.  The reduced energies of al l  
vibrat ional band heads consequently r ise. 
The vibrat ional ident i f icat ions labeled in Figures 5.11 and 5.12 
may be further ver i f ied by performing Stage I I I  calculat ions. As is 
increased, 6-vibrat ional energies should r ise, whi le those of y vibrat ions 
are expected to be relat ively unchanged. The results of such a series 
of calculat ions are shown in Figure 5.12 i25-phonon; Cg = 1, 1.1, 1.2, 
. . . ,  10].  The start ing values of  the potent ial  parameters correspond to 
the dashed l ine in Figure 5.10, and the vibrat ional labels at C„ = 1 p 
have been taken from there. As before, the points corresponding to a 
given relat ive eigenvalue [E(0.) -  E(Oj)]  have been smoothly connected 
and the curves so obtained are forbidden to cross. I f  the repulsion 
effects are ignored, the B and y 'v ibrat ional band heads behave as 
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expected when Cg i s  increased.  In i t ia l l y  a l l  energ ies  r i se  (as  wou ld  be  
the  case i f  C were  increased in  H_)  bu t  those o f  the  pure ly  y -v ib ra t iona l  p d 
s ta tes  beg in  to  leve l  o f f .  Fur thermore ,  the  re la t ive  energy  o f  the  
n . - th  6 v ib ra t ion  approaches n „ /C„  ( f rom above) .  For  n „  =  1 ,  2 ,  3 ,  ^  
P P P P 
and 5» the  quant i ty  
i (n -— 6-v ib . )  -  i (GS)  
P 
has the  ca lcu la ted  va lues  1 .278,  1 .300,  1 .321,  1 .341,  and 1 .361 a t  C.  =  1 
P 
i n  F igure  5-12.  However  a t  C =  10,  we f ind  1 .052,  1 .058,  1 .065,  1 .074 
P 
and 1 .086 respect ive ly .  
D.  Rota t iona l  Band Deve lopment  
The J  =  0  energy  ca lcu la t ions  o f  the  prev ious  sec t ion  may be  sum­
mar ized by  the  fo l low ing s ta tements .  As  a  non-spher ica l ,  y -s tab le  
min imum deve lops ,  the  J  =  0  spec t rum o f  Hq^p may be  in te rpre ted  as  be ing  
compr ised o f  S and y  v ib ra t ions  and the i r  superpos i t ions .  The two types  
o f  shape exc i ta t ions  may be ident i f ied  by  the i r  behav iors  under  var ia ­
t ions  o f  the  po tent ia l  parameters ,  ^ -v ib ra t iona l  s ta tes  r i se  in  energy  
l i ke  /cT but  a re  fa i r l y  insens i t i ve  to  changes in  C .  The reverse  i s  
B y  
charac ter is t i c  o f  the  y -v ib ra t iona l  s ta tes .  i f  H^p i s  obta ined f rom Hg 
by  proceed ing  sequent ia l l y  th rough ca lcu la t iona l  Stages I ,  I  I  and I I I ,  
the  hybr id  band head cons is t ing  o f  n^  B v ib ra t ions  and m^ y  v ib ra t ions  
deve lops  smooth ly  f rom the  H '  s ta te  w i th  quantum numbers  D 
[N, i ,  J] = [2ng + 3m^, 3m^, 0] .  (5-42) 
171 
The re la t i ve  energy^  
e (ng,  m^,  J . )  E Ê(ng,  m^,  J . )  -  Ê(0 ,  0 ,  0^)  (5 .43)  
o f  th is  s ta te  i s  g iven approx imate ly  by  
e (ng,  m^,  0^ )  ~  •  e ( l ,  0 ,  0^)  +  m^ •  e (0 ,  1 ,0^)  .  (5 .44)  
Equat ions  (5 .30)  a re  usefu l  fo r  es t imat ing  shape-v ib ra t iona l  energ ies  
[J  =  0 ]  when the  po tent ia l  min imum i s  sharp  and 56 0 ° .  
We expect  tha t  s ta tements  s imi la r  to  these can be made fo r  s ta tes  
o f  o ther  sp ins .  F igure  5 .6  ind ica tes  tha t  a l l  s ta tes  o r ig ina t ing  w i th  
(N -  £) /2  =  n  shou ld  be  assoc ia ted  w i th  the  n_- th  g  v ib ra t ion .  As a  
P P 
y-s tab le  min imum deve lops ,  these s ta tes  are  expected to  ar range them­
se lves  in to  A- type ro tor  bands.  Each such band shou ld  resemble  tha t  o f  
F igure  5 .5  in  i t s  dependence upon F igure  5-13.  fo rmed f rom the  GRID 
da ta ,  ind ica tes  tha t  such a  par t i t ion ing  does indeed occur .  Accompany ing  
each o f  the  low- ly ing  J  =  0  s ta tes  i s  a  J  =  2 ,  2 ,  3  sequence s imi la r  to  
tha t  in  F igure  5 .5 .  [As  on ly  the  n ine  lowest  J  =  2  s ta tes  wars  s to red 
dur ing  the  GRID ca lcu la t ions ,  the  second J  =  2  leve l  o f  the  y  +  6 band,  
(n^ ,  m^,  J . )  =  (1 ,  1 ,  22) ,  does no t  appear . ]  The f i r s t  sum ru le  o f  
Equat ions  (5-20)  may be  seen to  be approx imate ly  obeyed w i th in  each band.  
The deve lopment  o f  each low- ly ing  s ta te  may be  t raced by  pursu ing  
the  Stage I  and 11 ca lcu la t ions  used to  ident i fy  deve lop ing  band heads.  
Such ca lcu la t ions  have been car r ied  ou t ,  and a  sampl ing  o f  Stage I I  
^Here  (n  ,  m ,  J. )  denotes  the  i— sta te  o f  sp in  J  assoc ia ted  w i th  
the  shape v ib ra t ion  spec i f ied  by  n^  and m^.  
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energ ies  appears  in  F igures  5 .14-5 .17-  Two f i xed  va lues  o f  were  
£ 
cons idered:  =  30°  fo r  wh ich  ( -1 )  i s  we l l -de f ined;  and =  15°  
wh ich  represents  the  more  typ ica l  s i tua t ion .  20-phonon d iagona l iza t ions  
were  per fo rmed fo r  each o f  J  =  0 ,  2 ,  3» —,  7 as  ranged over  0 ,  2 ,  4 ,  
24 .  The ca lcu la ted  re la t ive  energy  o f  the  s ta te  J .^  appears  as  a  
smooth  curve  in  the  f igures .  
As i s  increased,  J  =  0  energ ies  behave as  expected;  deve lop ing  
B and yv ib ra t iona l  band heads may be  eas i l y  ident i f ied  and have been 
so  labe led .  The energy  spect rum fo r  J  =  3  may be  rough ly  ob ta ined by  
add ing  the  re la t ive  energy  o f  the  3 ,  s ta te  to  the  J  =  0  spect rum.  The 
resemblance improves as  increases,  and the  band ass ignments  fo r  J  =  3  
s ta tes  in  F igures  5 .14  and 5 .16  have been made accord ing ly .  Reca l l  tha t  
an  A- type ro tor  possesses a  s ing le  s ta te  o f  sp in  3-  For  J  =  2  there  are  
two such ro tor  s ta tes  and the  s i tua t ion  becomes s l igh t ly  more  compl i ­
ca ted .  The en t i re  J  =  2  spect rum may be  approx imate ly  ob ta ined by  
add ing  the  fu l l  J  =  0  spect rum to  each o f  2^  and 2^ .  Aga in  the  resem­
b lance improves as  increases,  and resu l ts  in  the  labe led  band ass ign­
ments .  Two J  =  2  leve ls  have been ass igned to  each band,  and they  are  
d is t ingu ished by  the  subscr ip ts  1  and 2 .  For  each o f  the  two va lues  o f  
the  (2^ ,  2^ ,  3^)  sequence w i th in  each band approx imate ly  sa t is f ies  
the  ro tor  sum ru le  [Equat ion  (5 .20)1 .  
Two d is t inc t  methods o f  ident i fy ing  s ta tes  H__ a re  employed in  
the  remainder  o f  th is  work .  J .  re fe rs  to  the  i - th  lowest  energy  s ta te  o f  
sp in  J  in  the  en t i  re  Hpp spec t rum.  (ng ,  m^,  J |^ )  i s  the  k - th  lowest  energy  
s ta te  o f  sp in  J  be long i  ng  to  the  ro ta t ion  band based upon the  (n  ,  m )  
shape v ib ra t ion ,  ^  ^  
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In  a  s imi la r  manner  we may boots t rap  our  way to  band ass ignments  fo r  
h igher  sp ins ,  gu ided by  the  A- type ro tor  spect rum o f  F igure  5 .5 .  
in i t ia l l y ,  as  and are  increased,  the  energ ies  o f  GS^,  GS^,  . . .  
GSp [p  =  ^  g  ^ ( J  odd) ;  p  =  ^  ^  ^  (J  even) ]  adapt  the i r  spac ings  to  
resemble  the  r ig id  ro tor  s i tua t ion .  Once th is  has  been ob ta ined fu r ther  
increases in  the  two parameters  have l i t t le  e f fec t  on  the  reduced 
energ ies  o f  these s ta tes .  For  s ta tes  no t  be long ing  to  the  GS band,  we 
then have 
e (ng,  m^,  J . )  % e (0 ,  0 ,  J . )  +  n^  •  e ( l ,  0 ,  0^)  +  m^ •  e (0 ,  1 ,  0^)  
(5 .45)  
Hav ing  made the  band ass ignments  in  F igures  5 .14-5 .17 ,  i t  i s  but  a  
s imple  mat te r  to  d iscover  a  ru le  re la t ing  the  members  o f  a  g iven band 
w i th  the i r  s ta tes  o f  o r ig in .  The ru le  may be  s ta ted  in  two par ts .  
1)  The unper tu rbed spect rum ( i .e . ,  tha t  o f  Hg)  may be  co l ­
lec ted  in to  bands based upon J  =  0  s ta tes  (band heads)  and 
d is t ingu ished by  two in tegers  
u  m  i *  z  4  • • •  
b 
=  0 ,  1 ,  2 ,  . . .  
The N and i  quantum numbers  o f  a  band head are  g iven by  
N =  3m +  2n„  
T B 
X, = 3m 
Y 
and these determine [N,  1 ]  fo r  every  o ther  member  o f  the  
band as  shown in  F igure  5 .18 .  Each band cons is ts  o f  
(J  +  2) /2  members  fo r  each even J  together  w i th  (J  -  l ) /2  
members  fo r  each odd J ,  as  i s  the  case fo r  an A- type ro tor .  
For  a  f i xed  va lue  o f  N,  the  a l lowed sp ins  w i th in  a  band 
fo rm a  "k -ser ies"  
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J  =  2k ,  2k  -  2 ,  2k  -  3 ,  . . k  (5.46)  
where  k  may be  thought  o f  as  the  number  o f  phonons o f  ex­
c i ta t ion  above the  band head energy .  In  F igure  5 .18  the  
pro to type band o f  seed s ta tes  has  been fu r ther  d iv ided 
(hor izonta l l y )  in to  K-sequences [see F igure  5 .4 ] .  
2)  The unper tu rbed band ident i f ied  by  the  pa i r  (n „^  m )  con­
ta ins  the  seed s ta tes  o f  a  ro ta t iona l  band o f  H based 
upon the  superpos i t ion  o f  n  3  v ib ra t ions  and m ^  v ibra­
t ions .  That  i s ,  when a  sharp ,  non-spher ica l  min imum i s  
formed by  proceed ing  sequent ia l l y  th rough Stages I ,  I I  and 
I I I ,  the  energy  spect rum wh ich  deve lops  f rom each seed band 
comes to  resemble  tha t  o f  an  A- type ro tor  w i th  moments  o f  
iner t ia  g iven by  Equat ion  (5 .21) .  For  la rge  3  ,  the  en t i re  
band tends to  r i se  in  re la t ive  energy  l i ke  
"« /Cg o r  
as  Cp o r  C i s  var ied  respect ive ly .  The cons tant  a  ranges 
f rom ' \ ,2  fo f  =  0°  to  ^1  fo r  y^  =  30° .  
Two po in ts  shou ld  be ra ised in  c la r i f i ca t ion  o f  th is  sur ranary .  The f i r s t  
concerns  the  lack  o f  re ference to  the  quantum number  v  in  the  new par t i ­
t ion ing  o f  Hg s ta tes .  The second dea ls  w i th  the  a t tempted c ross ing  o f  
energy  leve ls .  We w i l l  cons ider  each in  tu rn .  
The new par t i t ion ing  scheme cor rec t ly  counts  the  number  o f  Hg 
s ta tes  o f  g iven N,  £  and J .  Reca l l  the  ru le  g iven in  Chapter  11 :  fo r  
f i xed  [N,  £ ]  =  [N^ ,  2^ ]  the  mul t ip l i c i t y  labe l  assumes the  va lues  
"  =  0 ,  1 ,  2 ,  . . . ,  i & g / j j g i  ,  ( 5 . 4 7 )  
and w i th  each i s  assoc ia ted  the  k -ser ies  o f  angu lar  momenta  
J  =  2k ,  2k  -  2 ,  2k  -  3 ,  . . . ,  k  [k  =  -  3v ]  .  (5 .48)  
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N,  £ ,  and J  Quantum Numbers  o f  Hg 
E igensta tes  Ass igned to  the  (n^ ,  m^)  Band 
J 's  
2ng+3my+k Sm^+k k  2k  2k-2  2k-3  
6  12 10 9  8  7  
5  10 8  7  6  5  
4 
2ng+3my+3 3my+3 3 
2n g+3my+2 3mY+2 2  
2n  g+3my+1 3my+1 1 
2n  g+3my 0  
K labe l  ;  
 
 
8  6  5  4  
6  k 3 
k 2 
2 
0 
F igure  5-18.  Quantum numbers  fo r  the  pro to type Hg band.  As  Hg i s  dr iven 
to  H( jp ,  these s ta tes  deve lop  in to  an A- type ro tor  band based 
upon a  shape-v ib ra t iona l  J  =  0  s ta te ,  ng and rrvy  a re  the  
numbers  o f  g  and Y"V '^ ra t iona l  quanta  respect ive ly  in  the  
l im i t  o f  la rge  and Cy [Equat ions  (5 -26)  and (5 .30) ]  
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Figure 5.19. Decomposit ion of the Hg spectrum [N _< 9] into bands of the type shown in Figure 5.18 
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Hence (  [2  /3 ] - ,  +  1)  k -ser ies  cont r ibu te  to  t ine  degenera te  spec t rum 
O GI 
spec i f ied  by  [N^ ,  Cons ider  now the  count ing  o f  [N^ ,  2^ ]  s ta tes  
f rom the  band v iewpo in t  w i th  F igure  5-18 in  mind.  I f  the  (n^ ,  m^)  un­
per tu rbed band head l ies  a t  o r  be low in  re la t ive  energy ,  the  asso­
c ia ted  band w i l l  make a  cont r ibu t ion  to  the  co l lec t ion  o f  H_ s ta tes  D 
hav ing  N =  N^.  Th is  w i l l  be  the  case i f  
3m +  2n.  <  N 
Y  B  —  o  
(5.49) 
i .e . ,  fo r  those (n^ ,  m^)  pa i rs  enumerated by  
r N -
n ^ —  0 ,  1 ,  2 ,  ^  2  
=  0 ,  1  ,  2  ,  
Gl 
r N -  2n ] 
(5 .50a)  
(5 .50b)  
G l  
When Equat ion  (5 .49)  i s  sa t is f ied ,  the  k -ser ies  a t  a r is ing  f rom the  
(n „ ,  m )  band i s  charac ter ized by  
3 y 
k  =  N -  3m -  2n 
o  Y 3  
(5 .51)  
& =  3m +  k  =  N -  2n 
Y  O B  
I f  we res t r i c t  our  a t ten t ion  to  those k -ser ies  in  Equat ion  (5 .51)  fo r  
wh ich  & =  2  a lso  ho lds ,  then 
o  
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"e = " *o) 
r N - 2Ng -I r & 1 
m =  0 ,  1 ,  2 ,  3  = [— (5.52)  Y 
k  =  & -  3rn  
0 7 
The count ing  ru le  o f  Equat ions  (5 .47)  and (5 .48)  i s  recovered w i th  
now p lay ing  the  ro le  o f  v .  Rather  than us ing  (N,  v ,  J ,  M)  to  labe l  
Hg e igenfunc t ions ,  we can use (N,  f i , ,  J ,  M)  o r  the  s l igh t ly  redundant  
(N, I, ng = 2 ^  , m^, J, M) . 
The comple te  band decompos i t ion  o f  the  N ^  9 Hg spect rum i s  shown 
in  F igure  5 .19-  In  those cases where  the  v  quantum number  i s  requ i red  
to  d is t ingu ish  s ta tes  w i th  a  common se t  (N,  Z, J ,  M) ,  we might  ask  how 
the  (ng ,  m^)  seed s ta tes  are  re la ted  to  the  Par t i cu la r  fo r  
N =  £ =  J  =  M =  6 ,  wh ich  l inear  combinat ion  o f  ' I 'ggQgg and ^  Che 
seed o f  the  K =  6  member  o f  the  GS band,  and wh ich  i s  the  seed o f  the  
K =  0  member  o f  the  y band? In  a l l  cases i t  is  na tura l  to  def ine  seed 
s ta tes ,  " i j ) . ,  by  the  fo l low ing proper ty :  i f  i s  per tu rbed by  the  
I D 
add i t ion  o f  eV,  the  e  i  genfunc t  ions ,  ( j ) . ,  o f  H =  H '  +  eV shou ld  obey 
i  D 
4»;  .  (5 .53)  
£ -V 0 
For  n  degenera te  seed s ta tes ,  ( i  =  1 ,  2 ,  —,  n) ,  each hav ing  
p r inc ipa l  quantum number  N and angu lar  momentum charac ter  JM,  we may 
wr  i  te  
n  -
=  E a . ,  i / )  [N .  =  N,  J .  =  J ,  M.  =  M]  .  (5 .54)  
'  j= l  ' J  Gj  J  J  J  
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Equat ion  (5-53)  may be  sa t is f ied^  by  choos ing  the  expans ion  coef f i c ien ts  
in  Equat ion  (5 .54)  such tha t  
=  0  i ,  j  =  0 ,  1 ,  2 ,  . . .  n  ,  (5 .55)  
i j 
Hence the  a .^  wh ich  spec i fy  the  seed s ta tes  w i l l  depend upon the  nature  
o f  V.  In  Stage I  ca lcu la t ions ,  V =  B '  and e  =  -2$^ .  For  a rb i t ra ry  h(B ' )  
ho lds .  Hence Equat ion  (5 .55)  may be  sa t is f ied  by  choos ing  degenera te  
seed s ta tes  to  be or thogona l  s ta tes  o f  good [N,  £ ] .  For  example  
o  _  s  
^i ^"Na.t.JM I I 
wi l l  do ,  as  wou ld  
"^ i  "  ^  ^ i j  ^ 'NK. t .JM (5 .56)  
J  J  J  
w i th  [A ]  any  un i ta ry  mat r ix .  Thus w i thout  fu r ther  charac ter iz ing  the  
degenera te  c j ) .  we  a re  unab le  to  make any  s ta tement  about  the  v  (o r  t )  
content  o f  the i r  seed s ta tes  when on ly  Stage I  ca lcu la t ions  are  cons id­
ered.  When S tage 11 ca lcu la t ions  are  begun,  appropr ia te  seed s ta tes  are  
2 
e igenfunc t ions  or  H =  —ï tvp '  ~ .  The ucycnera ts  sesd s ta tes  nay  
be denoted where  j  d is t ingu ishes  mul t ip le  occur rences o f  (&JM) .  
' see  Chapter  16 ,  Sec t ion  G o f  the  tex t  by  Merzbacher  (39)  regard ing  
th is  po in t .  
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They w i11  sa t is fy  
" : I" j 
and th is  cond i t ion  may be  used together  w i th  
o  
to  determine the  coef f i c ien ts  A.^  in  Equat ion  (5 -56) .  Unfor tunate ly  
these coef f i c ien ts  depend upon the  va lue  o f  y^ .  For  th is  reason the  
re la t ionsh ip  between the  seed s ta tes  and the  has been 
N£n_m J M NJlvJM 
B y 
l e f t  somewhat  ambiguous.  
in  the  course  o f  Stage I I  or  I I I  ca lcu la t ions ,  s ta tes  o f  l i ke  sp in  
may a t tempt  to  c ross  in  energy .  Th is  has  been observed in  the  present  
work  on ly  when the  two s ta tes  invo lved be long to  d i f fe ren t  bands.  
Some typ ica l  examples ,  taken f rom F igures  5 .14-5 .17 ,  a re  shown in  
de ta i l  in  F igures  5 .20-5 .22 .  A t  each ca lcu la ted  po in t  in fo rmat ion  re ­
la t ing  to  the  ^ -decompos i t ion  o f  the  e iger . f i inc t ic r .  V.r 
*  =  Z a .  (5 .57)  
i  
has been g iven.  Th is  may inc lude one o r  both^  o f  
<£> E I  (5-58)  
i  
'<£> and =  £ ' ]  are  independent  o f  the  va lue  o f  s  used in  
Equat ion  (5 .57)  ' f  t runcat ion  e f fec ts  are  ignored.  
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[%l = & ' ]  =  100% •  Z (a . i ^g  .  (5 .59)  
Î  '  %!'* 
For  =  0 ,  & i s  we l l -de f ined and <&> i s  an in teger .  The observed 
genera l  t rend i s  fo r  < l>  to  increase s lowly  as  increases f rom 0  to  24.  
S ta tes  hav ing  the  same J ,  K,  and y -v ib ra t iona l  charac ter  beg in  w i th  
ident ica l  £ -decompos i t ions ,  and th is  equa l i t y  i s  approx imate ly  main­
ta ined as  C inc reases.  Th is  may be  seen fo r  the  J  =  K =  0  6  and 23 y 
l eve ls  in  F igure  5 .20 ,  wh ich  each beg in  w i th  & =  0  and s lowly  ga in  h igher  
£  components .  A t  =  24 the i r  ^ -decompos i t ions  a re  approx imate ly  equa l  
even though each has  in te rac ted  w i th  the  r i s ing  y^v ib ra t ion .  The 
la t te r  s ta te  beg ins  w i th  100% 2=3 and ra ther  rap id ly  spreads i t s  
s t rength  over  severa l  £  va lues .  
In  the  v ic in i ty  o f  an a t tempted c ross ing ,  energy  leve ls  s t rong ly  
repe l  one another  and the  two wavefunc t ions  invo lved essent ia l l y  
in te rchange the i r  charac ters  over  the  course  o f  th is  repu ls ion .  Even 
though the  energy  leve ls  may no t  ac tua l ly  c ross ,  i t  thus  makes good 
sense to  cons ider ,  fo r  example ,  the  y -v ib ra t iona l  leve ls  as  r i s ing  
through and above the i r  g  counterpar ts .  In  fac t  near  a  c lose  in te r ­
ac t ion ,  wh ich  we may symbol ize  by  
È(J;+i) 
1 )  
E(J . )  
~^AE (  i  ,  i  + 
C C +  AC 
Y Y Y 
% I'O 
% A=6 
% l»9 
.88 
04 . 
CD 
Figure 5.20. <£> fo r  
[ 0 ,  2 , 4 ,  
J ;  => O2,  Oo,  0^  s ta tes  o f  Hqp [3q  =  3 i  Yq ~ 15° ] .  Dots  denote  va lues  o f  
24 ]  fo r  wh ich  e igenva lues  and e igenvectors  were  ca lcu la ted .  ^ f »  y • • •  t .  j iv/ i  i  I  I  V11 ciycN x ca C ] i i \ j ^1 a rv«^iw woiwvfiutrt^ 'u* 
[%& = &']  is given for selected states. The energy curves also appear in Figure 
[5.14] 
2.08 2.2 
2:1? 2.51 
A 
[(- i) '=- i ]  
oo 
00 
Cy 
Figure  5 .21 .  <&> and [%& =  i ' ]  fo r  J ;  =  2 ^  and 2 ^  s ta tes  fo r  Hqp.  S ta tes  have we l l -de f ined 
H-par l ty .  Energy  curves  a lso  appear  In  F igure  [5 .16 ]  
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Figure 5.22. <%> for J, = 213, 2)/, ,  215, 2]^ states of Hgp. Energy curves also appear in 
Figure 5.16. The s1:ates 2\^ and 2]6 have opposite Jl-parl ty and cross in energy 
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one f inds  
l<+,l*4>l % |<*2l*2>| % 1 
!<*,|*2>| % |<*2l*r>| % 0 
On e i ther  s ide  o f  the  in te rac t ion  reg ion ,  the  v ib ra t iona l  charac ter  o f  
each s ta te  i s  we l l -es tab l ished.  The neares t  approach d is tance,  
AE( i ,  i  +  1) ,  i s  empi r ica l l y  found to  be la rge  i f  < i >  i s  no t  too  d i f fe r ­
ent  fo r  the  two approach ing  leve ls .  The 2^  -  2^  in te rac t ion  in  F igure  
5 .21  i s  a  good example  o f  a  long- range repu ls ion  and i t s  resu l t ing  s low 
in te rchange o f  charac ter is t i cs .  In  the  reg ion  8  ^  6  12 i t  i s  d i f f i cu l t  
to  d is t ingu ish  the  and J = 2 s ta tes  [ i .e . ,  the  s ta tes  (0 ,  1 ,  2^)  
and (1 ,  0 ,  2g)  in  the  no ta t ion  o f  Equat ion  (5 .43) ] .  As the  dens i ty  o f  
s ta tes  increases,  so  does the  l i ke l ihood o f  in te rac t ions .  In  F igure  
5 .22 ,  the  (38)2  leve l  in te rac ts  w i th  (y + 23)^  and (2y)^ i n  i t s  a t tempt  
to  para l le l  the  6^  energy  curve .  
For  YQ = 15°  and 30° ,  energy  t rends and ^ -decompos i t ions  were  used 
to  t rack  severa l  hundred leve ls  th rough Stage !  and Stage M ca lcu la t ions .  
F ina l  s ta tes  were  then grouped accord ing  to  the  unper tu rbed bands f rom 
which  they  o r ig ina ted. '  The s i tua t ions  a t  (g^ ,  C^)  =  (3 ,  15° ,  18)  
and (3 ,  30° ,  24)  a re  shown in  F igures  5 .23-5 .26 .  The f i r s t  two f igures  
loca te  the  J  =  0  band heads wh i le  the  la t te r  two g ive  the  energ ies  o f  
band members  re la t i ve  to  the i r  cor respond ing heads.  The fo l low ing po in ts  
At tempted c ross ings  were  t rea ted as  t rue  cross ings  fo r  the  pur ­
poses o f  t rack ing  leve ls .  For  example  a t  y  =  15" ,  C =  24 in  the  le f t  
pane l  o f  F igure  5-14,  the  s ta te  0 ,  i s  cons idered to  h2ve deve loped f rom 
[N,  2,]  = [3 ,  3 ] .  S t r i c t l y  speak ing  0 ,  a t  C =  24 deve lops  cont inuous ly  
f rom 0 ,  a t  C =  0 .  ^  
4  Y 
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C/=I8 
Hqp J=0 Energies (0) = 22; s = .92] 
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Figure  5 .23 .  H^p J  =  0  energ ies  a t  =  18 in  F igure  5 .14 .  V ib ra t iona l  
charac ters ,  energy  d i f fe rences and < i>  are  ind ica ted  fo r  
the  e igenfunc t ions  
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Figure  5-24.  Hqp J  — 0  energ ies  a t  Cy =  24 in  F igure  5 .16 .  V ib ra t iona l  
charac ters ,  energy  d i f fe rences and <SL> are  ind ica ted  fo r  
the  e igenfunc t ions  
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Figure  5 .2$ .  Energ ies  o f  t raced Hnp s ta tes  re la t ive  to  the  appropr ia te  band-head energy  
5 .23 ] .  Energ ies  o f  the  r ig id  quadrupo le  ro to r  are  e igenva lues  o f  Hp [Equat  
(5 .13)  and (5 .21) ]  w i th  f t ^ /B  =  1 ,  6^  =  3  and =  15°  
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Figure  5 .26 .  Energ ies  o f  t raced Hnp s ta tes  re la t ive  to  the  appropr ia te  band-head energy  [F igure  
5 .24 ] .  Energ ies  o f  the  r ig id  quadrupo le  ro to r  a re  e igenva lues  o f  H r  [Equat ions  
(5 .13)  and (5 .21) ]  w i th  h^ /B =1 ,  0^  =  3  and =  30°  
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Table  5 .3 .  ^ -decompos i t ion  o f  J  =  0  s ta tes  o f  Hnp fo r  
(Bo 'Yo 'Cy)  =  (3 ,15° ,18) .  Wi th in  each 
rec tang le  the  [%& =  £ ' ]  o f  Equat ion  (5 .59)  
a re  g iven fo r  the  s ta te  spec i f ied  by  the  
row and co lumn labe ls  
z' +6 +2g +36 +46 +56 +66 
0  64 .8  65 .2  63.1  50 .1  55 .0  52 .8  48 .4  
3  34 .3  33 .1  32 .2  27 .7  30 .5  31 .4  31.5  
6  .6  1 .4  3 .9  19.2  12 .6  13 .7  17.1  
9  .2  .2  .8  2 .8  1 .6  1 .8  2 .5  
0  20.3  31 .9  24 .8  24 .6  26 .7  28 .6  
3  17 .4  24 .5  23 .7  23 .7  23 .2  22 .3  
6  55 .9  33.9  37 .0  34 .9  32 .3  31 .4  
9  6 .4  9 .4  14.0  15 .9  16 .7  16 .4  
12 .0  .3  .5  .7  1 .0  1 .1  
0  16 .3  14 .9  13 .6  12 .6  
3  14 .1  14 .7  14 .4  14 .1  
6  5 .0  10.6  13 .3  12 .9  
9  51 .3  35 .9  27 .9  25 .6  
12 13 .2  22 .3  27 .5  30 .2  
15 .1  1 .5  3 .2  4 .5  
0  10 .4  9 .4  
3  18 .6  15 .4  
6  5 .9  10.0  
5  1 ÎO.Ô 1 17 .  Î  1 
12  40 .0  18 .7  
15 14 .3  26 .2  
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Table  5 .4  &-decompos! t ion  o f  
(Bo.Yo.Cy)  =  (3 ,30  
Tab le  5 .3 . ]  
o
 
•
 
0 
s ta tes  o f  HQP 
[See capt ion  
fo r  
fo r  
v +6 +26 +38 +43 +56 +66 
GS 
0  
6  
12 
90 .4  
9 .5  
.1  
! 
89.4  
10 .5  
.1  
88.1  
11 .6  
.3  
86.7  
12 .9  
.4  
85.1  
14 .2  
.6  
83.6  
15 .5  
.9  
82.4  
16.5  
1 . 1  
Y 
3  
9  
15 
86 .7  
13 .2  
.1  
83.6  
16 .2  
.3  
80.6  
18 .8  
.6  
77.6  
21 .5  
.9  
57.3  
38 .6  
4 .1  
2Y 
0  
6  
12 
18 
14 .9  
72 .4  
12 .7  
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may be  made 
1)  For  the  two s i tua t ions  shown,  the  energy  separa t ion  between 
ad jacent  g  v ib ra t ions  increases s l igh t ly  w i th  energy ,  wh i le  
tha t  o f  ad jacent  y  v ib ra t ions  fa l l s .  [When the  expans ion  
bas is  i s  en larged,  the  energ ies  o f  the  h igher  s ta tes  drop 
s l igh t ly ,  bu t ,  in  the  absence o f  in te r fe rence e f fec ts ,  these 
separa t ion  t rends cont inue to  ho ld ] .  For  Hg,  B-v ib ra t iona l  
band heads are  equa l ly  spaced in  energy ;  the  same i s  t rue  
for Y vibrations. As 3© is increased from zero in Stage I 
ca lcu la t ions ,  the  re la t ive  energ ies  o f  a l l  exc i ted  s ta tes  
fa l l .  For  bo th  the  B and y -v ib ra t iona l  J  =  0  s ta tes ,  the  
separa t ion  between ad jacent  leve ls  r i ses  w i th  increas ing  
energy .  For  example  a t  =  2 .4 ,  the  re la t ive  energ ies  o f  
the  f i rs t  th ree 6  band heads a re  in  the  propor t ion  1 :2 .06 :  
3.18,  and fo r  the  y  v ib ra t ions  we have 1 :2 .34 :3 .86 .  As B 
tends  to  in f in i ty  these propor t ions  approach 1 :1 :1  and 
1 :3 :6  respect ive ly .  On ly  the  y -v ib ra t iona l  J  =  0  energ ies  
are  great ly  a f fec ted  by  chang ing  C ;  the separa t ion  between 
ad jacent  y  leve ls  may r i se  or  fa l l ^w i th  increas ing  energy  
depend ing upon the  va lues  o f  Bo and Cy.  For  the  parameter  
se ts  cons idered dur ing  the  GRID ca lcu la t ions ,  the  energy  
separa t ion  between ad jacent  6  v ib ra t ions  was found to  
increase w i th  energy .  
2 )  <£> has  been g iven fo r  each s ta te  in  F igures  5 .23  and 5 .24 .  
In  the  absence o f  c ross ing  e f fec ts ,  <&> r i ses  s l igh t ly  as  
g -exc i ta t ions  are  added,  and r i ses  great ly  as  y -v ib ra t ions  
are  added.  Reca l l  tha t  in  H ' ,  g  and y -v ib ra t iona1 "phonons"  
a re  def ined as  car ry ing  0  and 3  un i ts  o f  £  respect ive ly .  
In  genera l ,  the  ^ -décompos i t ion  o f  a  s ta te  i s  not  g rea t ly  
a f fec ted  by  the  add i t ion  o f  a  p -v ib re t 'on .  Th is  may be  
seen in  Tab les  53  and 5 .4  respect ive ly  fo r  the  J  =  0  
s ta tes  shown in  F igures  5 .23  and 5 .24 .  
3)  The energy  spect rum re la t ive  to  the  appropr ia te  band head 
i s  s imi la r  fo r  a l l  bands. '  Fur thermore ,  th is  common 
spec t rum resembles  tha t  o f  an A- type quadrupo le  ro to r .  
The la t te r  i s  shown fo r  y© =  15°  and 30°  a t  the  ex t reme 
le f t  o f  F igures  5 .25  and 5 .26  respect ive ly .  Rotor  energ ies  
have been taken f rom Reference (54)  and a re  those appro­
pr ia te  to  A^/B =  1 ,  B =  3 .  As B and y  exc i ta t ions  are  
added to  the  GS band,° the  " ro tor "  spect rum spreads,  
"Missing" energies in the excited bands of Figures 5.25 and 5.26 
correspond to levels whose developments were not traced, usually because 
i in (J. of Hqp) exceeded 25 for these states. 
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indicat ing that the effect ive moments of  inert ia are 
decreasing. As C_ is smaller than this effect is 
more pronounced for the deformation vibrat ions than for the 
asymmetry ones. 
First  order B(E2) rates for transit ions between H^p states were 
calculated for the = 15° and 30° parameter sets. The results are 
presented in Figures 5-27-5.31 and Tables 5.5-5.6. Comparison with the 
H' decay scheme [Figures 3-3-3.4; Tables 3-1-3-2] leads to the fol lowing D 
conclusions. 
1) AK = 0 transit ions within the GS band [Figure 5.27] are 
enhanced over their  Hg counterparts;  AK > 2 transit ions 
[Figures 5.28-5.29] are much smal ler,  part icular ly for 
Yo = 15°. The val idi ty of interpret ing the label K as the 
BF z-component of  J,  and hence the val idi ty of the sym­
metr ic rotor select ion rule 
AK = 0, 2 
is expected to increase as Yo approaches zero. This is 
observed. For Yq ~ 30°, (- !)& is wel l-def ined and f i rst  
order £2 t ransit ions between states of the same &-pari ty 
are forbidden. Also f i rst  order quadrupole moments are 
zero for al l  states. 
2) B(E2) rates for transit ions within a shaoe-vibrat ional 
band tend to mirror those of the GS band, with some enhance­
ment.  [ In Tables 5-5-5-6, J - and J,  are the GS band 
labels (as they appear in Figure 5.57).  The transit ion 
rate between these levels appears in the "GS" column. The 
t ransit ion between corresponding levels belonging to the 
f i rst  B-vibrat ional band appears in the column labeled 
"g",  and so forth.]  Anomalies in the tables may be traced 
to crossing effects. For example in the y = 15° case, 
the (y + 6) -  band head is in the process°of crossing that 
of the 33 band at = 18. Consequently the B(E2) rate for 
the ->• 0^ t ransit ion within the (y + B) band is modif ied. 
3) Transit ions between bands [Figures 5-30-5.31] are hindered, 
part icular ly i f  the two states involved di f fer in their  
Y-vibrat ional character.  
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B(E2: rates for 2-*0 transitions 
between states of low-lying bands of Hqp 
(uni ts  of  [D | /s ]^)  .  
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Figure 5.30. First-order B(E2) rates for 2-H) t ransit ions between selected 
Hgp states. State labels are J;  ( i lk lowest energy state 
with spin J) and vibrat ional band assignments are indicated. 
Each J = 2 level shown is the f i rst  spin 2 level (ng, my, 
2])  associated with the underlying band head (ng, my, 0]) .  
Transit ions with non-zero values of AS = Ang and/or 
Ay = AnVy. are inhibi ted 
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Figure 5.31. B(E2:2.->0^) for H.p states. See capt ion of Figure 5.30 
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Table 5.5. First-order B(E2) rates for corresponding intraband 
transit ions,and quadrupole moments for corresponding 
J = 2 states. (Go.Yo'Cy) » (3,15°.18). Jj and Jf 
labels for the GS band members are taken from Figure 
5 27. Units for B(E2)'s and QM's are [D)/S]2 and 
[ l67r/53^[Dj/s]  respect ively 
J. Jj. band: GS 6 2g y y+3 2y 
2,-4, 2.05 2.19 2.29 2.48 1.59 2.61 
4,-2, 3.18 3.39 3.62 3.79 3.97 2.58 
3,-22 4.17 4.51 4.87 4.86 4.72 5.32 
5,-5, 2.48 2.66 2.85 2.89 3.08 3.08 
5,^1 .18 .14 .10 .34 .27 .14 
5^-3, .18 .14 .11 .26 .20 .33 
52-4, .0005 .0004 .0003 .0003 .0002 .0001 
52^-. 4.24 4.55 4.88 4.79 5.01 5.20 
7,-5, 3.75 4.00 4.25 4.25 4.48 3.94 
1.88 2.01 2.14 2.17 2.25 2.36 
.  GpG .038 .  023 .074 .053 .095 
0(2, )  -  .89 -  .91 -  .91 -  .99 -  .99 00
 
4(2 ) 
.93 .93 .91 J .01 .75 1.05 
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Table 5.6. First-order B(E2) rates for corresponding 
intraband transit ions, and quadrupole moments 
for corresponding J = 2 states. (Bo.Yo'^y) ~ 
(3,30°,24).  [See capt ion for Table 5.5] 
J.  J- band: 1 f  GS 8 26 Y Y+e 2Y 
2.15 2.20 2.25 2.68 2.80 2.91 
"r^ i  3.27 3.43 3.58 3.94 4.10 3.53 
3,^2 4.25 4.52 4.82 5.00 5.00 5.60 
5,-3, 2.53 2.67 2.71 3.02 3.18 3.29 
0. 0. 0.  0. 0. 0. 
52-3, 0.  0. 0.  0. 0. 0. 
52^1 .064 .030 .012 .044 .011 .061 
^2^*3 4.47 4.77 5.06 5.05 
5.10 5.87 
3.78 3.99 4.14 4.36 4.56 4.29 
2.01 2.10 2.16 2.42 2.51 2.62 
72^5, 0.  0. 0. 0.  0. 0. 
Q(2,) 0.  0. 0. 0. 0. 0.  
Q(22) 0.  0. 0. 0. 0. 0. 
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E. Character ist ics of the Ground State Band 
We have seen that the energy spectrum of H^p may be regarded as a 
col lect ion of rotat ional bands each of which is based upon a J = 0 shape-
vibrat ional state. To a f i rst  approximation, the ent ire spectrum may be 
constructed by placing the GS band atop each of the J = 0 energies. This 
approximation is exact when H^p = i t  is also accurate when V^p 
possesses a sharp non-spherical minimum. In this sect ion we examine 
further the effect upon the GS band of varying the potent ial  parameters 
(Bo' Yq> Cg = 1 is assumed. 
Energy information for GS band yrast states^ (n^, m_^, J .)  = (0, 0,  J^) 
is presented in Figures 5.32-5.39 for spins 0, 2, 3, ,  8. The energy 
of a given state, regarded as a funct ion of two parameters, appears as a 
surface in these f igures. The GRID data has been used with energy 
2 
values at intermediate points obtained by f i t t ing a bicubic spl ine 
through the calculated results.  The fol lowing points are evident.  
Ground state energy. For H^p = Hg, the absolute energy of 0^ 
[Figure 5.32] takes the value 
Ë(0,) = 2.5 
As 6^ increases, in effect widening the potent ial  wel l  radial ly,  Ë(O^) 
fa l ls,  and for = 0 approaches the value given by Equation (5.30a): 
^Here the term "yrast state" is used to denote the lowest energy 
state of Hqp possessing a given value of J. For H_p, yrast states belong 
to the GS band. 
^The IMSL programs IBCICU and IBCEVU (4?) were appl ied. 
Absolute energy of the ground state of Hqp, 0| 
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Figure 5.33. The relat ive eigenvalue [Ë(2^ )-Ë(Oj )  ]  of Hqp as a funct ion of (Po* three 
values of Yq 
Calculated energy of the 2| elgenstate of Hqp 
(relative to the ground state) 
m 
Figure 5.34. The relat ive eigenvalue [Ë(2, )-Ë(0])]  of  Hqp as a funct ion of (Vo, Cy) ^hree 
values of 3^ 
Calculated energies of the 2|, 4j, and 6| states of Hqp 
(relative to the ground state) Cy=40 
Figure 5-35. [ É ( J . ) - Ë (0,) ]  as a funct ion of (3^, y^) for J .  = 2,,  6, ,  and ^0 
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Figure 5.36. [ë(4 ,)-ë(0i)]/[ë(2,)-ê(0,) ]  as a funct ion of (Bo, yq)  for three values of C^. The 
r igid quadrupole rotor value of this rat io,  which depends only upon Yq» appears in 
brackets for Yq = 0°,  15°, 30° 
Reduced energies of the 4|, 6| and 8| states of Hop 
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Figure 5.38. [Ë(3|)-Ê(0|))  (bottom row) and [Ê( 3 | )"Ê(0,)1/[Ê(2,)-Ê{0|))  ( top row) as funct ions 
of (Yg, c^) for three values of 3^ 
ro 
VJ 
Reduced energies of the 3|, 5| and 7| eigenstates of Hqp- Cy =30 
Figure 5.39. [Ë (J; )-Ë(0))] / [Ë(2])-Ë(0i) ]  as a funct ion of (6o« Yq)  '^ i  ~ .  5],  7] ,  and 
Cy = 30 
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Ê(0,) = — + -y [C = 0; large 6]  .  (5-60) 
At = 6, the calculated absolute energy is .529, whi le Equation (5.60) 
yields .528. Narrowing the potent ial  wel l  in the y direct ion by in­
creasing from zero causes Ë(O^) to r ise, part icular ly for small  Yq-
Near = 30°, Equation (5.30b) is expected to become accurate as the 
intr insic shape stabi l izes: at (g^, y^, C^) = (5, 30°, 50) Equations 
(5.30) together predict Ë(O^) = 1.450; diagonal izat ion gives 1.448. 
2^ energy. Increasing raises the effect ive moments of  inert ia 
[Equation (5.21)]  and rapidly lowers the relat ive energy of the rota­
t ional state 2^ [Figure 5.33].  On the basis of Equation (5.38) we 
expect this energy to approach 
e(0, 0, 2^) = -y [C^ = 0; large g^] (5.61) 
when = 0. At = 6, the relat ive energies obtained by diagonal iza-
t ion and by way of  Equation (5.6i)  are .05/6 and .0555 respect ively.  
Increasing then stabi l izes the intr insic shape. This evident ly has 
the effect of further increasing the and lowering the rotat ional f\ 
energies; the r igid approximation becomes accurate. A r ig id quadrupole 
2 
rotor with A /B = 1 and g^ = 6 has relat ive 2^ energies of .028, .032 
and .042 for y^ = 0°,  15° and 30° respect ively.  Diagonal izat ion of H^p 
for (BQ» C^) = (6, 40) in the GRID expansion basis yields .029, .032 
and .045. Further increasing C has l i t t le effect.  The contr ibut ion of 
Y 
2 
the C^(y " Yq)  term to the 2^ relat ive energy may be seen expl ic i t ly in 
Figure 5-34. 
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Even-spin yrast states. As shown in Figure 5 35, the 4^ and 6^ 
relat ive energies behave simi lar ly to that of 2^ under changes of the 
potent ial  parameters. Although the relat ive energies fal l  as 3^ and 
increase, the reduced energies r ise [Figures 5.36, 5 37] approaching the 
r igid values. The r igid rotor reduced energies which appear in the 
f igures are independent of  
Odd-spin yrast states. Belonging to a K = 2 rotor sequence, these 
states exhibi t  a di f ferent dependence upon (g^, C^) than do the even-
spin yrast levels. In part icular the r igid rotor reduced energies are 
inf ini te at = 0°, and H^p reduced energies of J.  = 3^, 5^, 7^, 
s imi lar ly become large as a spheroidal minimum develops. As before, 
increasing lowers the relat ive energies but raises the reduced ones. 
This effect is shown for the 3^ state in Figure 5.38. Reduced energy 
surfaces for odd-spin yrast states are seen in Figure 5.39 to have a 
s imi lar appearance. For y^ = 30°, r ig id rotor reduced energies are 3.00, 
6.00 and 9.6/ for the 3^, 5^ and 7j  states respect ively.  at 
(S^, y^, C^) = (5, 30°, 30) has 3-1, 5-9 and 9-1 for the corresponding 
reduced eigenvalues. However the H^p reduced energies of K = 2 states 
can r ise signif icant ly above their  r igid rotor counterparts for inter­
mediate values of the asymmetry parameter.  For example at y^ = 15°, 
reduced energies of (3^, 5^, 7^) are (7.85, 10.85, 15.15) and (11.1, 
14.0, 18.0) for and H^p [ (g^, y^, C^) = (5, 15°, 30)]  respect ively.  
This effect is also indicated in Figure 5.5 where 3|  crosses 6^ near 
y_ = 17° for H and near 20® for H„„.  
O r\ 
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I t  is interest ing to note that even when = 0 in ,  the expecta­
t ion value of B is non-zero,and increasing effects the development of  
rotat ional bands. This phenomenon is demonstrated by Figure 5.40 in 
which the spl i t t ings of the N 4 Hg energies are shown. For f ixed C^, 
the degree of spl i t t ing increases as decreases. This is expected on 
the basis of Figure 5.1. Notice that as increases, the y-vibrat ional 
band head, which develops from [N, I ]  = [3, 3] ,  r ises rapidly above other 
members of  i ts ^-mult iplet.  This also occurs for non-zero values of 
Trends in the H^p energy spectrum are further i l lustrated in Figures 
5.41-5.46. The behaviors of selected eigenvalues under parameter var ia­
t ions are shown, with the lowest g and y-vibrat ional energies appearing 
as dashed curves. The f igures have been constructed on the basis of the 
GRID calculat ions and may be br ief ly summarized as fol lows. 
Variat ions of 6 .  Increasing 6 with (y ,  C )  f ixed increases the 
o ^ o o Y 
ef fect ive moments of  inert ia,  thus lowering GS band relat ive energies. 
Beyond 6^ = 3, the energies of the g-vibrat ional band heads are not 
great ly effected; however, y-vibrat ional relat ive energies drop rapidly 
with increasing [Recal l  the 1/g^ dependence of in Equation 
2 (5.30b).]  The decl ine in the relat ive energy of 2^ ["u = l /g^] causes 
the reduced energies of al l  shape-vibratîonaÎ states to r ise rapidly.  
For large g^ further increases of the parameter have l i t t le effect upon 
the reduced spectrum of the GS band. 
Variat ions of C .  Increasina C with (g ,  Y )  f ixed lowers the y "y o o 
relat ive energies of GS band K = 0 states; other GS band members general ly 
have their  relat ive energies raised for y^ ^ 20°. e( l ,  0, 0^) is quite 
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of the y-vibrat ional band head or iginat ing from (z, J) = (3» 0) 
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compresses the GS-band energies 
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sharpens as Cy I  s increased. The relat ive energy of Og is seen to be quite 
insensit ive to changes in Yq and Cy 
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Figure 5.45. Reduced-energy version of Figure 5.44. [Ê(J[)-E(0|) ] / [Ë(2])-Ë(0))]  is shown as 
a funct ion of Yq foe «' i  = 0),  2] ,  3) t  .  . .  ,  8], 10] ,  and for the g and y-vibra-
t ional band heads 
2,4,5,8^  
0.3.4,6 
10 20 30 40 50 60 70 
Cv 
0.3.4.6 
10 20 30 40 50 60 70 
ro 
Is) 
Figure 5.46. Relat ive and reduced energies as funct ions of Cy for selected states of Hqp 
[J. = Op 2^-2^, 5p (>y 8j ;  Og and 0^] 
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insensit ive to the term [^(y -  YQ)^- e(0, 1, 0^) r ises as ei ther is 
increased or is decreased. Reduced energies of al l  states above 2^ 
general ly r ise as is increased; those of the GS band approach r igid 
rotor values when is also large. 
For intermediate values of 6^ and C^, the GS band spectrum may 
di f fer signif icant ly from that of an A-type r igid rotor.  In such cases 
centr ipetal  stretching does not act simply to increase the effect ive 
value of 6^. This may be seen in Table 5.7- For four GS band members 
[n^ = m^ = 0; J.  = 2^, 4^, 2^, 3^] and for several values of y^),  
the quanti ty 
6p^(J.)  2 value of deformation for which [with = 1] (5.62) 
has the same relat ive eigenvalue as for the state J.  
has been computed. C was f ixed at 40, and the value of y used in H Y OK 
was that appearing in V^p. As enlarging the expansion basis changes H^p 
calculated eigenvalues and hence al ters 20 and 25-phonon diagonal iza-
Lions are compared in the table. K = 0 rotat ions of an axiel iy-
symmetr ic prolate nucleus can be expected to enlarge the mean deformation: 
for the 2^ and 4^ states [K = 0] at = 0° we f ind 
For asymmetr ic shapes however, may be larger or smal ler than S ,  and 
the di f ferent categories of rotat ion [K = 0, K = 2] evident ly lead to 
di f ferent stretching effects. Of course small  changes in <Y> can 
dramatical ly effect K ^ 0 rotor energies. Thus the calculat ion of <3> 
226 
Table 5-7. Calculated value of 6r(Jj)  [Equation 5.62] 
for four Hqp states belonging to the GS 
band. Cy=hO in al l  cases 
V 
=0 
'3 So= =6 
^o 
J.® N :  
1 max 20 25 20 25 20 25 
2l  1.88 1.88 3.41 3.42 5.87 6.01 
0" 1.99 1.99 3.46 3.47 5.94 6.02 
^2 
GO 00 00 GO CO 
3l OO CO CO 00 00 
2, 1.63 1.63 3.18 3.18 5.83 5.92 
10° 1.79 1.79 3.25 3.26 5.89 5.93 
22 2.38 2.38 3.40 3.40 5.09 5.10 
3l  2.36 2.36 3.41 3.41 5.13 5.14 
2i  1.42 1 .42 3.03 3.03 5.85 5.87 
20® h 1.63 1.63 3.11 3.11 5.85 5.86 
^2 1.50 1.50 2.66 2.66 5.21 5.22 
3] 1.55 1.55 2.76 2.76 5.33 5.34 
2, 1.32 1.32 2.92 2.92 5.77 5.78 
o
 0 \ 1.52 1.52 3.06 3.06 5.84 5.84 o 0 
22 1.82 1.82 2.86 2.86 5.68 5.69 
3] 1.43 1.43 2.93 2.93 5.70 5.72 
^Ful1 state labels are (n^, m^, J.)  = (0, 0, J j) .  
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and <Y> for eigenstates would be helpful in clarifying the stretching 
phenomenon. 
The GRID calculat ions indicate that the A-type rotor sum rules hold 
for H^p GS-band states in the l imit of large and C^. For example the 
f i rst sum rule in Equations (5-20) may be writ ten as 
r  = 1 (5.63a) 
ë(0, 0, 2.) + i (0, 0, 2 ) 
r  = Î — .  (5.63b) 
e(0, 0, 3,) 
Equation (5.63a) holds for H'.  Over the course of Stage I  calculat ions D 
r decreases, approaching .77 from above as 6^ tends to inf inity. As 
2 C^(y - YQ) is added to the Hamiltonian, r  r ises and may exceed unity for 
intermediate values of C [at (B , Y  » C )  = (3, 30°, 40), r  = 1.03]. 
Y o o Y 
B(E2) values for representative transit ions between eigenstates of 
HQP are presented in Tables 5.8-5.11 for twenty-seven sets of the 
parameters (B^, Y^» C^). The GRID data set has been employed in the 
construction of these tables. Calculated values are consequently not 
always converged to the three decimal places l isted; however, they wi l l  
be suff icient for our purposes. The thirteen tabulated transit ions are 
schematical ly indicated in Figure 5-47. Those connecting GS-band 
members may be classif ied according to their dependency upon YQ for 
large (6^, C^)-
1) Type I  transit ions have values of B (E2 :  J .->-J,) which are on 
the order of one [ in units of B (E2 ;  2.->0^ j  ]  for al l  y on 
[0°, 30°]. These transit ions have strong counterparts in 
Hg, and obey the selection rules 
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TAR!!! ATCn TPAMCj-rioîsi RATES I I L.L/ I 
715,5] 
2'[3 J] 
5 [4.4] 
(-I)*0f HQP 
'State QtyySO* 
^labels of 
Hg seed state 
w 30 
0+[ô^ 
K«0 K « 2  
0+ [2,2] 
I— ^-bond 
FG : I— order transition 
forbidden for Hg 
order transition 
forbidden for HQP 
when 70=30® 
GS-bond transition types when VQP has a steep minimum 
Type I : B(E2)~ I for all [in units of B(I2:2,->(^] 
TypeE: B(E2)~I for (30®)*,-0 for %=3(y (CM 
Type HI: B(E2)«I for all 
Figure 5.47. Transit ions for which B(E2:J;-^Jf) is tabulated as a 
function of (g^, YQ> C^) [Tables 5.8-5.11] 
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AK = 0 ,  (5.64a) 
A& = ±1 [Hg seed states] .  (5.64b) 
!n addit ion to the six GS-band transit ions indicated in 
Figure 5-47, (4^-»-2g) and (S^^g) also of type I .  
2) Type I I  transit ions are characterized by a strong dependence 
upon YQ .  One or the other of Equations (5.64) is not 
satisf ied, and B(E2) ranges from ^,1 at one extreme of y to 
^,0 at the other. Recall  that at y = 30° the f i rst order 
transit ion is forbidden unless the 2-parity changes sign: 
A[(- l)^] = ±2 (y^ = 30°) .  (5.65) 
Near Yq ~ 0° only transit ions obeying Equation (5.64a) are 
found to be appreciable. (4„->-4,) and (42^3,) are of type 
i l .  The f i rst of these, l ike (A|^3l) ana (^^^2^) in 
Figure 5.47, violates only Equation (5.64a) and is large 
only near = 30°. ^^2 1^ exhibits the opposite behavior. 
3) Type i l l  transit ions violate each of Equations (5.64). 
(3,-^2,),  (22-^)]),  (4,^2 ) ,  (4^2.) ,  and (61^42) of the GS 
band are al l  of this type. Tneir B(E2) values are 'vO near 
the YQ extremes and achieve only moderate values elsewhere. 
The effect of violat ing either of Equations (5.64) may also be gauged by 
reconsul t ing Figures 5.27-5.29. 
The dependence upon may be expl ici t ly seen in Figures 5.48 and 
5.49 for several of the tabulated transit ions. For f ixed (g^, >> 1), 
the 2^ member of the GS band [(0, 0, 2^)] wi l l  r ise in energy above the 
S-vibrational state (1, 0, 2^) as y^ is decreased from 30°. [For example, 
see Figure 5.41.1 Interference effects in the vicinity of the attempted 
crossing alter each of the two states and consequently affect transit ions 
to them. This leads, for example, to the kinks observable in the (2g->0^) 
Rates for E2 transitions within the ground state band 
(first order) 
2.0 
H-
?2 
CM 
30' 20* 20 
Figure 5.48. B(E2) values and rat ios for selected transit ions connecting GS-band eigenstates 
of Hqp. Ful l  state labels are (ng=0, m^=0, J.) 
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First order B(E2) ratios for transitions 
within the ground state bond 
.20 
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E(2| of /9 bond) 
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E(22 of GS band) 
76 
Figure 5.49. B(E2) rat ios for selected Hqp GS-band transit ions [Type 
I I  (22^2], )  and Type I I I  (22^1, 3 ]  ]  )  ]  
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2 B(E2 :  J for GS-band Hqp transit ions in units of [D]/s] 
S: 
0 
0°  
20 
0' 
20 
10° 
20 
20' 
20 
30' 
40 
0° 
40 
10' 
40 
20° 
40 
30° 
0.500 0.749 0.621 
1.148 1.591 I.38I 
3.308 3.677 3.404 
1.000 1.271 1.136 
1.973 2.451 2.203 
4.902 5.368 5.023 
1.500 1.699 1.589 
2.693 3.000 2.793 
5.977 6.128 5.824 
0.333 0.072 0.126 
0.598 0.082 0.154 
1.328 0.104 0.212 
0.000 0.089 0.099 
0.000 0.141 0.181 
0.000 0.227 0.348 
1.050 1.204 1.098 
1.766 2.064 1.868 
3.592 3.957 3.664 
1.714 1.914 1.791 
2.747 3.101 2.878 
5.218 5.664 5.315 
0.527 0.518 
1.203 1.227 
3.164 3.447 
1.048 1.030 
2.037 2.067 
4.815 5.003 
1.546 1.577 
2.738 2.892 
5.865 6.384 
0.277 0.483 
0.432 0.997 
0.830 2.533 
0.079 0.000 
0.204 0.000 
0.535 0.000 
1.050 1.058 
1.756 1.786 
3.476 3.639 
1.730 1.725 
2.760 2.774 
5.136 5.269 
0.941 0.744 
1.837 1.527 
3.921 3.529 
1.492 1.251 
2.761 2.363 
5.697 5.175 
1.891 
3.284 
6.453 
1.671 
2.914 
5.947 
0.042 0.081 
0.051 0.104 
0.068 0.156 
0.073 0.094 
0.107 0.157 
0.168 0.293 
1.436 1.218 
2.385 2.046 
4.316 3.865 
2.181 1.919 
3.487 3.069 
6.130 5.546 
0.583 0.561 
1.288 1.359 
3.257 3.576 
1.095 1.093 
2.120 2.205 
4.939 5.133 
1.584 
2.810 
6.001 
1.6/4 
3.068 
6.5/8 
0.244 0.594 
0.402 1.197 
0.860 2.785 
0.105 0.000 
0.227 0.000 
0.538 0.000 
1.076 1.074 
1.803 1.826 
3.527 3.706 
1.762 1.749 
2.807 2,823 
5.188 5.346 
N> 
oj N> 
Table 59. B(E2:J;^Jf)/B(E2:2)^0]) for GS-band, Hqp transit ions. See caption of Table 5.11 
for an explanation of values in ( ) ana "a" 
J.->Jf 
s-^1 
4,^1 
3l"2l 
7l"5, 
C :  0 V 20 20 20 20 40 40 40 40 
o
 
-
o
 
o 0° 10* 20°  30° 0° 10° 20° 30° 
0 2 .000  1*698  1 .830  1 .988  1 .990  1 .585  1*681  1 .877  1 .949  
2 1 .718  1*540  1 .595  1 .694  1 .685  1  . 503  1  .547  1 .647  1 .623  
4 1*482  1*460  I . .  476  1 .522  1 .451  1 .453  1 .466  1 .516  1*435  
(1.43 1.44 1.52 1.38) 
0 3 .000  2*269  2 .559  2 .934  3 .045  2 .008  2*247  2*716  2*985  
2 2*345  1*885  2. 023  2*277  2*357  I*  788  1*908  2 .182  2 .258  
4 1 .607  1*667  A.711  1 .854  1*852  1*646  1*685  1*843  1*839  
(1.57 1.59 1.74 1.73) 
0 0 .667  0 .096  0 .202  0 .526  0*932  0 .045  0 .109  0 .419  1*058  
2 0 .521  0 .052  0*111  0*359  0*813  0*028  0 .068  0 .312  0*881  
4 0*401  0 .028  0*062  0*262  0*735  0*017  0 .044  0 .264  0 .779  
(0.0 0.005 0.338 0.78) 
0 0*000  0 .119  0*  160  0*149  0*000  0*077  0*126  0*180  0*000  
2 0 .  000  0 .088  0 .131  0*169  0*000  0 .058  0 .103  0*  176  0*000  
4 0*000  0 .062  0 .  102  0*169  0*000  0*043  0*083  0*165  0 .000  
(0.0 0.014 0.13 0.0) 
0 2*100  1 .607  1 .768  1*992  2*042  1 .525  1 .637  1*  845  1*916  
2 1*538  1 .297  1*353  1*460  1*456  1*298  1 .340  1*400  1*344  
4 1 .086  1 .076  H.076  1 .098  1 .056  1 .101  1 .095  1*083  1*036  
(0 .955a  0.955 0.955 0.955) 
0 3*429  2 .556  2 .  886  3 .284  3 .332  2 .317  2 .580  3 .020  3 .119  
2 2*3192  1 .949  2. 084  2 .295  2 .261  1 .898  2 .010  2 .  180  2*077  
4 1*«77  1 .540  1 .561  1 .623  1 .529  1*563  1 .571  1 .593  1*495  
(1 .319a  1.321 1.346 1.310) 
Table 5.10. B(E2:J|^Jf) for Hqp transit ions In units of [DI /5]2. [§ specif ies the Hqp-»Hqp 
transformation.] Values marl<ed by *  are Inf luenced by the energy crossing or 
GS 22 = (0, 0, 22) v/ l th other J = 2 states 
C :  0 
Y 
20 20 20 20 40 40 40 40 
JL-^JF 
^0 
Y^: 0» 0° 10° 20° 30° 0° 10° 20° 3  0° 
GS GS 0 0*000 0.046 0.050* 0.032 0.000 0.039* 0.048 0.044 0.000 
V®1 2 0.000 0.077 0.109* 0.099 0.000 0.059* 0.086 0.114 0 .  000 
4 0 .000 0.128 0.189 0.295 0.000 0.093 0.154* 0.297 0.000 
3 GS 0 0.000 0.009 0.000* 0.002 0.000 0.021 0.010 0.005 0.000 
2 0.006 0.037 0.015* 0 .  01 8  0.007 0.045 0 .  034 0 .023 0.011 
4 0.051 0.069 0.071 0.059 0.050 0.071 0.077* 0.059 0.056 
GS GS 0 1 .000 0.114 0.134* 0.502 1.025 0.074* 0.121 0.351 1.090 RO 
22-2,  2 1.973 0 .  149 0.202* 0.647 2.059 0.102* 0.175 0.520 2.214 VaJ 
4  4.902 0.215 0.394 1 .128 5.035 0.149 0.316* 1.099 5.213 
3 GS 0 0.000 0.083 0.139* 0.017 0.000 0.078 0.079 0.034 0.000 
= ,"2,  2 0.000 0 .111 0.155* 0.066 0.000 0.106 0.109 0.080 0.000 
4 0.000 0.133 0 .  123 0.108 0.000 0.129 0.112* 0.106 0.000 
GS GS 0 1.071 1.945 1.459* 1.457 1 .440 2.486* 2.008 1.685 1.618 
3,+ =2 2 1.923 3.586 2.962* 2.740 2.769 4.278* 3.563 2.991 3.021 
4 4.269 7.184 6.535 5.929 6.352 7.933 7.036* 6.217 6.623 
GS 3 0 0.000 0.041 0.232* 0.001 0.000 0.029 0.056 0.005 0.000 
3,+ : ,  2 0.000 0.032 0.185* 0.013 0.000 0.026 0.054 0.045 0.000 
4 0.000 0.016 0.009 0.037 0.000 0.017 0.003* 0.047 0.000 
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B(E2:J;^Jf)/B(E2:2]+0]) for HQP transit ions. Values in ( )  are r igid rotor 
rcit ios (9, 51, 55). Values in < > are those of the Davydov-Chaban (DC) model 
(55) with 1/y = 4 [which corresponds to 3o = in H^p]. Rotor and DC rat ios 
are evaluated at the appropriate value of Yq» with the exception of entr ies 
marked "a" which correspond to Yq " 3" 
o
 
-
<
 o
 
2 0  20  20  20  40  40  40  40  
Y :  0°  
o 
0°  10°  20°  30°  0°  10°  20°  w
 
o
 
o 
0 .000  0 .062  0 .081  0 .061  0 .000  0 .041  0 .065  0 .075  0 .000  
0 .000  0 .049  0 .079  0 .082  O.OOO 0 .032  0 .056  0 .089  0 .000  
0 .000  0 .035  0 .  056  0 .093  0 .000  0 .024  0 .044  0 .091  0 .  000  
(0 .0  .029  .072  0 .0  )  
0 .000  0 .012  0 .000  0 .003  0 .000  0 .023  0 .014  0 .008  0 .000  
0 .005  0 .023  0 .011  0 .015  0 .005  0 .024  0 .022  0 .018  0 .008  
0 .015  0 .019  0 .021  0 .019  0 .015  0 .018  0 .022  0 .018  0 .016  
< •024a  .023  .022  o021  >  
2 .000  0 .153  0 .215  0 .953  1 .980  0 .078  0 .162  0 .602  1 .943  
1 .718  0 .094  0 .146  0 .53  8  1  . 678  0 .055  0 .115  0 .404  1 .629  
1 .482  0 .058  0 .  1  16  0 .357  1 .461  0 .038  0 .090  0 .338  1 .458  
(0 .0  .052  .383  1 .43  }  
0 .000  0 .111  0 .224  0 .032  0 .000  0 .083  0 .107  0 .058  0 .000  
0 .000  0 .070  0 .  112  0 .055  0 .000  0 .058  0 .071  0 .062  0 .000  
0 .000  0 .036  0 .036  0 .034  0 .000  0 .033  0 .032  0 .033  0 .000  
< .043a  .043  .035  0 .0  >  
2 .143  2 .598  2 .351  2 .785  2 .782  2 .640  2 .700  2 .889  2 .885  
1 .675  2 .253  2 .145  2 .278  2 .257  2 .329  2 .333  2 .323  2 .223  
1  . 290  1 o954 1 .920  1 .874  1 .843  2 .023  1  . 994  1 .909  1 .852  
(1 .786  1 .821  1 .790  1 .786)  
0 .000  0 .055  0 .374  0 .003  0 .000  0 .030  0 .075  0 .009  0 .000  
0 .000  0 .020  0 .134  0 .01  1  0 .000  0 .014  0 .035  0 .035  0 .  000  
0 .000  0 .005  0 .003  0 .012  0 .000  0 .004  0 .001  0 .015  0 .  000  
<  .003a  .010  .009  0 .0  >  
236 
and curves of Figure 5.49.^ Tabulated values of transit ion 
rates which are strongly inf luenced by crossing phenomena have been 
marked by asterisks. 
With C f ixed at zero, increasing 3 results in an increase in the 
Y o 
B(E2) value of any transit ion obeying Equation (5.64b). The increase is 
part icularly marked for (2^-X)^) and results in rat ios B(E2:J.->-J^)/ 
B(E2:2|^0j) which fal l  as 3^ r ises. When both J. and belong to the 
GS band, this rat io approaches the r igid rotor value as and 
increase. B(E2) rat ios for the r igid quadrupole rotor (9, 51, 55) are 
independent of 6^ and appear within parentheses in Tables 5-9 and 5.11. 
Three transit ions connecting the GS band with the 2^ g-vibrational 
state have also been tabulated: [2^ (6)-*0^ (GS) ] ,  [2^ (b)-»-2^ (GS) ] ,  and 
[3^ (GS)->-2^ (B) ] .  These have no counterpart in the r igid rotor model and 
are [ to f i rst order] forbidden when H^p = Hg. For other values of 
(B^, C^), B(E2) values for the three transit ions may be seen to be 
relat ively small .  Only the [2^ (B)->0^ (GS) ]  transit ion satisf ies Equation 
(5.65) and is al lowed at = 30". As might be expected, i ts 5(E2) 
value is fair ly independent of y^ for large (B^, C^). The same is true 
of [2^ (B)-^2^ (GS) ]  i f  YQ is not near 30°. 
There are many other topics deserving of pursuit which could r ight­
ful ly be included in this chapter. As already mentioned, calculat ions 
^In Figures 5.48 and 5.49 the ful l  state labels are (0, 0, J.),  
(ng, m^) are also deleted in Tables 5.8-5.11. There the symbols "GS" 
and "B" are used to denote the bands involved. 
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of the expectation values <G>, <Y>, <(6 -  <B>) > and <(Y - <Y>)> would 
be useful in detai l ing the manner in which rotat ional energies approach 
the r igid spectrum. K-decomposit ions of the (n^, m ,  J.) as functions of M y ! 
(B^, C^) could indicate the relat ionship between the label K employed 
within this chapter and the rotat ional quantum number of the same name. 
The effect of the parameter part icularly upon J = 0 energies, 
remains to be investigated. A thorough comparison of H^p model propert ies 
with those of the Davydov-Chaban (10), Davydov (14) and rotor-vibrator 
(11) models would be an ambit ious undertaking, yet necessary to a truely 
complete discussion of H^p. A f i rst step in the study of double-minima 
potentials could be taken by simply al lowing in H^p to be negative. 
The potential syrmetries [Equation (5-1)] then force simultaneous prolate 
and oblate minima at y = 0° and 60° respectively i f  y^ 5^ 0°, 60°. 
The t ime has come, however, to make some contact with real i ty. In 
the present chapter we have achieved a suff icient overview of H^p 
propert ies to permit the intel l igent application of the quadratic poten­
t ial  model. This new phase begins in the f inal chapter. 
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VI. QUADRATIC POTENTIAL MODEL: APPLICATIONS 
In a given application of the quadratic potential model, the three 
parameters of [C. = 1, C_ =0] may be determined by optimizing the 
Ur p PY 
agreement between model and experimental reduced energies. This may be 
accomplished by coupling the diagonalization procedure to a suitable 
f i t t ing routine. In the present work, the optimal set (3^, C^) is 
defined as that for which 
_ n [6 -  Aw e 
ch|2 = 1 £ -3 5 3— (6.1) 
" q-i e! 
is a minimum. Here q dist inguishes the n experimental excited states 
which contr ibute to the f i t t ing process, and the definit ions 
6^ 5 exp. energy of state q relat ive to the GS, 
e = Ê -  = relat ive H__ eigenvalue of the corresponding q q Uo t i r  
model state, 
are assumed. Aw is an overal l  energy scale factor for the model spectrum. 
For a given set (3^, C^), Aw is determined by the requirement 
11=  ^ = 0 (6.2) 
9 [Aw] 
to be 
= 5—5— .  (6.3) 
q 
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Hence chi is regarded as a function of (B^, C^) only, and the 
f i t t ing process reduces to a search for i ts absolute minimum. The 
search is performed by the computer code STEPIT (56), and terminates 
when variat ions of the three parameters become suff iciently small  between 
2 
successive evaluations of chi .  The f i t t ing process is described 
schematical ly by Figure 6.1a. 
2 Locating the chi minimum to within .1% in each of the three 
parameters can require the computation of as many as 150 model spectra. 
This can be quite costly i f  diagonalization is used to calculate model 
energies. For this reason an alternative method of obtaining eigen­
values was developed. Approximate relat ive energies are calculated by 
interpolat ing between model eigenvalues gathered during the GRID compu­
tat ions of Chapter V. The method is i l lustrated by Figure 6.1b. There 
the calculat ion of e(J.) is described for the case (6 ,  y ,  C ) = (.5, 
1 o o Y 
I" ,  7) = p. In the situation shown, p is located near a corner of the 
GRID latt ice. In general as many as four planes, S., and sixteen points 
in each plane may contr ibute to the evaluation of e(J.) at p. The IMSL 
codes IBCICU and ICSICU (4?) were used in the calculat ion of the bicubic 
and cubic spl ine functions which replaced port ions of the GRID data. 
The entire f i t t ing procedure, incorporating the interpolat ion process, 
requires '^^45 seconds of IBM 370/158 computing t ime in a typical appl ica-
2 t ion [150 evaluations of chi ;  n = 20]. The search for the optimal set 
2 (gg, YQ» C^) is always preceeded by the evaluation of chi at each of 
the 728 GRID latt ice points. The result ing map proves invaluable in 
2 locating val leys and relat ive minima in the chi hypersurface. 
(3TÂRf>— 
(a) ENIERGY FITTING 
PROCESS 
STEP ïl 
Choose (/9o»yo»Cy) - End search when (/SotyofCy) Is sufficiently 
near the chi^ minimum determine Hqp 
relative eigenvalues 
e(Ji) 
I 
calculate: 
optimal nw, 
ch|2 
(b) ENERGY INTERPOLATION METHOD: AN EXAMPLE 
S3 (Cy=20) 
S2 (Cy=IO) 
Si (Cy=0) 
To f i nd  e (J } )  a t  the  po in t  
P = (Bo' S' ° ( 5' 2°' 7): 
(1 )  I t  i s  assumed tha t  the  va lue  o f  
ê ( J j )  i s  known fo r  the  (6©.  \o ,  
paramete r  se ts  assoc ia ted  w i th  each  
)a t l i ce  po in t  shown.  
(P rov ided  by  the  GRID ca lcu la t ions . ]  
(2 )  Wi  t h in  each  p lane ,  S^ ,  a  b i cub ic  
sp l ine  func t ion ,  BCS|^ (6o .  Yo) ,  i s  
de te rmined .  I t s  va lues  a t  l a t t i ce  
po in ts  i n  the  p lane  a re  the  appro ­
p r ia te  ê (J j )  o f  s tep  ( I ) .  
( 3 )  The approx imate  va lue  o f  ê (J ; )  a t  
po in t  \  is  found  by  cva luaCina  
BCS^ a t  (0^ ,  Y^ )  -  ( . 5 ,  2M.  
(A)  A  cub ic  sp l ine  func t ion ,  C5(Cy) ,  i s  
cons t ruc ted  to  represen t  ê (J ; |  fo r  
paramete r  se ts  on  the  dashed  I  inc .  
I t s  va lues  a t  the  a re  those  found  
i n  s tep  (3 ) .  
(5 )  C S ( C y )  eva lua ted  a t  po in t  p  ( i . e . ,  
a t  Cy  
a t  p .  
O 
Figure 6.1. Energy f i t t ing procedure (a) and theoretical energy interpolat ion methôd (b) 
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Furthermore, start ing values of (6^, y^, C^) for the parameter search 
can be wisely chosen on the basis of this information. 
Extrapolat ion outside of the GRID latt ice [Figure 5-3] was not 
attempted. Within the latt ice, test calculat ions indicated that inter­
polated eigenvalues usually dif fered from their diagonalized counterparts 
by less than 1%. The largest dif ferences occurred in the calculat ion of 
nearly degenerate energies of states of l ike spin. The errors were 
part icularly large when the minimum of 
Ae = e(J.+j) -  e(J.) 
occurred well  between latt ice points. [Small values of Ae are associated 
with the attempted crossing ( in energy) of two states of dif fering shape-
vibrational characters.] When the GRID interpolat ion procedure was 
considered unrel iable, model spectra were determined from 15~phonon 
diagonalizations. At the conclusion of every f i t t ing process, f inal 
values for the e^ were obtained from a large basis diagonalization of 
r i^p. The associated cpt:-.al value of was thsr; found fro.Ti Equation 
(6.3). 
Referr ing to Equations (5.4)-(5.9) [or to Figure 3-2 in the more 
general case] i t  is clear that the original Hamiltonian [H^p] may be 
recovered from i ts reduced form [H^p] i f  the energy factor [Aw] and 
deformation scal ing constant [s] are known. That is, from 
YQ.  c^, [Cg = 1, = 0],  Aw, i }  
we may f ind 
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»2= (bo, 9o. Cy, Cg, [Cgy = 0], B} 
All members of ,  with the exception of s, are determined by the energy-
-k level f i t t ing process. The latter constant appears in the factor D^/s 
which connects matrix elements of the k-th order E2 operator with 
dimensionless matrix elements whose values depend only on the 
problem [Equation (3.57)].  Hence i f  H^p is f ixed, s may be found by 
equating one model B(E2) or quadrupole moment to the experimental value. 
The determination of the constants is part icularly straight­
forward i f  the theoretical value of B(E2:2^->0^) in f  i  rst order is set 
equal to the experimental reduced transit ion rate. In this case i t  is 
useful to define the dimensionless quanti t ies: 
2 b^^ E experimental value of B(E2:2^^0^) in units of (e*barn) (6.4a) 
b^^ 5 f i rst order model value of B(E2:2^-»0^) in units of [D^/s]^ (6.4b) 
F 5 value of Aw in units of MeV (6.4c) 
r 3ZeR; -| 
DI E value of D, = in units of (e-barn) .  (6.4d) 
' L ' 4% J 
I f  we obtain from the nuclear mass number A by 
= 1.2A^^^ Fermi ,  (6.5) 
then 
D j = ^ Z A 2 / 3  ,  ( 6 . 6 )  
and 
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s = 
b 
ex 
D| .  (6.7) 
The f ive non-tr ivial members of are then found to be given by 
b = B /s (6.8a) 
o o 
g^ = YQ (6.8b) 
c = C F • [1 MeV] (6.8c) 
T T 
c = s^F • [1 MeV] (6.8d) 
P 
- 2  
B = .43325133-^ • [ lo"^^ MeV • sec^] (6.8e) 
I f  both f i rst and second order terms are retained in the model expression 
for B(E2:2^^0^), only Equation (6.7) requires modif ication. In that 
event, equating model and experimental values leads to 
, Dim D'm 
= (6.9) 
as the determining relat ionship for s, where the addit ional definit ions 
m^^ 5 model value of <$j _Q =2 ^ '  k = 1 ,  2 (6.10) 
f  1 i l  
[computed from Equation (3-60) for the H^p problem] ,  
Di E D; (6.11) 
 ^ /7Ô7 ' 
have been introduced. Equation (6.9) reduces to Equation (6.7) when m^ 
is neglected and the identi ty 
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2J + 1 
bth = IJT-f-r (6-1:) 
I 
!  S used. 
Experimental B(E2) values and quadrupole moments do not directly 
contr ibute to the determination of the optimal y^, C^) set. During 
the energy-f i t t ing process, al lowed model asymmetry extends only over 
0° ^ Yg < 30°. When f i t t ing has been concluded, the sign of the experi­
mental Q(2^) determines i f  ref lect ion of V^pfg',  y) about y = 30° is 
necessary. [Such a ref lect ion leaves model energies unaltered but 
reverses the sign of ( f i rst order) model quadrupole moments.] Having 
f ixed H^p, ( f i rst order) B(E2) transit ion rates are determined to within 
a factor which depends upon s. This f inal constant may be found by 
employing either of Equations (6.7) or (6.9). As always B(E2:J.^J^) 
wi l l  be specif ied for the J. > J_ transit ion unless otherwise indicated. I  — f  
With the aforementioned computational techniques as prologue, the 
f inal three sections of the thesis proper report on applications of the 
quadratic potential (QP) model to eight nuclei.  '^^Pd, which original ly 
motivated the Chapter V study of model propert ies, is considered in 
Section A. Within the framework of the QP model, i t  proves impossible 
to account for the entire low-energy spectrum of ^^^Pd. When attention 
is restr icted to the S^ levels in Figure 1.1, the Dsvydcv-Chaban (DC) 
model f i t  to the experimental energies may be improved, but y-vibrational 
166 182 
energies are then found to be quite high. High-C^ [  Er, W] and 
122 1ow-C^ [  Te] appl ications of H^p are discussed in Section B. For the 
f i rst two nuclei,  QP model appl ications encounter parameter ambiguit ies. 
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122 
and the DC model appears to be sl ightly superior. In Te, however, 
Y vibrat ions prove necessary for an adequate accounting of the low-energy 
experimental spectrum. QP and Gneuss-Greiner (GG) model parameters and 
predict ions are compared for this nucleus. The f inal section treats four 
osmium isotopes which l ie in the transit ion region dividing deformed 
208 [150 A ^ 180] and spherical [near Pb] nuclei.  For each of 
186, IBS, 190, 192^2 QQ and QP model appl ications are compared; the 
latter offers an improved reckoning of experimental energies, but 
neither model proves to be very satisfactory. For each of the four 
isotopes, the most effect ive version of the Q,P model interprets the 
states 0^ and 0^ as B and y vibrat ions respectively. These model calcu­
lat ions indicate that nuclear deformation decreases and BF z-axis 
186 
asymmetry increases as neutron pairs are added to Os. 
QP and DC model results are compared for seven of the eight nuclei 
166 182 treated in this chapter. DC model calculat ions for Er, W and 
186, 188, 190, 192^2 were performed by Dr. Stanley A. Wil l iams (55), and 
the '^^Pd results have been taken from (12, 57). In each case the three 
DC parameters of Equation (1.2) were determined from experimental 
energies by minimizing an expression similar to that of Equation (6.1). 
2 -Since [A /Bc„] is effect ively unity in the nonadiabatici ty parameter p y.» 
V! may be directly compared •.-. '• th l /g^; and the energy scale factor 
play identical roles in each model. Energy rat ios for A-type states of 
the r igid quadrupole rotor are occasionally ci ted for purposes of com­
parison. In al l  cases, the rat ios have been deduced from the tables of 
R. B. Moore and W. White (54). 
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In Chapter I  the hope was expressed that the theoretical interpreta­
t ion of the ^^^Pd spectrum, offered in (12), could be completed by an 
application of the QP model. In part icular i t  was hoped that y vibrations 
could supply the addit ional J = 0 states at 1134 and 1706 keV in Figure 
1 .1. I t  would be necessary for the energy separation between adjacent 
y-vibrational band heads to decrease as m^ r ises. Furthermore, the 
col lect ion of rotat ional and g-vibrational states [Davydov-Chaban 
sequence] based upon a y vibrat ion would be required to have a similar 
energy structure to that based upon the ground state. Both features 
have been observed in the H^p studies of Chapter V [see Figures 5-23-
5 . 2 6 ] .  
The result of the ini t ial  application of the QP model to the ^^^Pd 
experimental spectrum is summarized by Figure 6.2. The GRID f i t t ing 
procedures were used to adjust the H^p parameters and overal l  scale 
factor so as to provide a best f i t  to the J = 0, 2, 2, 4, 3, 6, 8 
sequence shown. These seven states were presumed to belong to the GS 
rotat ional band [n^ = m^ = 0]. The optimal set C^, Aw) was 
found to equal (2.24, 27-46°, 44.74, 1.953 MeV), and a subsequent 20-
phonon, s = 1 diagonalization of the corresponding Hamiltonian produced 
the theoretical port ion of Figure 6.2. The lowest g vibration was 
predicted to l ie at 2257 keV, within 1% of the 2278 keV J = 0 state 
designated in (12) as the experimental g vibrat ion. The f i rst 
y-vibrational J = 0 state was predicted to have an energy of 6033 keV, 
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Figure 6.2. Application of Hgp to Pd [6o=2.24, YQ=27.46°, Cy=44.74, 
Aw=l.953 MeV]. The experimental levels used in the deter­
mination of model parameters are shown at left .  Some of the 
other experimental levels are also indicated as well  as the 
model predict ions for shape-vibrational energies 
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considerably above the second B vibrat ion, and several t imes the energy 
of the 1134 keV experimental state. 
From the calculat ions of Chapter V, i t  is clear that the f i rst 
excited J = 0 state of H^p wi l l  be a y vibrat ion only i f  0^ is relat ively 
2 large and -  y^) is small .  The smallest value of for which this 
is possible may be found from Figure 5.6. The J = 0 state originating 
from [N, SL] = [2, 0] intersects that from [3, 3] near = 2.63. At 
larger values of g^ i t  is therefore possible to satisfy 
I ( 0 ^ ) < I ( 0 G )  ( 6 . 1 3 )  
0^ = (0, 1, 0^) [ in the (n^, m^, J.) notation] ,  
Og = (1. 0, 0^) 
The (g^, YQ» parameter region within which Inequali ty (6.13) holds 
is the topic addressed by Figure 6.3. There the necessari ly non-negative 
energy dif ference between the f i rst and second excited J = 0 states, 
A  =  r / n  ^  _  c f n  \  O - \ / > J ^ 
is displayed as a function of (y^, C^) for three values of g^. A = 0 
would correspond to the exact degeneracy of the lowest g and y-vibrational 
energies. This may be real ized only for the special cases of = 30° 
or C = 0. More general ly, the "crossing" of vibrat ional energies wi l l  
be indicated by small  but non-zero values of A. On the basis of the 
behavior of A under an increase of C ,  we may determine whether 0. or 0 
Y g Y 
has the lower energy. For example in the g^ = 6 surface of Figure 6.3, 
three dist inct regions may be discerned. Their descript ions and 
ENERGY DIFFERENCE 
0\ - O2 
4.0 
N> 
x-u> 
Figure 6.3. A=[Ë(Oo)-Ê(Oo)] for Hqd as a function of (yq. Cy). From the behavior of A under 
an Increase of Cy, one may determine whether Og or Oy is lower in energy 
250 
interpretat ions are as fol lows: 
1) A decreases as C r ises [0 = 0„ l ies below 0„ = 0. in 
Y Y 2 6 3 
energy and the former is r ising to meet the latter];  
2) A increases as r ises [0^ = 0^ l ies above 0^ = 0^ and 
is r ising]; and 
3) A unchanged by variat ions in and [0^ and 0^ are the 
f i rst and second g vibrat ions respectively].  
The f i rst region has no observable counterpart in either the 6^ = 0 or 
the 6^ = 3 surface. Actual ly, at the = 0 boundary of the central 
surface, 0 l ies below 0„ in energy. As C is increased from zero A 
Y 3 Y 
consequently fal ls, achieving zero near = 3 [y^ = 30°, 6^ = 3]. This 
behavior is not evident in Figure 6.3 which ref lects the results of the 
GRID calculat ions. The large step size [AC^ = 10] prevents the 
resolut ion of al l  but the coarsest surface features. For this reason 
the crossing of e(Og) and e(O^) near (g^, y^» C^) = (6, 0°, 5) has also 
been obscured in the f igure. 
The 0 energy clearly r ises rapidly as C is increased; hence B Y ' y o 
must be simultaneously increased i f  e(O^) < e(Og) is to be maintained. 
As the VQP minimum sharpens, we may make use of 
e(Og) % 1 [Cg = 1] ;  and (6. l4a) 
r 2C 1 -
i (O^) % a 2 ,  (6.14b) 
a % 1 at Y = 30° ,  
o 
a % 2 at Yg = 0° 
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to replace Inequali ty (6.13) by the more useful relat ionship, 
"Z "  ê(0^ )< ; (0^ )  .  (6 .15 )  
The energy spacings of the experimental J = 0, 2, 2, 4, 3, 6, 8 sequence 
in strongly resemble those occurring for a r igid quadrupole rotor 
with YQ % 30° [Figure 5-5]. The appearance of a similarly spaced 
sequence in the H^p spectrum requires a fair amount of y-stabi l i ty 
^ 20] at moderate deformation, 1 ^ ^ 3. A sl ightly smaller value 
of may be tolerated i f  6^ is larger [see Figures 5.44 and 5.41]. I f  
we f ix (C^, YQ) = (15, 30°) and further insist that e(Og) % 2e(0^) [as 
would be the case i f  the 1134 and 2278 keV levels in ^^^Pd were inter­
preted as Y and g vibrat ions respectively],  Equations (6.14) require 
6^ % 2/30^ % 11. The reduced spectrum of a similar QP Hamiltonian is 
displayed in Figure 6.4. The J = 0, 2, 2, 4, 3, 6 sequence in the GS 
band resembles that in ^^^Pd, and e(0g)/e(0^) = 2 is approximately 
satisf ied. The reduced energies of the vibrational states are, however, 
much too high to permit their associat ion with ^^^Pd experimental levels. 
!n a given application of the QP model, an upper l imit on may be 
deduced from the energies of the even-spin yrast states. We begin by 
noting that increasing either or causes the reduced energies of 
these GS-band states to r ise. For the reduced energies of the D 
J. = 4p 6p 8.| states are 2, 3 ,  and 4 respectively, while in Pd 
they are 2.40, 4.05, and 5.79- I f  the enti  re increase of any one of 
the latter energies [above i ts H„ counterpart]  is attr ibuted to the D 
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— —  ^  *  
5"__ 
5+ 4+_ 
4"= 
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0+-/3 
Hqp diagonalized in 
a 25-phonon, s = 53 basis. 
Q+fi+a Inholc nro 
-  / - i \ l  where 'o%=(-|) is the A-pcrity. 
Reduced Hqp spectrum for a large Bq example. Rotational 
bands resemble those of a r igid rotor with Yq ~ 30°, 
ë(Og) % ZëfOy) 
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Figure 6.5- Development of selected levels of the quadratic potential 
model. At 0^=0, £ is a good quantum number and is l isted in 
square braces. The development is not shown for levels whose 
spins are placed in parentheses. The (0],2^,22) states of 
the ground state, y-vifarat ional, and f i rst two g-vibrational 
bands are traced with dashed l ines. [From GRID data] 
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i (3'  -  term of V^p, may be deduced. For example i f  (g^, C^) = 
(3.6, 0) in Hgp, i (4^)/ i(2^) = 2.40. Similarly (g^, C^) = (3.36, O) 
leads to e(6,)/e(2,) = 4.05, and (3.11, 0) yields e(8,)/e(2,) = 5.79. 
Hence in the case of we expect that 6^ ^ 3 wi l l  be necessary i f  
we are to adequately account for GS-band energies. At (B^, C^) = (3, 0), 
e(O^) is indeed below e(Og) as shown in Figure 6.5. However 0^ r ises 
above the second B vibrat ion when the required "y-stabi l i ty is supplied. 
As noted previously, the best f i t  to the ^^^Pd GS-band states occurs 
when (BQ .  YQ ,  C^) = (2.24, 27.46°, 44.74). 
The case against treating the 1134 keV experimental state as a y 
vibrat ion may be further strengthened by considering the J = 0, 3, 4, 6 
mult iplet which arises from [N, £] = [3, 3]» These states are degenerate 
for Hjjp whenever is zero. In Chapter V, J = 3, 4, 6 were assigned 
to the GS band while J = 0 was designated as the lowest y-vibrational 
band head. These assignments were based on the knowledge that the J = 0 
energy r ises rapidly above those of J = 3, 4, 6 when is increased 
for any value of This phenomenon is demonstrated in Figure 5-40 
for = 0, and in Figure 6.6 for g^ = 4. The low-energy port ion of 
the ^^^Pd spectrum is also shown in the latter f igure. [The energy of 
the second J = 4 state (dashed l ine) has been taken from the DC calcu­
lat ion of Reference (12)].  Net one of the f i rst four excited J = 0 
states in ^^^Pd l ies above al l  of the circled levels. Consequently not 
one can be adequately represented by an H^p y vibrat ion. The only 
alternative within the QP model is to treat al l  four of these J = 0 
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s ta tes  [1134,  1706,  2001 and 2278 keV]  as  B v ib ra t ions .  Th is  approach 
wou ld  no t  be  f ru i t fu l  because o f  the  obv ious  decrease in  E(0 .^^ )  -  E(0 . )  
w i th  increas ing  i .  In  the  mode l  s tud ies  o f  Chapter  V ,  such an e f fec t  
was no t  observed fo r  success ive  3  v ib ra t ions .  
Even i f  we choose to  t rea t  on ly  the  exper imenta l  O2 as  a  8  v ib ra t ion ,  
ignor ing  a l l  h igher  J  =  0  s ta tes ,  grave prob lems a r ise .  Such an  assump­
t ion  was used in  a  f i t  to  the  J .  =  0^ ,  2^ ,  2^ ,  0^ ,  ky  3^ ,  6^ ,  8^  exper i ­
menta l  sequence.  i t  was found tha t  3^  had to  be res t r i c ted  to  very  
smal l  va lues  in  order  to  ho ld  0^  near  2^  and 4^ .  In  fac t  the  bes t  f i t s  
occur red  fo r  (B^ ,  Y^ .  C^)  % (O,  26° ,  26) ,  and the  resu l t ing  mode l  spec t ra  
resembled tha t  appear ing  a t  the  r igh t  hand edge o f  F igure  5 .40 .  The 
mode l  energ ies  o f  the  6 j  and 8^  s ta tes  were  much too  low,  and the  proper  
o rder ing  o f  the  22» O^,  4^  t r ip le t  cou ld  no t  be ach ieved.  For  exper i ­
menta l  s ta tes  cont r ibu t ing  to  the  f i t t ing  process ,  the  average va lue  o f  
• 100% (6.16) 
& -  Aw e  
q  q  
Gq 
was ~11%.  Th is  may be  compared w i th  .6% fo r  the  f i t  dep ic ted  in  F igure  
6 .2 .  We conc lude tha t  in te rpre t ing  the  1134 keV s ta te  in  ^^^Pd as  
e i ther  a  3  o r  y v ib ra t ion  leads  to  substant ia l  d isagreements  between 
exper imenta l  and QP mode l  energ ies .  The 1134 keV J  =  0  s ta te ,  as  we l l  
as  those a t  1706 and 2002 keV, i s  ev ident ly  assoc ia ted  w i th  o ther  nuc lear  
degrees  o f  f reedom.  
In  the  in i t ia l  app l ica t ion  o f  H^p to  the  ^^^Pd spect rum [F igure  
6 .2 ]  e(O^)  was qu i te  la rge .  I t s  prec ise  va lue ,  wh ich  cou ld  be a l te red  
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by smal l  changes o f  C^ ,  was found to  have l i t t le  in f luence on the  low-
energy  por t ion  o f  the  mode l  spec t rum.  We might  expect  the  DC mode l ,  
wh ich  d iscounts  y  v ib ra t ions  en t i re ly ,  to  o f fe r  s imi la r  p red ic t ions  fo r  
the  low-energy  s ta tes .  Energ ies  and B(E2)  ra t ios  fo r  the  two mode ls  a re  
compared w i th  measured va lues  in  Tab les  6 .1  and 6 .2 .  References (12)  
and (57)  a re  the  source  o f  the  exper imenta l  and DC resu l ts .  QP resu l ts  
a re  based on (g^ ,  C^ ,  Aw)  =  (2 .24 ,  27 .46° ,  44-74,  1 .953 MeV) .  QP mode l  
energ ies  are  seen to  be genera l l y  nearer  the  exper imenta l  ones ,  wh i le  
the  DC mode l  has  a  s l igh t  edge in  account ing  fo r  measured B(E2)  ra t ios .  
2 
The s t rength  o f  the  angu lar  per tu rbat ion ,  C^(y "  Y^) ,  is  s imi la r  to  
tha t  encountered in  upcoming app l ica t ions .  For  th is  reason I  have taken 
the  oppor tun i ty ,  in  Tab les  6 .1  and 6 .2 ,  to  compare  to  resu l ts  o f  
employ ing  20 and 25~phonon d iagona l iza t ions  a t  the  conc lus ion  o f  the  
GRID f i t t ing  process .  H^p energ ies  were  lowered s l igh t ly  when the  
la rger  bas is  was used,  resu l t ing  in  a  .005% increase in  the  opt ima l  
va lue  o f  Aw.  QP mode l  ca lcu la t ions  lead ing  to  Tab le  6 .2  inc luded the  
e f fec t  o f  the  f i rs t -o rder  E2 opera tor  on ly .  In  the  " "Pd app l ica t ion ,  
20-phonon resu l ts  were  found to  be su f f i c ien t ly  converged.  Throughout  
the  remainder  o f  th is  chapter ,  25-phonon bases a re  employed exc lus ive ly .  
Tak ing  the  exper imenta l  va lue  o f  B(E2:2^->-0^)  i n  ^^^Pd to  be 1 .53  
2 (e 'barn)  (58) ,  we may use Equat ions  (6 .6) - (6 .8)  to  recover  the  
parameters .  We f ind  
s  =  12.442 c .  =  302.28 MeV 
p 
b =  .1800 c  =  87.36 MeV 
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Table  6 .1 .  Mode l  and exper imenta l  re la t i ve  energ ies  [ in  MeV]  fo r  
se lec ted  s ta tes  in  ^®^Pd.  Exper imenta l  and DC va lues  
are  taken f rom References (12)  and (57)  
S ta te  
J i )  
Exp.  
Energy  
DC 
Mode l  
QP Mode l  
20-phonons 
(Aw=l .95262 MeV)  
( i= l )  
QP Mode l  
25-phonons 
(Aw=1.95272 MeV)  
(s=1)  
0  0  0 ]  0 .0  0 .0  0 .0  0 .0  
2 ]  .512 .512 .514 .514 
^2  
1 .128 1  .120 1 .132 1 .132 
1 .229 1 .305 1 .228 1 .228 
[GS]  
3 ]  1 .556 
2 .076 
1 .522 
2 .234 
1 .552 
2 .053 
1 .553 
2 .053 
^2  (2 .350)  2 .299 2 .316 2 .316 
5 l  2 .593 2 .541 2 .541 
S  
2.907 2 .907 
8 ,  (2 .962)  3 .272 2 .976 2 .976 
1 0  Ol  2 .278 2 .270 2 .257 2 .256 
[g ]  2 ]  2 .912 2 .928 2 .925 
^2  
3 .687 3 .686 
0  1 6 .033 6 .034 
[y ]  2 ,  6 .458 6 .458 
22 7 .139 7 .139 
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Table  6 .2 .  Mode l  and exper imenta l  va lues  o f  
B(E2:J j - * -J f ) /B(E2:J l^J f ) .  Exper imenta l  and 
DC va lues  are  taken f rom References (12)  
and (57)  
Trans i  t ion  
Ra t  i  0® 
lOSpd 
Exper iment  
DC 
Mode l  
QP Mode l  
25  phonons 
(20  phonons)  
=2+21 
2 i ^ l  
.96  ±  .14  1 .04  
1 .31781 
(1 .31736)  
2 ,^1  
1.55 ±  .23  1 .58  1 .59  
22+: i  
^2^1  
38 ±  6  24 .3  
50.422 
(50 .349)  
4 l<4 l  
1 .62  ±  .31  1 .52  1 .21  
3 l "4 l  
3 l ^2  
.33  ±  .07  .50  .49  
02^22 
O2-2 ,  
.85  .07  .05  
S-^ i  
6 .76  1 .28  
1 .1784 
(1 .1779)  
^Sta te  labe ls  a re  J j  =  I - th  s ta te  o f  sp in  J  in  
the  0.P mode l  spec t rum (ordered by  increas ing  
energy) .  See F igures  1 .1  and 6 .2 .  
260 
= 27.46°  B =  34.345 lO"^^  MeV •  sec^  
To he lp  v isua l ize  the  equ i l ib r ium deformat ion  o f  the  mode l  d rop le t ,  we 
compute  the  or ig in - to -sur face d is tances a long the  body- f i xed x ,  y  and z  
axes .  From Equat ions  (2 .2)  and (2 .6)  these are  g iven by  
R,  =  R i  1 +  
k  o  /  s] c°s (so ' (6 17) 
k  =  1 ,  2 ,  3  
respect ive ly  fo r  a  quadrupo le  sur face w i th  deformat ion  b^  and asymmetry  
Y^ .  Us ing  (b^ ,  g^)  =  ( .18 ,  27 .46° )  we ob ta in  
*x  =  995 *o  
R =  .904 R 
y  o  
R =  1 .101 R 
z  o  
On the  bas is  o f  s  =  12.442,  the  pred ic ted  quadrupo le  moment  o f  the  f i rs t  
exc i ted  s ta te  i s  Q(2 , )  =  324(e-barn) .  The measured va lue  (58)  in  the  
same un i ts  i s  - .49  ±  .06 .  i f  the  second o rder  E2 opera tor  i s  inc luded 
in  mode l  ca lcu la t ions ,  s  i s  ra ised to  12.747 and (1(2^)  i s  then pred ic ted  
to  be - .376(e*barn) .  
B .  'S&Er .  ' " le  
When Y Q i s  near  30° ,  the  reduced energ ies  o f  K =  0 ,2  GS-band 
s ta tes  serve  to  ident i fy  y^»  and to  some ex ten t  C^ ,  ra ther  un ique ly .  
Th is  was the  case in  the  app l ica t ion  o f  Hj^p  to  ' ^^Pd.  The s i tua t ion  i s  
qu i te  d i f fe ren t  when Y Q  •€  15° .  Increas ing  then causes the  energ ies  
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of  K #  0  GS-band s ta tes  to  r i se  re la t ive  to  those o f  K =  0  s ta tes .  The 
same e f fec t  may be  produced by  ho ld ing  f i xed and decreas ing  Y^ .  [See 
F igure  5 .44 . ]  I t  consequent ly  becomes d i f f i cu l t  to  determine a  un ique 
se t  (BQ ,  Yy> C^)  f rom a  knowledge o f  m^ =  0  energ ies ,  par t i cu la r ly  when 
K >  2  energ ies  a re  unknown.  The ex ten t  o f  the  uncer ta in ty  i s  i l lus t ra ted  
in  F igures  6 .7  and 6 .8  fo r  app l ica t ions  o f  the  QP mode l  to  ^^^Er  and 
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W respect ive ly .  The DC mode l  en joys  two o f  i t s  more  impress ive  
successes in  account ing  fo r  the  low-energy  s t ruc ture  o f  these two nuc le i .  
Exper imenta l  energ ies  have been taken f rom References (59)  and (60)  
respect ive ly .  The i r  numer ica l  va lues  may be  found in  Tab les  E.6  and 
E .7 ,  together  w i th  the  cor respond ing DC and QP mode l  energ ies .  Exper i ­
menta l  B(E2)  va lues  taken f rom (61)  have been used to  compute  the  ra t ios  
wh ich  appear  in  the  two f igures .^  
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For  each o f  Er  and W,  two app l ica t ions  o f  the  Q,P mode l  a re  
shown.  These have been labe led  QP#1 and Q,P#2;  they  are  d is t ingu ished 
by  h igh  and low va lues  o f  C^ respect ive ly .  The GRID f i t t ing  procedures  
were  invoked fo r  each nuc leus  in  tu rn ,  0^  =  Og be ing  assumed.  Exper i ­
menta l  leve ls  appear ing  in  F igures  6 .7-6 .8  and hav ing  J  ^  7 cont r ibu ted  
to  ch i^  [Equat ion  (6 .1 ) ] .  The dependence o f  ch i~  upon the  V^p parameters  
d i f fe red  cons iderab ly  f rom tha t  encountered in  the  ^^^Pd app l ica t ion  
In  each o f  F igures  6 .7-6 .9 ,  exper imenta l  and mode l  va lues  o f  
B(E2:J ; ->J^) /B(E2:2^-K)^ )  a re  g iven.  For  the  exper imenta l  por t ion  o f  each 
f igure ,  the  ra t ios  have been computed us ing  the  B(E2:J  . -» -J^ )  va lues  en­
c losed in  parentheses.  Un i ts  a re  those o f  (e 'barn)^  and exper imenta l  
uncer ta in t ies  are  ^10%-20%.  
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in  to  low sp in  t rans i t ion  (J j^J f ) .  Exp.  va lues  (61)  o f  B (E2 :  J  j ->J f  )  in  (e *barn)  spin 
appear In parentheses 
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l ead ing  to  F igure  6 .2 .  A dominant  abso lu te  min imum was no t  observed in  
2 1 f%fs 1 A? 
ch i  (6  ,  -y ,  C )  fo r  e i ther  Er  o r  W.  In  the  v ic in i ty  o f  the  
o o y 
opt ima l  8^  [ ^4 .5  fo r  ^^^Er ,  ^31  fo r  ch i^ ,  regarded as  a  func t ion  
o f  (y^ ,  ,  was found to  possess  a  long va l ley  o f  re la t i ve ly  constant  
depth .  Sha l low min ima w i th in  the  bed o f  such a  va l ley  gave r i se  to  the  
dep ic ted  QP mode l  spec t ra .  in  the  prepara t ion  o f  each f igure ,  two loca l  
min ima hav ing  vas t ly  d i f fe ren t  va lues  o f  were  used,  thus  emphas iz ing  
the  parameter  ambigu i ty .  The la rger  va lue  o f  i s  seen to  be assoc ia ted  
w i th  smal le r  op t ima l  va lues  o f  and The spread in  i s  par t i cu-
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l a r l y  la rge  fo r  the  mode l  spec t ra  represent ing  W.  
A l though QP#1 and QP#2 spec t ra  a re  very  s imi la r  fo r  leve ls  cont r ib ­
u t ing  to  the  f i t ,  the  spect ra  d i f fe r  sharp ly  in  the i r  y -v ib ra t iona l  
energ ies .  Th is  may be  seen in  Tab le  6 .3 .  Energ ies  o f  the  GS-band K =  4  
Tab le  6 .3-  Mode l  energ ies  (MeV)  o f  se lec ted  s ta tes  
no t  appear ing  in  F igures  6 .7  and 6 .8  
i i uz., , 
cr w 
QP#!  Qpn Qf# l  Qpn 
J .  (H igh  C^)  (Low C^)  (H igh  C^)  (Low C^)  
4^  2 .06  1 .77  2 .67  2 .43  
$2 2 .18  1 .92  2 .80  2 .60  
0^  3 .43  2 .11  3 .06  2 .41  
s ta tes  [J .  =  4^ ,  Sg]  a re  a lso  h igher  fo r  the  h igh-C^ Hami1  ton ians .  As 
i l l us t ra ted  in  F igures  6 .7  and 6 .8 ,  the  E2 t rans i t ion  schemes fo r  f i t ted  
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l eve ls  are  qu i te  s imi la r  fo r  the  QP#1 and QP#2 mode l  app l ica t ions .^  As 
might  be  expected,  va lues  fo r  the  h igh-C^ f i t  are  c loser  to  those o f  the  
DC mode l ,  par t i cu la r ly  fo r  AK =  0  t rans i t ions .  AK ^  0  t rans i t ions ,  such 
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as are  more  sens i t i ve  to  the  va lue  o f  For  Er  and W,  
these appear  to  be be t te r  pred ic ted  by  the  DC mode l  than by  e i ther  QP 
vers ion .  The fo rmer  mode l  a lso  prov ides  a  be t te r  f i t  to  the  low-energy  
exper imenta l  spec t ra  in  each case,  and i s  no t  p lagued by  parameter  
ambigu i t ies .  Hence the  inc lus ion  o f  y  v ib ra t ions  does no t  fu r ther  the  
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present  unders tand ing  o f  co l lec t ive  exc i ta t ions  in  Er  and W.  
However ,  the  fu tu re  ident i f i ca t ion  o f  add i t iona l  bands in  these nuc le i  
may mer i t  renewed app l ica t ions  o f  the  QP mode l .  
When exper imenta l  cand ida tes  are  ava i lab le  fo r  bo th  g  and 
y -v ib ra t iona l  leve ls ,  op t ima l  H^p parameters  may be  determined w i th  
122 
l i t t le  ambigu i ty .  Such i s  the  case fo r  Te,  one o f  the  nuc le i  to  
wh ich  the  Gneuss-Gre iner  (GG)  Hami l ton ian  was app l ied  in  (29) .  The 
smal l  exper imenta l  va lue  o f  
E(0 ) - EfOg) 
EtOg)  -  E(0 , )  "  '^3  
prevents  us  f rom regard ing  both  0^  and 0^  as  6  v ib ra t ions ,  and hence 
prec ludes a  f ru i t fu l  app l ica t ion  o f  the  DC mode l .  Indeed,  GG mode l  
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In te r fe rence e f fec ts  between the  22 and 29 mode l  s ta tes  o f  W 
a re  ev ident  f rom the  pred ic ted  s t rength  o f  the  Z2^^2 t rans i t ion .  
£(2^)  -  £(22)  % .12  MeV fo r  each o f  QP#1 and QPf f l ,  bu t  the  low-C^ 
vers ion  exh ib i ts  a  g reater  mix ing  o f  the  GS-band (K  =  2)  and g-band 
(K =  0)  leve l  s .  
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[TE-122  of  Chapter  m l  
3 
2.5 
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i 1.5 
UJ 
z 
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Te mode l  and exper imenta l  
and quadrupo le  moments .  Exp.  
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(29)  spec t ra ,  B(E2 :  J  j ->J f ) /B(E2:2 j ->0 j  )  ra t ios  
B(E2)  va lues  in  (e 'barn)^  appear  in  parentheses 
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ca lcu la t ions  f ind  the  Te po tent ia l  energy  func t ion  [F igure  4 .1 ]  to  
be too  sha l low to  loca l ize  y .  Consequent ly  i t  does no t  p rove p ro f i tab le  
to  regard  y  as  a  f i xed  parameter .  When a l l  exper imenta l  leve ls  appear ing  
2 
i n  F igure  6 .9  are  a l lowed to  cont r ibu te  to  ch i  ,  the  opt ima l  H^p 
parameters are found to be C^) = (1.37, -38°, 1.00). V^ptS', y) 
thus  resembles  the  GG po tent ia l  sur face in  two par t i cu la rs :  the  poten­
t ia l  min imum l ies  near  y^ = 0° ;  and V^p i s  no t  a  s teep ly  r i s ing  func t ion  
o f  (y  -  Y Q ) •  However ,  the  two mode l  spec t ra^  exh ib i t  some no tewor thy  
d i f fe rences.  For  example  the  GG mode l  p red ic ts  a  much la rger  va lue  fo r  
the  ra t io  1Q.(2^) / (1 (22)  1 ,  and the  two mode ls  do  no t  agree on the  energy  
o rder ing  o f  GS-band K =  2  s ta tes .  The sp l i t t ing  o f  the  N =  2  =  3 
[J .  =  3 | I  ^2 '  s ta tes  exh ib i ted  by  the  GG Hami l ton ian  cannot  be  
ach ieved by  H^p fo r  any  se t  (6^ ,  y^, C^) .  For  the  la t te r  Hami l ton ian ,  
4^  rises above 3^  whenever is increased from zero with (3^ , y^) 
f i xed .  The o rder ing  o f  the  cor respond ing exper imenta l  s ta tes  cou ld  
thus  shed l igh t  on the  necess i ty  o f  rep lac ing  V^^p by  a  more  e labora te  
func t ion .  
Wi th in  the  in te rpre t ive  f ramework  o f  Chapter  V ,  the  0^  and 0^  
122 
s ta tes  in  Te may be  thought  o f  as  g  and y -v ib ra t iona l  band heads 
respect ive ly .  H^p i s  very  near  Hg,  however ,  and ro ta t iona l  and 
Only  GG mode l  s ta tes  cons idered dur ing  the  tes t  ca lcu la t ions  o f  
Chapter  IV  appear  in  F igure  6 .9-  For  bo th  the  GG and QP mode ls ,  quadru-
po le  moment  and B(E2)  ca lcu la t ions  re f lec t  the  e f fec t  o f  the  f i rs t -o rder  
E2 opera tor  on ly .  ^^^Te exper imenta l  energ ies  and B(E2)  va lues  are  
those c i ted  in  (29) .  Mode l  and exper iment  energ ies  a re  l i s ted  in  
Tab le  E .8 .  
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16G 182 122 
Table  6 .4 .  Hqp parameters  fo r  Er ,  V/  and Te app l ica t ions  o f  
the  QP Mode l  
' «Er  ' "Er  '82» 'Z^Te 
(QP#I )  (QPH)  (C iP# l )  (aP#2)  
N 
max 
25  25 25  25 25 
s  .78  .78  .95  .95  1 .05  
go 4 .38  4 .55  3 .09  3 .15  1 .37  
^o  
15.32°  14 .93°  12 .02°  5 .36°  .38°  
CY 70 .0  19.21 43 .28 12.72 1 .00  
Aw (MeV)  1 .3755 1 .3884 .99307 .99870 .97106 
3-995 4 .098 2 .362 2 .352 .8336 
'^ex  
7 .061 7 .061 8 .170 8 .170 4 .397 
1 .1^  l . l "  .84® .84® .13k  
s  13 .456 13.629 13.700 13.671 11.135 
b  
o  
.326 .334 .226 .230 .123 
c  (MeV)  
c  (MeV)  
y -L2 2\  
B(10 MeV-sec  )  
255.5  257.9  186.4  186.7  120.4  
96 .3  26.7  43 .0  12 .7  .97  
58.5  58 .0  81 .9  81 .1  55 .3  
V 'o  • 35  .35  .36  
1. 
. 36  
Ry/*0 .85  .85  .90  .92  .96  
1 .20  1 .20  1 .14  1 .14  1 .08  
^From Reference (61) .  
b  
"From Reference (29) .  
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v ib ra t iona l  exc i ta t ions  shou ld  no t  be  regarded as  c lean ly  uncoup led .  
When Equat ions  (6 .4) - (6 .8)  are  used to  recover  the  parameters  o f  H^p 
122 [Tab le  6 .4 ] ,  b^  i s  found to  be much smal le r  fo r  Te than fo r  the  
o ther  nuc le i  cons idered in  th is  sec t ion .  ^^^Er ,  wh ich  i s  fu r thes t  f rom 
doub ly -mag ic ,  has  the  la rges t  mode l  va lue  o f  the  deformat ion  parameter .  
i t  a lso  has the  la rges t  va lue  o f  c  .  From Tab le  4 .1  and Equat ion  (4 .5) ,  
p 
-42  2  
the  mass parameter  B may be  seen to  range [ in  un i ts  o f  10 MeV -  sec  ]  
f rom 32.1  [BA-128]  to  140.3  [XE- /34 ]  fo r  the  iso topes t rea ted by  Habs 
e t  a l .  (29 ,  30) .  The va lues  o f  B in  Tab le  6 .4  are  we l l  w i th in  these 
122 
l im i ts .  For  Te,  the  QP and GG mode l  va lues  o f  B d i f fe r  by  less  than 
2%. 
i t  i s  notewor thy  tha t  op t ima l  va lues  o f  B g reat ly  exceed the  
c lass ica l  es t imates .  For  an  i r ro ta t iona l  d rop le t  o f  rad ius  and mass 
dens i ty  p^ ,  undergo ing  quadrupo le  sur face osc i l la t ions ,  we may deduce (5)  
B  =  2P R^ (6 .18)  
o  o  
I f  we assume 
R =  1 .2A^ Fermi  
o  
2 
Average (bound)  nuc léon mass =  (939 "  8)MeV/= 
we may wr i te  Equat ion  (6 .18)  as  
B =  .001778A5/3 [10"^2  MeV •  sec^ ]  .  (6 .19)  
For  ^^^Pd,  ^^^Te,  and Equat ion  (6 .19)  es t imates  the  c lass ica l  
mass parameters  as  4 .2 ,  5 -3  and 10 .4  respect ive ly ,  in  un i ts  o f  
[10  MeV •  sec^ ] .  Opt ima l  va lues  are  34.3» 55-3, and 81 .9 .  
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C 186,  188,  190,  192q^  
The exper imenta l  low-energy  spec t ra  o f  four  even-A osmium iso topes 
are  dep ic ted  in  F igure  6 .10 .  On ly  pos i t i ve  par i ty  leve ls  are  shown and 
severa l  such s ta tes  above ^1 .5  MeV have been omi t ted .  The exper imenta l  
energ ies ,  taken f rom (62)  and the  works  c i ted  there in ,  have a lso  been 
l i s ted  in  Tab les  E.9-E.12.  In  each o f  the  four  nuc le i ,  two J  =  0  
s ta tes  appear  be low ' v l .5  MeV wh ich  we may hope to  assoc ia te  w i th  shape-
v ib ra t iona l  exc i ta t ions .  Fur thermore  cand ida tes  fo r  the  K =  0 ,  2  and 4  
ro ta t iona l  sequences o f  the  GS band may be  read i ly  ident i f ied .  These 
have been hor izonta l l y  segregated in  F igure  6 .10 .  Two t rends  become 
ev ident  f rom a  cursory  examinat ion  o f  the  GS-band energ ies .  As A 
i  ncreases:  
1 )  the  reduced energ ies  o f  the  K =  0  s ta tes  J .  =  4^ ,  6^ ,  8^  
fa l l ,  as  does tha t  o f  0^ ;  and 
^ ^  ^ m» f ^ I» ^  1/ — O ^ c k * f ^  ^ / CMC CMCIYICO S/L CMC *\ 4. C» # IW I\ — 
downward  w i th  respect  to  those o f  the  K =  0  s ta tes .  
The f i r s t  t rend may ind ica te  a  so f ten ing  o f  the  po tent ia l  min imum,  
par t i cu la r ly  i f  0^  i s  g-v ib ra t iona l .  Wi th in  the  f ramework  o f  the  r ig id  
quadrupo le  ro to r ,  the  second ind ica tes  tha t  i s  increas ing  w i th  A.  
The s ize  o f  the  var ia t ion  may be  es t imated by  impos ing  a  sharp  
min imum in  V^p [ i .e . ,  f i x ing  6^  and a t  la rge  va lues ]  and vary ing  y^  
to  bes t  f i t  the  K =  0 ,  2  spect rum o f  each iso tope.  The resu l ts  o f  such 
a  ser ies  o f  ca lcu la t ions  are  d isp layed in  F igure  6 .11 .  and Aw were  
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determined by  us ing  the  GRID f i t t ing  procedure  w i th  (3^ ,  C^)  f i xed  a t  
(4 ,  40)  in  each ins tance.  As expected,  the  opt ima l  va lue  o f  increases 
w i th  A in  th is  " r ig id"  approx imat ion .  The add i t ion  o f  each pa i r  o f  
neut rons  adds ^2°  to  the  asymmetry  parameter .  The qua l i t y  o f  the  f i t  to  
the  K =  0  (J  ^  6)  and K =  2  (J  ^  5)  leve ls  i s  bes t  fo r  ^^^Os and 
de ter io ra tes  as  A r i ses .  The theore t ica l  6^  energy  fa l l s  subs tant ia l l y  
be low i t s  exper imenta l  counterpar t ,  and the  theore t ica l  K =  2  energ ies  
beg in  to  pa i r  in  a  manner  tha t  i s  no t  exper imenta l l y  observed.  A major  
d i f f i cu l ty  o f  the  " r ig id"  approx imat ion  concerns  the  energy  o f  the  
J  =  K =  4  leve l  wh ich  i s  tabu la ted  a t  the  bot tom o f  F igure  6 .11 .  Th is  
s ta te  d id  no t  cont r ibu te  to  the  f i t t ing  process  and i t s  pred ic ted  energy  
i s  ~50% too  h igh  in  each case.  For  the  t rans i t ions  shown in  the  f igure ,  
( f i rs t  order )  mode l  B(E2)  va lues  are  in  reasonab le  agreement  w i th  
exper iment .^  The d imens ion less  quadrupo le  moment ,  Q(2 j ) / [B(E2:2^^0^) ]^ ,  
d rops  more  rap id ly  w i th  increas ing  A than the  mode l  p red ic ts .  I f  the  
190 
exper imenta l  va lues  are  accura te ,  they  cou ld  be reproduced in  Os and 
' ^^Os by  en larg ing  s l igh t ly .  Reca l l  tha t  Q(J . )  van ishes  in  f i rs t  
order  when y^  =  30°  in  the  QP Hami l ton ian .  
In  the  remainder  o f  th is  sec t ion  we exp lore  the  consequences o f  
re lax ing  the  const ra in ts  upon 3^  and C^ .  Assuming the  exper imenta l  0^  
and 0 ,  s ta tes  to  be shape v ib ra t iona l ,  su f f i c ien t  energy  in fo rmat ion  
Exper imenta l  B(E2) 's  and quadrupo le  moments  fo r  the  Os i so topes 
a l luded to  in  th is  work  a re  genera l l y  those c i ted  in  (63) .  The on ly  
except ions  are  fo r  6^^^  t rans i t ion  ra tes  wh ich  have been taken f rom 
(61) .  Quoted exper imenta l  e r ro rs  are  ~10% fo r  B(E2)  va lues  and 20-40% 
fo r  quadrupo le  moments .  
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ex is ts  to  determine op t ima l  QP mode l  parameters .  We ask  to  what  ex ten t  
the  mode l  can account  fo r  the  energ ies  o f  the  K =  0 ,  2 ,  4  GS-band 
sequences,  and those o f  the  s ta tes  0^  and 0^ .  In  the  QP mode l  ca lcu la ­
t ions  per fo rmed to  answer  th is  quest ion ,  the  four  osmium nuc le i  were  
t rea ted s imi la r ly .  For  each,  on ly  the  exper imenta l  energ ies  o f  the  
s ta tes^  
/ '  0 , ,  2 , ,  4 ,  GS band ,  K =  0  /  I I I  
\ 2;' 3|. '*2' 5) K . 2 
" i S' ^2 » 
Og,  2^ ,  Og e  and y  bands,  K =  0  
cont r ibu ted  to  the  f i t t ing  process .  The band ass ignments  assumed fo r  
these leve ls  are  as  ind ica ted .  For  each nuc leus ,  th ree  separa te  f i t t ing  
procedures  were  pursued.  In  the  f i rs t ,  des ignated here  as  (gy) ,  0^  and 
2 j  were  assumed to  be long to  the  f i rs t  6  band wh i le  0^  was taken as  the  
lowest  Y v ib ra t ion .  The band ass ignments  o f  these th ree s ta tes  were  
in te rchanged fo r  the  second f i t t ing  procedure ,  (Y3) .  In  the  course  o f  
(BY)  and (Y3)  ca lcu la t ions ,  each o f  Y^> C^}  was var ied  in  the  
e f fo r ts  to  reproduce exper imenta l  spec t ra .  However ,  i n  the  th i rd  
procedure ,  (YO), Y^  was f i xed  a t  0°  in  the  sp i r i t  o f  the  ro ta t ion-
v ib ra t ion  mode l  o f  Faess ler  e t  a l .  (11) .  Dur ing  the  (YO )  mode l  app l ica­
t ions ,  var ious  band ass ignments  were  a t tempted fo r  the  s ta tes  
^Here  the  subscr ip t  o f  J j  re fers  to  the  i—occur rence o f  J  in  the  
exper imenta l  spec t rum o f  F igure  6 .10 .  
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{Og,  2y  Og} .  Whenever  the  GRID f i t t ing  process  ind ica ted  tha t  the  
op t ima l  va lue  o f  was ^5 ,  the  in te rpo la t ion  method o f  ca lcu la t ing  mode l  
energ ies  was rep laced by  15~phonon d iagona l iza t ion  and the  f i t  was 
redone.  Th is  proved to  be necessary  fo r  the  (YB)  and (yO)  ca lcu la t ions .  
[A t  smal l  va lues  o f  C^ ,  the  accuracy  o f  in te rpo la ted  y -v ib ra t iona l  
energ ies  was doubted,  par t i cu la r ly  when was a lso  smal l ] .  A t  the  
conc lus ion  o f  every  f i  t t ing  process ,  a  f ina l  d iagona l iza t ion  o f  the  
appropr ia te  H^p was per fo rmed in  a  25-phonon bas is .  Opt ima l ly -sca led  
e igenva lues  resu l t ing  f rom these d iagona l iza t ions  are  graph ica l l y  
presented in  F igures  6 .12-6 .15 .  In  each f igure  exper imenta l  leve ls  are  
a lso  dep ic ted ,  as  a re  theore t ica l  leve ls  resu l t ing  f rom an app l ica t ion  
o f  the  DC mode l .  Numer ica l  va lues  o f  mode l  and exper imenta l  energ ies  
may be  found in  Tab les  E .9-E.12.  
The DC mode l  e f fec t ive ly  o f fe rs  a  par t ia l  l i f t ing  o f  the  " r ig id i ty "  
const ra in ts  imposed dur ing  the  product ion  o f  F igure  6 .11 .  I t  thus  
prov ides  a  b r idge between the  r ig id  ro tor  and the  more  soph is t i ca ted  QP 
mode l .  DC mode l  ca lcu la t ions  fo r  the  osmium iso topes invo lved the  
var ia t ion  o f  th ree parameters  {y ,  Aw}  so  as  to  ob ta in  a  bes t  f i t  to  
the  exper imenta l  energ ies '  o f  
GS band 
3  band 
f i t .  
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The ass ignment  o f  0^  and 2^  to  the  f i rs t  B band para l le ls  tha t  o f  the  
(SY )  ve rs ion  o f  the  QP model  app l ica t ions .  As be fore ,  DC model  ca lcu la ­
t ions  found the  opt ima l  to  increase w i th  increas ing  A [Tab le  6 .5 ] .  
Both  1 /v  and the  qua l i t y  o f  the  f i t  were  found to  fa l l  as  A increased.  
Tab le  6 .5 .  Opt ima l  mode l  va lue  o f  Yq-  [ "R ig id"  re ­
fe rs  to  Q,P mode l  w i th  C^)  =  (4 ,  40) ]  
Mode l  
O
O
 
O
O
 
o
 
190os  
" r ig id"  19.32°  21 .78°  24 .17°  25 .90°  
DC 15 .48°  18 .18°  20 .72°  23 .62°  
QP(6Y) 14.9°  21 .3°  24 .6°  30°  
Major  d i f fe rences between mode l  and exper imenta l  spec t ra  a re  
ev ident  in  F igures  6 .12-6 .15 .  These d i f fe rences may be  conven ien t ly  
d iscussed in  four  par ts  by  fo l low ing the  par t i t ion ing  scheme used in  
the  f igures  [GS -band K =  0 ,  GS -band K =  2 ,  GS -band K =  4 ,  o ther  bands] .  
Ws cc r .s idsr  each : r ;  tu rn .  The (Sy )  and (y6} resu l ts  w?]?  be  compared 
w i th  those o f  the  DC mode l  and exper iment .  Tab le  6 .6  fac i l i ta tes  the  
discussion by providing the values of key energy ratios. The (YO) 
app l ica t ions  o f  the  QP mode l  w i l l  be  cons idered separa te ly .  
6S band K =  0  leve ls .  Mode l  2^  energ ies  are  qu i te  c lose to  the  
exper imenta l  va lues  and exac t  agreement  cou ld  be imposed by  s l igh t  
mod i f i ca t ions  o f  the  energy  sca le  fac tors .  The energ ies  o f  even-sp in  
y ras t  leve ls  o f  h igher  J ,  however ,  d i f fe r  s ign i f i can t ly  f rom the  exper i ­
menta l  va lues .  In  the  case o f  the  energy  ra t io  
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Table  6 .6 .  Compar ison o f  se lec ted  ra t ios  o f  
re la t i ve  energ ies  
Energy  
Rat io*  Mode l  l88os  '90os  '9=05 
», 
( K=0) 
Exp.  
DC 
QP (BY) 
QP(Y8) 
10.37 
9.05 
8.00 
8.02 
9.77 
8.42 
7.19 
7.30 
8.91 
7.20 
5.99 
6.58 
8.29 
6 .72  
5.53 
6.07 
3I-:2 
(K=2) 
Exp.  
DC 
QP(BY)  
QP (y6)  
.88 
.73 
.99 
1.94 
.90 
.  68 
.95 
1.88 
.99 
.64 
.89 
4.41 
.92 
.56 
1.14 
3.05 
Exp.  
DC 
Of  (By)  
C>P(YB)  
9.87 
17.80 
11.22 
9.60 
8.26 
13.09 
8.36 
7.99 
6.22 
9.20 
6 .30  
6 .60  
5.19 
7.29 
5.31 
5.95 
2^(K=0) 
S 
°2  
Exp.  
DC 
Of  (6?)  
QP (Y6)  
1.37 
2.01 
1.57 
1.35 
1.36 
2.01 
1.39 
1.32 
1.70 
2.04 
1.71 
1.62 
1.26 
2.04 
1.35 
1.23 
^The s ta te  labe l  J ;  re fers  to  the  i—sta te  
o f  sp in  J  in  the  exper imenta l  spec t rum (ordered 
w y I 1*^1 COS I iiy CMCiyy/. i i ic rv~ scy uci iwc t d i i ivi i 
cated fo r  members  o f  the  GS-band.  See F igures  
6.12-6.15-
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8^ E(8,) -  E(O^) 
2^  = E(2 , )  -  E(0 , )  
d isp layed i r .  Tab le  6 .6 ,  the  DC and Q,P mode l  va lues  average 16% and 24% 
be low the  exper imenta l  ra t ios  respect ive ly .  The d i f f i cu l ty  l ies  not  in  
an inherent  inab i l i t y  o f  the  mode ls  to  reproduce the  exper imenta l  
spac ings  o f  the  0^ ,  2^ ,  4^ ,  6^ ,  8^  sequence,  bu t  ra ther  in  the  need to  
s imul taneous ly  re f lec t  o ther  fea tures  o f  the  exper imenta l  spec t ra .  The 
apparent  edge o f  the  DC mode l  over  the  (Sy)  and (y3)  vers ions  o f  the  Q,P 
mode l  wou ld  probab ly  d isappear  i f  the  J  =  K =  4  s ta te  were  inc luded in  
the  DC f i t t ing  process .  
GS band K =  2  leve ls .  Mode l  leve ls  w i th in  th is  sequence genera l l y  
exh ib i t  an  energy  pa i r ing  o f  ad jacent  even and odd sp in  s ta tes .  Th is  
pa i r ing ,  wh ich  i s  no t  man i fes ted  exper imenta l l y ,  may be  o f  e i ther  o f  two 
types .  The pa i r ing  types  can be d is t ingu ished by  the  va lues  o f  
_ E(J) -  E(J-L) J = 3, 5, 7, . . .  (F .PX 
'J = E(J+1) -  E(J) ^ ^ 2 • 
The s ize  o f  r^  re la t ive  to  1 de termines  whether  the  s ta te  o f  odd J  i s  
c loser  in  energy  to  J - l  o r  to  J+1 :  
r j  > 1 imp l ies  J  i s  c loser  to  J+1 ;  
T j  <  1  imp l ies  J  i s  c loser  to  J - l  
The K =  2  s ta tes  o f  sp in  J  and J+1 (J  odd)  deve lop  f rom degenera te  H '  D 
seed s ta tes  hav ing  a  common va lue  o f  [N,  £ , ] .  The s ta tes  remain  
degenera te  fo r  any  y 'uns tab le  genera l i zed Bohr  Hami l ton ian .  Consequent ly  
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we have 
T j  =  «> [H  =  - jT  +  V(B ' ) ;  Y~unstab le  pa i r ing ]  
At  the  oppos i te  ex t reme i s  the  r ig id  ro tor  mode l  wh ich  i s  charac ter ized 
by  r j  < 1 [Tab le  6 .7 ] .  For  f i xed  J ,  r^  ach ieves  i t s  max imum va lue  o f  
r^  =  [ax ia l  l y  symmetr ic  quadrupo le  ro to r ]  (6 .21)  
a t  =  0° ,  and s tead i ly  decreases as  r i ses .  Beyond =  15° ,  
d rops  rap id ly ,  and the  pa i r ing  o f  
(J -1 ,  J )  =  (2 ,  3 ) ,  (4 .  5 ) ,  and (6 ,  7)  
energ ies  becomes v isua l ly  obv ious  in  F igure  5 .5 .  Near  y^  =  30" ,  the  
J -1  s ta te  may ac tua l ly  r i se  above the  J  s ta te  in  energy ,  g iv ing  r i se  to  
negat ive  va lues  o f  r ^ .  The DC mode l ,  wh ich  imposes y  s tab i l i t y ,  g ives  
Tab le  6 .7 .  r j  as  a  func t ion  o f  y^  fo r  a  
r ig id  quadrupo le  ro to r  
" 'o '  
90  J 1 c° 2C° •}ri° 
' 3  = .750 .742 .614 .375 
'5  = .833 .802 .454 .083 
'7'-
.875 .796 .237 - .063 
QAA -il.c nl.Q 1 Ct 
' 9 -
• / -TV • % \j ! 
r i se  to  ro tor - l i ke  pa i r ing .  Th is  i s  par t i cu la r ly  no t iceab le  in  the  
190 192 Os and Os app l ica t ions  where  the  opt ima l  va lue  o f  y^  i s  la rge .  
Mode l  and exper imenta l  va lues  o f  r ^  are  compared in  Tab le  6 .6  fo r  the  
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osmium iso topes.  The max imum ro tor  va lue ,  r ^  =  .75 ,  i s  exceeded by  a l l  
bu t  the  DC mode l  ra t ios .  The QP mode l  may exh ib i t  e i ther  y -s tab le  o r  
y -uns tab le  pa i r ing  depend ing upon the  s ize  o f  C^.  In  the  (yg)  app l ica­
t ions ,  the  smal l  reduced energy  o f  0^  =  0^  requ i res  to  be very  
smal l ;  th is  resu l ts  in  abnormal ly  la rge  va lues  o f  r ^ .  On the  who le ,  the  
bes t  render ing  o f  GS-band K =  2  energ ies  i s  prov ided by  the  (By)  app l ica­
t ions  o f  the  QP mode l .  i s  su f f i c ien t ly  la rge  to  produce the  necessary  
sp l i t t ing  o f  the  ^ -mul t ip le ts  [F igure  5 -6 ] ,  ye t  smal l  enough to  l im i t  
the  ex ten t  o f  ro to r - l i ke  pa i r ing .  Even so  the  mode l  K =  2  energ ies  are  
fa r  f rom sa t is fac tory .  
GS band K =  4  leve ls .  The reduced energy  o f  the  J .  =  4^  s ta te  
occurs  cons is ten t ly  h igh  in  a l l  mode l  ca lcu la t ions  [Tab le  6 .6 ] .  The 
e r ro r  i s  espec ia l l y  la rge  fo r  the  DC ca lcu la t ion ,  bu t  i t  must  be  re ­
ca l led  tha t  th is  s ta te  d id  not  cont r ibu te  to  the  DC f i t t ing  process .  
As  A inc reases th rough the  osmium iso topes,  the  reduced energ ies  o f  a l l  
J  =  4 ,  GS-band s ta tes  drop.  A s imi la r  drop occurs  when y^  i s  increased 
in  the  r ig id  ro tor  mode l ;  however ,  no  va lue  o f  y  can account  fo r  the  
ion  ]qo  
smal l  exper imenta l  va lues  o f  and 4^ /2^  in  '  Os [Tab le  6 .8 ] .  
] 92 
The " Os  va lue  o f  =  i .84  is  d i f f i cu l t  to  ach ieve in  the  QP mode l  
fo r  any  se t  (6^ ,  y^ ,  C^) .  [The Hg va lue  o f  4^ /4^  =  2  may be  lowered 
s l igh t ly  by  increas ing  C,  near  y_)  =  (0 ,  30° ) .  A t  (g^ ,  y^ ,  C^)  =  
(0 ,  30° ,  40) ,  fo r  example ,  20  and 25-phonon d iagona l iza t ions  each y ie ld  
4^ /4 j  =  1 .92 ] .  A l though the  exper imenta l  da ta  i s  scarce ,  pa i r ing  d i f ­
f i cu l t ies  a lso  appear  to  p lague the  mode l  ca lcu la t ions  o f  K =  4  energ ies .  
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Tab le  6 .8 .  Reduced  energ ies  o f  the  GS band  J  =  4  
s ta tes  fo r  the  osmium i so topes  (exper i ­
ment ) ,  and  fo r  severa l  l im i t i ng  cases  o f  
Ra t io :  
S  
2 l  2 l  
S  "2  
" l  
TG^Os (exp . )  3 .17  7 .82  9 .87  2 .47  3 .12  
^®®0s (exp . )  3 .08  6 .23  8 .26  2 .02  2 .68  
^^^Os (exp . )  2 .93  5 .11  6 .22  1 .74  2 .12  
^^^Os (exp . )  2 .82  4 .41  5 .19  1 .57  1 .84  
^Bohr  
2 .  3 .  4 .  1 .5  2 .  
H QP L  6  =«J  2 .5  4 .5  7 .  1 .8  2 .8  
R ig id  Roto r  
Y^=15»  3 .27  9 .27  26 .73  2 .83  8 .17  
20°  3 .12  6 .36  14 .18  2 .04  4 .55  
250  2 .84  5 .51  8 .69  1 .94  3 .06  
30°  2 .67  5 -67  6 .67  2 .13  2 .50  
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Tab le  6 .9 -  Exper imenta l  and  mode l  va lues  o f  r ^  
'®®0s 'S°Os '92os 
Exp.  .96  - .73  -
DC .85  .85  .85  .85  
QP(3Y)  1 .17  1 .31  1.38 2.32 
QP(YB)  3 .52  3 .36  9 .70  6 .54  
Tab le  6 .10 .  r ^  fo r  the  r i g id  quadrupo le  ro to r .  
Y^ :  3°  10°  2 0 °  25°  30°  
r^:  .830 .833  .825  .771  .583 
The ra t io  
= 1(6)  - E (5)  [K  =  A s ta tes ]  (6.22) 
may be  ca lcu la ted  exper imenta l l y  on ly  fo r  the  A =  186  and  A  =  I90  
i so topes  [Tab le  6 .9 ] .  In  each  case  i t  i s  less  than  1 .  QP va lues  a re  >1  
2 
due to  the  low s t reng th  o f  the  op t ima l  te rm.  A l though  the  
DC mode l  does  poor l y  i n  loca t ing  the  J  =  K =  4  s ta tes ,  i t s  va lues  o f  
r ^  a re  no t  fa r  f rom the  exper imenta l  ones .  For  compar ison ,  r i g id  ro to r  
va lues  a re  p rov ided  in  Tab le  fa . iO .  
O ther  bands .  The  need  fo r  a  low- ly ing  y v ib ra t ion  i s  ind ica ted  by  
the  i nab i l i t y  o f  the  DC ca lcu la t ions  to  p roduce  a  ra t io  o f  0^ /02  be low 
2  [Tab le  6 .6 ] .  The  QP mode l  has  no  d i f f i cu l t y  in  th i s  regard .  Wi th  
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the  excep t ion  o f  Os ,  a l l  mode l  app l i ca t ions  genera l l y  y ie ld  a  
(2^  -  Og)  energy  spac ing  wh ich  i s  too  la rge  [Tab le  6 .11 ] .  
Tab le  6 .11 .  Exper imenta l  and  mode l  va lues  o f  the  
energy  ra t io  (2^  -  0^ ) / {2^  -  0^ ) .  
' «Ss '88os 1920S 
Exp.  1 .07  1 .42  1 .09  .82  
DC 1  .24  1 .24  1 .26  1 .26  
QP(3Y)  1 .41  1  .36  1 .33  1 .27  
QP(yB)  2 .14  1 .94  2 .00  1 .71  
Retu rn ing  a t ten t ion  to  F igures  6 .12-6 .15 ,  the  osmium mode l  ca lcu la ­
t i o n s  m a y  b e  s u m m a r i z e d  a s  f o l l o w s .  N e i t h e r  t h e  D C ,  QPfBy) ,  o r  QP(YB)  
mode l  adequa te ly  accoun ts  fo r  the  exper imenta l  spec t ra .  i f  the  0^  and  
K  =  4  energ ies  a re  ignored ,  the  DC mode l  reasonab ly  reproduces  the  
rema in ing  low-energy  spec t ra .  However  t h i s  mode l  l eads  to  r ig id - ro to r ­
l i ke ,  even-odd  pa i r ing  o f  K =  2  s ta tes  tha t  i s  no t  ev idenced  exper i ­
menta l l y .  Even-odd  pa i r ing  o f  GS band  K  #  0  energ ies  may  take  e i the r  o f  
two  fo rms w i th in  the  QP mode l :  f o r  la rge  C^ ,  the  pa i r ing  approaches  
tha t  o f  the  r i g id  ro to r ;  fo r  sma l l  C^  i t  resembles  tha t  o f  the  y -uns tab le  
v ib ra to r .  A t tempts  to  in te rp re t  OL as  a  y  v ib ra t ion  lead  to  C^  <  2 .5 .  
and  hence  the  la t te r  e f fec t  domina tes .  The  mode l  energ ies  o f  K =  2  and  
4  s ta tes  consequen t l y  bear  l i t t l e  resemblance  to  exper iment .  One i s  
thus  led  to  in te rp re t  0^  as  the  y  v ib ra t ion .  The  QP mode l  w i th  C^  % 10  
can  p roduce  Og and  0^  s ta tes  near  the  exper imenta l l y  observed  energ ies .  
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In  add i t i on ,  GS band  K  =  4  energ ies  can  be  subs tan t ia l l y  lowered  be low 
the  DC va lues ,  and  pa i r ing  d i f f i cu l t i es  can  be  reduced  fo r  the  mode l  
s ta tes  be long ing  to  the  K =  2  and  4  sequences  o f  the  GS band .  
Wi th in  a  g iven  K  sequence ,  the  energy  pa i r ing  o f  ad jacen t  even  and  
odd  sp in  s ta tes  does  no t  occur  i n  the  r ig id  ro to r  mode l  when  i s  sma l l .  
The  same resu l t  may  be  expec ted  fo r  the  QP mode l  i f  i s  sma l l  and  
su f f i c ien t l y  la rge .  Wi th  th i s  in  mind ,  the  QP mode l  was  app l ied  to  the  
osmium nuc le i  w i th  f i xed  a t  0° .  The  (yO)  po r t ions  o f  F igures  6 .12-
6 .15  d isp lay  the  resu l t s .  When y^  i s  sma l l ,  the  energy  o f  0^  r i ses  very  
rap id ly  w i th  inc reas ing  C^ .  Consequen t l y ,  C^  was  found  to  be  too  sma l l  
t o  p roduce  a  symmet r i c - ro to r - l i ke  K =  2  sequence .  Th is  he ld  t rue  
whether  0  was  taken  to  be  OL o r  0_ .  I t  was  a l so  d iscovered  tha t  the  y 2 3 
( yO)  app l i ca t ion  cou ld  no t  p roduce  the  observed  o rder ing  o f  the  2^  and  
1A2 
4^  s ta tes  in  Os.  
The  (By)  ca lcu la t ions  thus  appear  to  p rov ide  the  bes t  accoun t ing  o f  
osmium energ ies  ava i lab le  w i th in  the  f ramework  o f  the  QP mode l .  The  
y.' 
paramete rs  assoc ia ted  w i th  the  (3y )  app l i ca t ions  may be  recovered  by  
emp loy ing  Equa t ions  (6 .4 ) - (6 .8 ) .  Equa t ion  (6 .17)  can  then  be  used  to  
de te rmine  BF- f rame equ i l i b r ium rad i i  [R  ,  R ,  R ] .  Such  ca lcu la t ions  
X y  z  
a re  summar ized  i n  Tab le  6 .12 .  The  mode l  p i c tu re  tha t  emerges  fo r  the  
osmium i so topes  i s  tha t  o f  a  nuc lear  d rop le t  wh ich ,  as  A  inc reases ,  
becomes inc reas ing ly  spher i ca l  and  inc reas ing  so f t  to  shape  v ib ra t ions .  
186 
That  i s ,  the  add i t i on  o f  neu t ron  pa i rs  to  Os leads  to  decreas ing  
de fo rmat ion  [b^ ] ,  and  inc reas ing  mass  paramete r  [B ] ,  as  we l l  as  to  the  
inc reas ing  asymmet ry  [ y^ ]  p rev ious ly  no ted .  
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Tab le  6 .12 .  Bas is  and  Hami l ton ian  paramete rs  fo r  the  QPfgy)  
mode l  app l i ca t ions  
' 8Sos '««OS '5%s '92os 
N ,  (J)  25  25  25  25  
max  
.90  .87  .95  .95  
B 3.08 3.20 2.59 2.81 
o 
Y 14 .9°  21 .3°  24 .6°  30 .0  
o  
o 
8.38  9 .72  14 .6  9 .06  
Aw (MeV)  .9317  1 .0226  .8040  .8540  
2 .047  2 .135  1 .589  1 .829  
DJ 8 .513  8 .574  8 .635  8 .695  
b  .622  .550  .510  .442  
ex  
s  15 .445  16 .893  15 .241  17 .686  
b^  .199  .189  .170  .159  
Cg (MeV)  222 .3  291 .8  186 .8  267 .1  
(MeV)  7 .81  9 -94  11 .74  7 .74  
B( l0~^^MeV-s^ )  110 .9  120 .9  125 .2  158 .7  
R /R  .97  .98  .97  1 .00  
R /R  .91  .91  .93  .91  y o 
R /R  1 .12  1 .11  1 .10  1 .09  
z  o  
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One i s  l e f t  w i th  the  impress ion  tha t  the  QP Hami l ton ian  p rov ides  
a l l  o f  the  ing red ien ts  [ ro ta t ions  o f  a  quadrupo le  d rop le t ,  3  and  y  shape  
v ib ra t ions ]  necessary  fo r  a  fu l l  accoun t ing  o f  the  exper imenta l  l eve ls  
appear ing  i n  F igures  6 .12-6 .15-  However  ad jus tments  to  the  k ine t i c  o r  
po ten t ia l  energy  opera to r  a re  ev iden t l y  requ i red  i f  the  exper imenta l  
spec t ra  a re  to  be  accura te ly  reproduced .  The  work  o f  R.  Sed lmayr  e t  a l .  
(63) i nd ica tes  tha t  the  p rob lem does  no t  l i e  so le ly  i n  the  Q.P f o rm o f  
V(g ,  y ) •  In  the i r  i nves t iga t ion  o f  the  even-even  osmium i so topes ,  these  
au thors  emp loyed  the  GG Hami l ton ian  o f  Equa t ion  (4 .3 ) .  [Reca l l  t ha t  H GG 
con ta ins  the  same k ine t i c  te rm as  H„_ ,  bu t  possesses  a  more  e labora te  
po ten t ia l  energy  func t ion . ]  Opt ima l  GG mode l  pa ramete rs  were  de te rmined  
.  ^  ^  .  184,  186 ,  188 ,  190 ,  
by  f i t t i ng  the  low-energy  exper imenta l  spec t ra  o f  
192  Os .  Un fo r tuna te ly ,  the  resu l t i ng  mode l  energ ies  were  no t  tabu la ted  
in  (63).  However ,  f rom f igu res  con ta ined  i n  tha t  work ,  one  ga thers  tha t  
the  GG-mode l  f i t s  a re  s im i la r  i n  qua l i t y  to  the  QP(SY )  ones  and  exh ib i t  
the  same shor tcomings .  GG-mode l  B (E2)  va lues  and  quadrupo le  moments  
were  tabu la ted  and  these  a re  compared  w i th  DC and  QP mode l  va lues  i n  
Tab les  E . I3 -E . I6 .  As  i n  the  p resen t  work ,  Sed lmayr  e t  a l .  found  i n ­
c reas ing  asymmet ry  and  decreas ing  de fo rmat ion  fo r  the  heav ie r  osmium 
i so topes .  These  t rends  a lso  emerge  i n  the  work  o f  Kumar  and  Baranger  
(64)  when co l lec t i ve  (quadrupo le )  Hami l ton ians  appropr ia te  to  the  
osmium nuc le i  a re  deduced  f rom mic roscop ic  ca lcu la t ions .  
We a re  thus  led  to  expec t  tha t  the  mos t  p ro f i tab le  mod i f i ca t ions  o f  
H Q P  wi l l  invo lve  a l te ra t ions  o f  the  k ine t i c  energy  opera to r ,  T (g ,  y ,  8 . ) .  
Th is  i s  no t  unan t i c ipa ted  as  T  was  o r ig ina l l y  deduced  (4 )  by  cons ider ing  
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sma l l  amp l i tude  osc i l l a t ions  abou t  spher i ca l  equ i l i b r ium.  In  the  p resen t  
work  T  has  been  re ta ined  even  when a  sharp  min imum in  V^p fg ,  y )  fo rces  a  
dec ide ly  non-spher i ca l  equ i l i b r ium shape .  Under  such  c i r cumstances ,  
h igher  o rder  te rms in  the  k ine t i c  energy  opera to r  shou ld  p robab ly  be  
incorpora ted  in to  the  mode l .  As  may  be  seen  f rom the  r i g id  ro to r  l im i t ,  
sma l l  changes  i n  the  Bohr  moments  o f  i ne r t ia ,  pa r t i cu la r l y  near  ax ia l  
symmet ry ,  can  induce  a  la rge  change  i n  the  resu l t i ng  spec t ra .  In  l i gh t  
o f  the  odd-even  pa i r ing  d i f f i cu l t i es  encoun te red  i n  the  QP mode l  app l i ca ­
t i ons ,  mod i f i ca t ions  to  the  dynamica l  moments  o f  i ne r t ia  wou ld  no t  be  
unwe lcome.  i t  i s  comfor t ing  to  no te  tha t  such  mod i f i ca t ions  o f  the  
quadrupo le  Hami l ton ian  wou ld  no t  se r ious ly  i nh ib i t  our  ab i l i t y  to  so lve  
the  assoc ia ted  Schroed inger  Equa t ion .  The  in t r ins ic -coord ina te  e igen-
func t ions ,  and  the  expans ion  techn iques  deve loped  and  re f ined  in  
th i s  thes is  cou ld  con t inue  to  be  o f  se rv ice .  
292 
VI I .  APPENDIX A :  SYMMETRIES IN  THE (6 ,  y ,  6 . )  REPRESENTATION 
A .  Col lec t i ve  Coord ina tes  
The  co l lec t i ve  coord ina tes  (3 ,  Y ,  6 . )  were  de f ined  in  Chapte r  I I .  
Le t  us  b r ie f l y  rev iew the  de f in ing  p rocedure  ou t l i ned  there .  We assume 
tha t  any  p rec ise  measurement  o f  the  en t i re  nuc lear  boundary  by  a  labora ­
to ry  [LAB]  observer  resu l t s  i n  a  su r face  o f  the  fo rm 
2 
R(9 ,  (# )  =  R [1  +  Z  a Y-  ( e ,  4 . ) ]  .  (A . l )  
y=-2 ^  ^  
Phys ica l l y  the  rad ius  R(6 ,  c{ ) )  [ f rom the  cen te r  o f  mass  to  the  boundary ,  
a long  the  ray  spec i f i ed  by  the  LAB po la r  ang les  6  and  ({> ]  mus t  be  rea l .  
Consequen t l y  the  genera l i zed  coord ina tes  mus t  sa t i s fy  
a  =  ( - l ) ^a  .  (A.2 )  
y  u  
The d i s t inc t  [LAB]  quadrupo le  su r faces  a re  i n  one- to -one  cor respondence  
w i th  the  d is t inc t  se ts  {a^ :  y  =  -2 ,  -1 ,  2 }  sa t i s fy ing  Equat ion  
(A .2 ) .  The  Bohr  coord ina tes  a re  in t roduced  by  spec i f y ing  a  ro ta t ion  
tha t  takes  the  LAB re fe rence  axes  i n to  co inc idence  w i th  a  se t  o f  p r in ­
c ipa l  axes  o f  the  quadrupo le  d rop le t .  In  such  a  p r inc ipa l -ax is  f rame 
[BP f rame] ,  the  nuc lear  su r face  can  be  expressed  as  
R(8 ' ,  4 , ' )  =  R^ [ l  +  Z a^  Yg^ fe ' ,  * ' ) ]  ,  (A.3 )  
where  the  a^  a re  rea l  and  obey  
a^  =  a_^  =0  ;  a^  =  a^  •  (A .4 )  
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The LAB and  BF su r face  coord ina tes  a re  re la ted  by  
% = ^  •  (A-5)  
where  6 .  a re  the  LAB Eu le r  ang les  spec i f y ing  the  LA&+BF ro ta t ion .  The  
nuc lear  su r face  as  seen  by  a  BF observer  i s  comple te ly  spec i f i ed  by  two  
rea l  coord ina tes ,  a^  and  a^ .  The  shape  paramete rs  B  and  y  may be  
equ iva len t l y  used  fo r  th i s  purpose :  
a  =3  cos  y  0 <  3  <  
o  — 
g 
a„  =  — s in  Y 0  ^  y  <  2n  
(A .6 )  
The  mean ing  o f  the  two  shape  paramete rs  i s  i l l us t ra ted  g raph ica l l y  by  
F igures  A .1  and  A .2 .  g  i s  seen  to  measure  the  overa l l  dev ia t ion  f rom 
spher i c i t y ,  wh i le  y  dete rmines  the  degree  o f  ro ta t iona l  asymmet ry  abou t  
the  BF z -ax is .  
There  a re  24  d i s t inc t  ways  o f  se lec t ing  r igh t -handed  se ts  o f  p r in ­
c ipa l  axes  fo r  the  d rop ie t .  in  any  one  o f  these  poss ib le  Br  f rames .  
Equa t ions  (A .3 )  and  (A .4 )  ho ld .  Consequen t l y  any  one  o f  24  se ts  
{g ,  Y» S . }  can  be  used  to  spec i f y  the  su r face  de te rmined  by  a  g iven  se t  
{a  } .  Th is  under -spec i f i ca t ion  o f  the  Bohr  coord ina tes  leads  to  severa l  
y  
symmet ry  re la t ions  fo r  the  e igen func t ions  ® i^ '  
Append ix  B  o f  Refe rence  (22) ,  symmet ry  re la t ions  were  deduced  by  f i r s t  
enumera t ing  the  24  ro ta t ions  wh ich  connec t  poss ib le  BF f rames .  Th is  
led  to  th ree  independent  symmet r ies  o f  the  th i s  append ix ,  a  
d i f fe ren t  approach  i s  used  and  a  fou r th  sy i rane t ry  i s  d iscovered .  
)u re  A . I .  E f fec t  o f  inc reas ing  (3 .  I n  th i s  se r ies  o f  d raw ings  y  i s  f i xed  a t  20°  and  g  takes  on  
the  va lues  0 ,  0 .3 ,  0 .6 ,  0 .8 ,  and  1 .0 ,  respec t i ve ly ,  f rom le f t  to  r igh t .  In  each  
case  the  su r face  i s  v iewed f rom the  po in t  ( x ,y ,z )  =  (1 ,2 ,2 )  i n  the  body- f i xed  (BF)  
f rame,  and  the  z  ax is  i s  upward  
F igure  A .2 .  E f fec t  o f  inc reas ing  y .  Here  g  i s  f i xed  a t  0 .8  and ,  f rom le f t  to  r igh t ,  y  runs  
th rough  the  va lues  0° ,  15° ,  30° ,  45° ,  and  60° .  Aga in  the  v iew ing  po in t  i s  
(x ,y ,z )  =  (1 ,2 ,2 ) .  No t i ce  tha t  the  y  =  0°  su r face  has  ax ia l  symmet ry  abou t  the  
z  d i rec t i  on  
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B.  A  Symmet ry  o f  
In  the  c rea t ion /des t ruc t ion  opera to r  represen ta t ion  [F igure  2 .1 ] ,  
e igens ta tes  o f  Hg may  be  cons t ruc ted  by  opera t ing  on  the  vacuum s ta te  
jO> w i th  a  se r ies  o f  c rea t ion  opera to rs .  The  genera l  e igens ta te  |NJ ivJM> 
o f  Equa t ion  (2 .21)  be longs  to  the  [N ]  symmet r i c  IR  o f  U(5)  ,  and may  
consequen t l y  be  wr i t ten  as  
+ V V,  \ )_2 
|N£vJM> =  Z A (v ) [b^ ]  [b^ ]  . . .  [b^g ]  |0>  ,  (A .7 )  
V  
where  the  A(v )  a re  cons tan ts ,  and  the  exponen ts  v .  sa t i s fy  
2 
E V .  = N .  (A .8 )  
i= -2  '  
Reca l l i ng  Equa t ion  (2 .24)  and  F igure  2 .1 ,  we f i nd  tha t  we may  wr i te  
Equa t ion  (A .7 )  i n  the  a -coord ina te  represen ta t ion  by  mak ing  the  rep lace­
ments  
jG> <91  C> =  exp  Z  ( -1 )^3^=^^  ,  >A.9)  
1 r_ ,  /  iNVi  9  
Th is  resu l t s  in^  
i s  assumed to  be  g iven  by  Equa t ions  (2 .7 )~ (2 . ' iO)  ;  thus  the  
upper  l abe l  on  ^  i s  s  =  [BC/# i2 ] i .  
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= <a  N&vJM> 
2 "N/2  z  A(v )  ^  
V  L 
a 
-2  aa^ 
2 9a  W ' [ '  1 3a '  .  
1 
0> (A .10)  
Under  the  invers ion  a - ) -a ,  <g |0>  i s  una l te red ,  and  the  express ion  i n  
b races  i n  the  above  equa t ion  i s  unchanged excep t  fo r  mu l t ip l i ca t ion  by  
the  phase  fac to r  
Z  V .  
( - 1 ) '  '  =  ( - 1 ) "  =  ( - 1 ) *  
The l as t  equa l i t y  fo l l ows  f rom the  U(5)  => R(5 )  b ranch ing  ru le .  Equa t ion  
(2 .33) .  Hence  we conc lude  
N&vJM 
(-«) = (A.11) 
^ O * • 1111 •> ^  ^  ^  ^  ^  f ^ V.  OpiOMOCI IC3 V,  ^ 
Trans fo rmat ions  o f  the  coord ina tes  (g ,  y ,  6 . )  wh ich  leave  the  
a ^ ( 6 ,  Y ,  8. )  e i the r  unchanged o r  mu l t ip l i ed  by  ( -1 )  w i l l  lead  to  
symmet ry  re la t ions  o f  the  Y ,  0 j ) -  These  symmet r ies  a re  based  
on  the  iden t i t i es  
' "3 '  =  •  
NîvJH' -
[Type  1 ]  
[Type  2 ]  
(A .12a)  
(A .12b)  
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Suppose  tha t  (g ,  y ,  6. )  and  (g ,  y ,  0. )  a re  two  se ts  o f  Bohr  coord ina tes ,  
and  tha t  a  and  a  a re  the i r  assoc ia ted  su r face  expans ion  coe f f i c ien ts .  
The  l a t te r  a re  un ique ly  de te rmined  f rom the  fo rmer  by  Equa t ions  (A .6 )  
and  
a  =  S D^" (9 . )a  .  (A .13)  
U ^  pv  I  V 
F rom Equa t ions  (A .12)  we then  have  
a  =  â  imp l ies  ® i^  "  ®i^  [TVPe U  (A. l ^a )  
a=-a  imp l ies  Y,  6; )  =  ( "D^  ®i^  [TYPC 21. (A . l4b )  
I t  now rema ins  to  d iscover  coord ina te  t rans fo rmat ions  
6  = 6(6 ,  Y, ô j )  ,  Y = Y (6 ,  Y, 0 j )  ,  8 .  =  ë . (8 ,  y ,  0. )  (A .15)  
be long ing  to  each  o f  the  two  t ypes .  We cons ider  on ly  those  coord ina te  
t rans fo rmat ions  wh ich  sa t i s fy  g  =  a  o r  a  =  -a  fo r  a l l  va lues  o f  
( S ,  Y,  8 . ) .  In i t i a l l y ,  i t  proves  conven ien t  to  emp loy  the  equ iva len t  
i 
co l lec t i ve  coord ina tes  (a^ ,  a^ ,  6 j )  and  (a^ ,  a^ ,  9 . )  i n  p lace  o f  
(6 ,  y ,  0. )  and  (B ,  y ,  8 . )  respec t i ve ly .  We beg in  w i th  
:  r  0  [Type  1 ]  
a  = e '% ;  n H  (A.  16)  
^  ^  [_  TT [Type  2 ]  
By  v i r tue  o f  Equa t ion  (A .13)  th i s  may  be  rewr i t ten  as  
: =: • (A '7) 
V V 
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where the and a^ satisfy Equations (A.4) independently. To proceed 
further we must assutne a relationship between the 9 and the 0. For 
example^ 
9 = 0 • $ ,  (A.18) 
where $ = (4^, (fi^) is constant and the product is R(3) group multi­
plication. That is, 9 specifies the active rotation, R(9), which is 
equivalent to the successive application of R($) followed by R(9). 
Equation (A .I8) has an immediate interpretation. When 
0 specifies the LAB BF rotation as parameterized by LAB, 
0 specifies the LAB BF rotation as parameterized by LAB, 
and (j) specifies the BF -»• BF rotation as parameterized by BF, 
Equation (A . I 8 )  can be shown to hold [see Appendix F]. Furthermore, we 
have 
since the rotation matrices realize the group multiplication. Sub-
2 
stituting Equation (A.19) into Equation (A.17), multiplying by 
and integrating over the space of the Euler angles (0.) leads to 
a ,  =  e ' ^  Z ( * . )â  .  (A.20)  V V V 1  V 
The alternate assumption 9 = ^ * § leads to Dpyi{({i.) = ^nd 
consequently results in no transformations that cannot b& found by 
p u r s u i n g  E q u a t i o n  ( A . I 8 ) .  
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Inver t ing  and  emp loy ing  a_^  =  ( -1 )  a^  then  y ie lds  
=  e  -  m 
v>0 ( '  ^  «v.o '  
(A .21)  
When y  =  ±1  i n  Equa t ion  (A .21) ,  we  may  use  a^^  =  
a rb i t ra r iness  o f  and  a^  to  deduce  
a^^  =  0  and  the  assumed 
V = 0, 2 (A .22)  
A  weaker  bu t  more  genera l  cond i t i on  may  be  deduced  by  subs t i tu t ing  
Equa t ion  (A .21)  i n to  each  s ide  o f  a_^  =  ( - î ) ^a^ ,  and  then  invok ing  the  
a rb i t ra r iness  o f  a^  and  a^ :  
• (A .23)  
No t i ce  tha t  the  boxed  equa t ions ,  wh ich  de te rmine  the  poss ib le  connec t ions  
be tween 0  and  9 ,  a re  independent  o f  e ' ^  and  hence  a re  independent  o f  
t rans fo rmat ion  t ype .  
Due to  the  ro ta t ion  mat r i x  symmet ry  ,  ( * . )  =  ( -1 )^  ,  _  ( * . ) ,  
m J m I  ^n i  ^  m  i  
the  two  boxed  equa t ions  y ie ld  on ly  fou r  independent  cond i t i ons  on  
These  may  be  taken  to  be  
On , ( * : )  =  0  .  
= 0 
and 
(A .24a)  
(A .24b)  
(A .24c)  
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"b' + i' * 0-2 .z'»;) '  • (A'24d) 
At  th i s  po in t  we may  emp loy  the  fac to red  fo rm o f  the  ro ta t ion  mat r i ces  
I  - im ' i j ) ,  ,  - im( j )_  
Om'.m'* ! '  =  ê  <*•»)  
2  
and inser t  exp l i c i t  fo rms  fo r  the  d^ ,  ^ ( *2 ) '  For  example .  Equa t ion  (A .24a)  
becomes [ see  F igure  F . l ]  
2 ,  .  - '4 \  ^ 
e dg^ fOg)  =  e  ^  [— s in  cos  ( j ) ^ ]  =0  ,  
imp ly ing  tha t  =  0 ,  o r  TT .  I n  a  s t ra igh t fo rward  manner ,  24  d i s t inc t  
ro ta t ions  $  may  be  found  wh ich  a re  s imu l taneous  so lu t ions  o f  Equa t ions  
(A .24) .  These  have  been  l i s ted  in  Tab le  A . l .  In  every  case  the  BF 
axes  de f ined  by  
R( * ) :  BF +  BF 
may  be  ob ta ined  by  a  re labe l ing  o f  the  BF axes .  For  each  so lu t ion  
Tab le  A . i  spec i f i es  the  re la t ionsh ip  be tween the  BF and  Br  coord ina tes  
o f  an  a rb i t ra ry  po in t  [ ( x ,  y ,  z )  and  ( x ,  y ,  z )  respec t i ve ly ] .  
The  ro ta t ion  ^  re la tes  8  to  8  th rough  Equa t ion  (A . I8 ) .  The  
co r respond ing  re la t ionsh ip  be tween (g ,  y)  and (g ,  y)  i s  deduced  f rom 
Equat ion  (A .21)  wh ich  may  be  wr i t ten  more  exp l i c i t l y  as  
e '^ i  
r  9 2 1 1 r /é 2 2'*, 1 
0 =  [  J  cos  ( j )2  -  y  ^0  L  ^  *2(c  +  e  ) j |  ag  , (A .26a)  
and  
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e ' ^^2  "  [  IT s ' "^*2  ^  ^  Sq +  +  COS 
- 2 i  
2!  (<J>, - ( t ) , )  o  - |  
+ (1  -  COS d)^ )  e  JSg  (A .26b)  
In  the  case  (}> =  (0 ,  i i r ,  ^ i r )  ,  fo r  example ,  the  above  two  equa t ions  become 
in~  ~1  /6  ,  
« =0 ' 2 *o + IT *2 and 
e '%.  -  I  - r^  l^o  "  1^2 
In  te rms o f  the  shape  paramete rs  we have  
"T] 
e ' "g  s in  Y =  cos  y - s in  y  =  g  s in  | ^y  -  J  
For  the  t ype  1  t rans fo rmat ion  [e ' "  =  +1 ] ,  we thus  conc lude  
e ' ^B  cos  y  =  ^  cos y  +  s in  y  =  g  cos  |  y  -  ^  |  and 
i r iô  •  ~  " /F I  1,  
" y -yg  -
in  
g = g  ,  y  =  y  -  ^  [ T y p e  1  ;  * = ( 0 ,  i i r ,  i i r )  ]  
To  f i nd  the  assoc ia ted  type  2  t rans fo rmat ion ,  i t  i s  he lp fu l  to  f i r s t  
reca l l  the  t r i gonomet r i c  i den t i t i es  s in (a  +  n )= -s in (a )  and  cos (a  +  i r )  
=  -cos (a ) .  We may  then  wr i te  immed ia te ly  
B = B  ,  y  =  y  -  ^  +  i r  [ T y p e  2  ;  *  =  ( O ,  i n ,  i n ) ]  
Fo r  each  o f  the  24  ro ta t ions  there  i s  one  t ype  1  and  one  t ype  2  
Bohr -coord ina te  t rans fo rmat ion  fo r  wh ich  Equa t ion  (A .16)  ho lds .  For  the  
type  1  t rans fo rmat ions  [Tab le  A . l ]  
g  =  g  ,  and 
1 
2 
3-
4 
5 
6 
7 
8 
9 
10:  
1 1 :  
12 
13 
14  
15  
16 
17 
18 
19 
20 
21 
22 
23 
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Enumera t ion  o f  the  24  d i s t inc t  t ype  1  coord ina te  t rans fo rma­
t ions .  In  a l l  cases  B =  3 .  As  the  fou r th  co lumn ind ica tes ,  
every  t rans fo rmat ion  may  be  genera ted  by  the  success ive  
app l i ca t ion  o f  th ree  bas ic  t rans fo rmat ions  (marked  by  * ) .  
The  g roup  o f  24  t rans fo rmat ions  i s  i somorph ic  w i th  the  oc ta ­
hedra l  g roup .  The  l as t  co lumn re la tes  the  ca r tes ian  coor -
d ina tes  o f  two  f rames ,  BF and  BF,  connec ted  by  4) :  BF  BF.  
Expression in 
_ terms of 
BF + BF Y generators (x,y,z) 
0 ,0 ,0 )  y Rl2=R24=R33 (x,y,z)  
-Y -2 IT /3  R  J  R2  (x,z,-y)  
y Ri  (x,-y,-z)  
-Y -2TT /3  «2*3= (x,-z,y)  
0 ,11 ,0 )  y RiRz^  ( -x,y,-z)  
-Y~2 IT / 3  RgSR;:  ( -x,z,y)  
i r , 0 ,0 )  y RgZ ( -x,-y,z)  
-Y -2n /3  R1R23R32  ( -x,-z,-y)  
- in ,n ,0 )  -y R1R2 (y,x,-z)  
0 ,?n , in )  Y -2n /3  R3  (y,z,x)  
i% ,0 ,0 )  -y R2 (y,-x,z)  
Y-2 IT /3  R1R3  (y,-z,-x)  
0,0,-JfTr)  "Y ( -y,x,z)  
Y-2n/3 RIR2^R3 ( -y,z,-x)  
i l T ,1T ,0 )  -y RiRgS ( -y,-x,-z)  
0 ,?n , -?m)  Y -2 IT /3  Ra^Rs ( -y,-z,x)  
Y+2H / 3  R3Z  (z,x,y)  
Tr , r i r ,Tr)  -Y+2TT / 3  R1R2R3 (z,y,-x)  
- i l T ,5T7 ,T r )  Y+2 IT /3  R1R32 (z,-x,-y)  
0 , jV , i r )  -Y+2n /3  R2R3 (z,-y,x)  
-?n ,2n ,0 )  Y+2 IT /3  RiRg^RgZ ( -z,x,-y)  
0 , i i r , 0 )  -Y+2ir/3 R2^R3 ( -z,y,x)  
i n , in ,0 )  Y+2m/3  Rz^RgZ  ( -z,-x,y)  
n ,&n ,0 )  -Y+2w/3 RlRz^Rs ( -z,-y,-x)  
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Y =  one  o f  {±y ,  ±y  ±  - y  }  
Cor respond ing  to  each  t ype  1  t rans fo rmat ion  the re  ex is ts  a  t ype  2  
t rans fo rmat ion  g iven  by  
- t ype  2  ^ type  1  
^ type  2  ^ type  1  
(A.27)  
^ type  2  ^ type  2  ^  ^  
A l l  t ype  1  t rans fo rmat ions  may  be  genera ted  by  the  success ive  app l i ca ­
t i on  o f  th ree  bas ic  ones :  
Rp  $  =  ( " i i r ,  - r r ,  i i r )  g  =  g  Y =  Y » 
r  Rota t ion  th rough  i r  1 
|_ about BF x-axis J 
R :  $ =  ( i i r ,  0 ,  G)  3  =  6  Y =  "Y  ,  
Rota t ion  th rough  i i r  
abou t  BF z -ax is  
$  =  (0 ,  i iT ,  è i r )  3=3  Y =  Y -
Rota t ion  th rough  ^  
-about  BF (x+y+z)  d i rec t ion  1 
2 i r  
(A .28a)  
(A .28b)  
(A .28c)  
A i l  t ype  2  t rans fo rmat ions  may  be  genera ted  by  comb in ing  these  th ree  w i th  
<1^-  $  =  (0 ,  0 ,  0)  3 =  6  Y =  Y +  N (A .28d)  
Each  o f  the  R.  l eads  to  an  independent  symmet ry  o f  the  Bohr  e igen func-
t i ons .  I f  we wr i te  i n  the  fac to red  fo rm o f  Equa t ion  (2 .25)  
Nxv  J n  
Y,  Qj )  '  ^^2(6)  =  s  . (A.29)  
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and expand  the  angu la r  fac to r  i n  ro ta t ion  mat r i ces  
V,  "  J"  ,  . (A .30)  
V , n  ,  î \  K—-V  
the  symmet r ies  o f  i f ;  may  be  expressed  as  symmet r ies  o f  g^ .  Equa t ions  
(A .14) ,  (A .19) ,  (A .29) ,  (A .30) ,  and  6=6  g ive  r i se  to  
T ,  r ^ n  J*  1  r  1 ( t ype  1 )  1  
= L K,!_J ' tvJK'W J " |(.0^ (type 2) J '  
Eva lua t ing  the  r igh t  hand  s ide  o f  the  above  equa t ion  fo r  each  o f  the  
fou r  bas ic  symmet r ies  y ie lds  
"r %vJ,-K'I'> • (A 32*) 
"2- = ' (A 32b) 
Rj :  =•  Z  9%, jK , (Y  -  y )  d;J * , (0 ,  i . ,  W ,  (A.32c)  
P- i . :  =  ( -1 )^  Go^ jy iY  +  ? )  .  (A .32d)  
The  f i r s t  two  p roper t ies  may  be  used  to  rewr i te  the  las t  sum i n  
Equa t ion  (A .30)  
e , )  =  z  .  (A.33)  
" " " "  '  K>0 (1  +  j  
even  " ' 0  
From the  assumed angu la r  momentum charac te r  (JM)  o f  j j . ,  i t  i s  
eas i l y  shown tha t  on ly  (J 'M ' )  =  (JM)  con t r ibu tes  to  the  sum ^  in  
Equa t ion  (A .30) ,  and  tha t  the  g  coe f f i c ien t  mus t  be  independent  o f  M.  
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F igure  A .3 .  I l l us t ra t ion  o f  su r face  symmet r ies .  F rom l e f t  to  r igh t ,  the  
top  row o f  d raw ings  dep ic ts  the  sur faces  (g ,y ) ,  (g . -y ) ,  and  
(6 ,Y-120° )  as  seen  f rom the  BF po in t  ( x ,y ,z )  =  (1 ,2 ,2 ) .  Here  
B=0 .9  and  y=20° .  The  p r ime mer id ian  and  semiequa to r  have  
been  d rawn as  doub le  l i nes  to  a id  o r ien ta t ion .  D i rec t l y  be­
low each  d raw ing  i s  a  second  v iew o f  the  same su r face  f rom a  
ro ta ted  van tage  po in t  ( x ' ; y ' ;Z ' ) ,  The  new van tage  po in t  i s  
de te rmined  by  x '=R ' j ' ^x  where  the  R j  (1  =  1 ,2 ,3 )  a re  the  ro ta ­
t i ona l  par ts  o f  Equa t ions  (A .28) .  F rom l e f t  to  r igh t  R ] ,  R2 ,  
and  have  been  app l ied  to  ob ta in  ( x ' , y ' , z ' )  =  (x , -y , -z ) ,  
( y , -x ,z ) ,  and  ( y ,z ,x ) ,  respec t i ve ly .  The  th ree  sur face  v iews  
o f  the  bo t tom row can  be  seen  to  be  iden t i ca l  to  the  i n i t i a l  
v iew a t  top  l e f t .  Thus  the  sur faces  o f  the  top  row a re  no t  
d i s t inc t  i n  the  sense  tha t  they  may  be  ro ta ted  in to  one  
ano ther .  Fur thermore ,  the  ro ta t ion  R^ takes  the  top  l e f t  
su r face  in to  i t se l f  
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Equat ion  (A .32a)  i nd ica tes  tha t  K  =  0  does  no t  con t r ibu te  to  the  above  
sum when J  i  s  odd .  
Type  1  t rans fo rmat iona l  symmet r ies  a r i se  f rom our  ab i l i t y  to  
paramete r i ze  a  g iven  quadrupo le  su r face  w i th  d i f fe ren t  se ts  o f  Bohr  
coord ina tes .  BF f rame sur faces  [Equa t ion  (A .3 )1  de te rmined  by  (6 ,  y )»  
(g ,  - y )  ,  and (g ,  y  -  are  consequen t l y  equ iva len t  i n  the  sense  tha t  
they  may  be  ro ta ted  in to  one  ano ther .  Th is  i s  i l l us t ra ted  in  F igure  
A .3 -  I f  V(6 ,  y )  i s  the  co l lec t i ve  po ten t ia l  energy  func t ion  fo r  a  
homogeneous  nuc lear  d rop le t ,  we expec t  
V (6 ,  Y )  =  V ( i ,  Y )  (A .34)  
fo r  t ype  1  t rans fo rmat ions ,  o r  more  spec i f i ca l l y  
r -  quadrupo le  - ,  
V (6 ,  Y )  =  V(B ,  -Y )  =  V(3 ,  Y -  -T- )  sur face  .  (A .35)  
• -  symmet r ies  
When V(g ,  y )  i s  spec i f i ed  on  0  <  g  Z l™,  0  y  ^  n /3 .  Equa t ion  (A .35)  
se rves  to  de f ine  i t  e lsewhere .  The  opera t ion  y  y  =  y  +  IT re f lec ts  
the  nuc lear  su r face  th rough  a  sphere  o f  rad ius  R^ .  We have  no  a  p r io r i  
expec ta t ion  tha t  such  an  opera t ion  shou ld  leave  the  po ten t ia l  energy  
unchanged .  
D .  Symmet r ies  o f  the  y  Probab i l i t y  Dens i t y  
The  y -coord ina te  p robab i l i t y  dens i t y  [ see  Equa t ion  (2 .42) ]  o f  the  
norma l i zed  Bohr  e igen func t ion  ^ i ^  S 'ven  by  
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P(Y)  -  J j '  / "  e^dBdSide^de j  . (A.36)  
OÏÏ 0 0 0 0 
s 9 
In  th i s  sec t ion  we show tha t  P(Y)  =  P(Y )>  where  y  i s  any  o f  the  
poss ib i l i t i es  a r i s ing  in  the  t ype  1  o r  t ype  2  coord ina te  t rans fo rmat ions .  
I f  E q u a t i o n s  ( A . 2 9 )  a n d  ( A .30)  a r e  s u b s t i t u t e d  i n t o  E q u a t i o n  ( A .36) ,  
and the  in tegra t ions  a re  per fo rmed,  we f i nd  
" (2J +^1) J -  "  (A -37)  
^£vJK ^  rea l -va lued  func t ion ,  and  the  complex  con juga t ion  i s  re ta ined  
here  fo r  l a te r  conven ience .  Equa t ion  (A .31)  i s  now used  i n  the  above  
equa t ion  :  
1 
PW = z 
L^ ,  
-, r . 1 
.u 
2 J  +  ]  ^ £ v J K ' K K ' ^ ^ i '  K K " ' * i ' J  
^K ' ,K"  
^ lsm_M p(- )  
I  s  i n  3Y1 
= P(y)  (A.38)  
The l as t  equa l i t y  may  be  ve r i f i ed  by  eva lua t ing  [ s in  3y | / | s in  3YI  FOR 
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each  poss ib le  t ype  1  o r  t ype  2  t rans fo rmat ion .  The  independent  
symmet r ies  o f  P(y )  may  be  found  by  cons ider ing  Equa t ion  (A .38)  fo r  each  
o f  the  R . :  I  
P(Y)  =  P ( - y )  = P(Y -  =  P(Y + i r )  .  (A .39)  
The  spec i f i ca t ion  o f  P(Y )  on  0  £  Y £ TT/6 thus  se rves  to  de f ine  P(Y)  
everywhere on 0 Y ^ 2IT. 
E.  E f fec ts  o f  Re f lec t ing  V (G,  Y )  Abou t  y  =  30°  
Let  
.2 
H =  - |g  T (6 ,  Y,  e. )  +  V (e ,  Y )  (A .40a)  
be  a  genera l i zed  Bohr  Hami l ton ian .  V (6 ,  Y )  'S  assumed to  possess  the  
quadrupo le  su r face  symmet r ies  [Equa t ion  (A .35) ]  bu t  i s  o therw ise  
a rb i t ra ry .  We can  de f ine  a  re la ted  Hami l ton ian  by  re ta in ing  the  k ine t i c  
t e r m  o f  H  a n d  r e p l a c i n g  V ( g ,  Y )  b y  i t s  r e f l e c t i o n  a b o u t  y = 30° :  
H'  =  T($ ,  Y,  8. )  +  V ' ( 6 ,  Y )  (A .40b)  
V=(3 ,  Y )  H  V (B,  y  "  Y )  
I t  may be  eas i l y  shown tha t  V ' (B ,  y) so  de f ined  mus t  a l so  obey  the  
quadrupo le  su r face  symmet r ies ,  and  tha t  
V ' (g ,  Y )  =  V(B ,  Y + m)  
i s  an  equ iva len t  de f in i t i on  o f  V .  We now show tha t  fo r  every  e igen-
func t ion  ( j i  o f  H ,  the re  i s  an  assoc ia ted  e igen func t ion  ip '  o f  H '  w i th  the  
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same energy  E .  In  the  Schroed inger  equa t ion  fo r  H ,  
H* (g ,  Y ,  e . )  =  E( j ) (S ,  Y ,  9 j )  ,  (A .A la )  
we make  the  change  o f  va r iab le  y '  =  Y ~  " f -  F rom the  fo rm o f  T  [Equa t ion  
(2 .11)1  and  
s in ( Y  -  a )  = s in ( Y '  +  f r  -  a )  = -s in ( Y '  "  a )  
s in (3Y)  =  s in (3Y '  +  S^r )  =  -s in (3Y ' )  
L. = _A_ 
3Y 3Y '  
we deduce  tha t  the  change  o f  va r iab le  resu l t s  i n  
T(e ,  Y ' .  0 j )  +  V(6 ,  Y '  +  i r ) j  * (6 ,  Y '  +  TT,  0 . )  =  E* (g ,  Y '  +  i r ,  9 j )  •  
(A .41b)  
De le t ing  the  p r ime on  the  (dummy)  va r iab le  Y '  t hen  y ie lds  
H ' * (6 ,  Y +  m,  e . )  =  E* (6 ,  y  + -n,  6. )  
ConscQuent1  y ,  i f  6 (S ,  Y ,  8 . )  iS  an  c i ycn func t ion  o f  H w i th  c i ycnva luc  E ,  
then  
* ' (6 ,  Y .  6 . )  =  4 (g ,  Y  +  6 . )  (A .42)  
i s  an  e igen func t ion  o f  H '  w i th  e igenva lue  E .  Fur thermore  i f  (j )  has  the  
expans  ion  
* (B ,  Y ,  0 ; )  =  Z a  4^ (6 ,  Y ,  6 ; )  ,  a  =  (N ,  Z ,  v  ,  J  ,  M )  ,  (A .43a)  
I  (X c t  I  (X Gt  a  c t  cx  
a  
then ,  f rom symmet ry  R^ ,  < j ) '  has  the  expans ion  
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* ' ( B ,  Y.  Q j )  = Z 4^ (6 ,  Y + i r ,  6 . )  
a 
£ 
= Z a^( - l )  °  * * (6 ,  Y ,  0 j )  .  (A .43b)  
We now cons ider  the  e f fec t  o f  the  po ten t ia l  energy  re f lec t ion  upon  
quadrupo le  moments  and  B(E2)  t rans i t i on  ra tes .  Le t  ( | ) ^  and  ( j ) ^  be  any  
two  e igen func t ions  o f  H ,  and  l e t  ( | ) |  and  be  the  cor respond ing  e igen-
func t ions  o f  H '  ob ta ined  f rom Equat ion  (A .42) .  F rom Equa t ions  (3 .45) ,  
(3 .48)  and  (3 .49) ,  quadrupo le  moments  and  t rans i t i on  ra tes  a re ,  i n  f i r s t  
o rder ,  p ropor t iona l  to  reduced  mat r i x  e lements  o f  a^ :  
Q(* , )  =  <4^ | |a | | * ,>  
2 [ f i r s t  o rder ]  (A .44)  
B(E2:* ,+*2)  "  l<*2 l  k l  l+ i> l  
Regard ing  as  a  func t ion  o f  the  Bohr  coord ina tes ,  we may  no te  tha t  
3  COS(Y +  TT )  =  -$  cos  y  = -a^  
6 — o 
— SIN (Y  + IT )  =  — s in  y = -a „  
•/l Vl 
and use  Equa t ions  (A .6 )  and  (A .13)  to  conc lude  
a^ (6 ,  y  +  n ,  6 . )  =  -a^ (6 ,  y ,  6. )  .  (A .45)  
We w i l l  a l so  requ i re  | s in  3(Y + N) |  = [s in  3Y 1 which  ensures  tha t  the  
vo lume e lement  o f  Equa t ion  (2 .14)  sa t i s f ies  
dn(6 ,  Y  +  n ,  S j )  =  dO(B,  y ,  0. )  .  (A .46)  
Cons ider  now the  mat r i x  e lement  
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< ( J ) ' I A  | ( | ) I>  =  /  41"  (6 , Y ,8 . )a  (g , Y ,8  ) * j (B , Y ,e  )dO(6 , Y ,8 . )  
2  ^  ^ 0 (6 ,Y ,8 . )  2  I  y  .  1  .  
=/ *"(6,Y+m,8.)a (B,Y,8.)*,(6,Y+n,8.)dn(B,Y,8.) 
0(B,T,8 ; )  ^  .  u  .  1 
Mak ing  the  change  o f  va r iab le  y '  =  y  +  i r  and  us ing  Equa t ions  (A .45)  and  
(A .46)  y ie lds  
,!<}>!> = / <|)-(6,Y ',8.) [-a (3,Y ',8.) ] ( { >  (3,Y ' . E . ) D N(B, Y ',8.) 
^  H  *  n / o  O  \  ^  H  ' '  «  *  
I  
= -<<J)2  | a^ |  ( { i ^  >  .  (A .47)  
Consequen t l y ,  i n  f i r s t  o rder ,  
0 ( * { )  =  -OX* , )  (A .48a)  
B(E2 :4 |^ *^ )  =  B(E2 : * , ^ *2 )  *  (A .48b)  
Equa t ions  (A .48)  a re  used  i n  Chapte r  V t o  l im i t  the  inves t iga ted  range  
o f  in  Hgp.  
We may  de f ine  the  opera to r  W by  i t s  e f fec t  upon  an  a rb i t ra ry  
func t ion  o f  the  Bohr  coord ina tes :  
W[h(g ,  y, 8. ) ]  =  h (g ,  y + -n, 8. )  •  (A .49)  
I f  V(B ,  Y )  i s  l e f t  una l te red  by  a  re f lec t ion  abou t  Y = 30° ,  then  
V(B ,  Y)  =  V (g ,  Y  +  n)  =  V(B ,  Y)  (A .50)  
and  consequen t l y  
W[V(6 ,  Y ) ]  =  V(B ,  Y)  
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Under  such  c i rcumstances  the  Hami l ton ian  o f  Equa t ion  (A .40a)  commutes  
w i th  W and  s imu l taneous  e igen func t ions  o f  the  two  opera to rs  may  be  
found .  I f  h  i s  an  e igen func t ion  o f  W w i th  e igenva lue  w,  we may  use  the  
2 
fac t  tha t  W i s  the  iden t i t y  opera to r  to  deduce  tha t  
Wh =  wh;  =  1  imp ly  w =  ±1  .  (A .51)  
2 
For  example  when V(8 ,  y )  =  iCg  ,  
[Hg,  W]  =  0  
and s imu l taneous  e igen func t ions  o f  H„  and  W may  be  found .  These  a re  D 
s imp ly  the  
and  the  e igenva lue  o f  W,  w  =  ( -1 )^ ,  may  be  ap t l y  named the  "J l -pa r i  t y " .  
The  e igens ta te  o f  H i n  Equa t ion  (A .43a)  w i l l  be  an  e igens ta te  o f  W i f  
a  van ishes  fo r  a l l  odd  o r  a l l  even  va lues  o f  Z  .  For  such  a  s ta te  o f  
a  a  
de f in i te  ^ -par i t y  
* ' (8 ,  Y,  ÔJ)  =  4(6 ,  Y +  TT,  0J)  =  ±4(8,  Y,  0J)  ,  
and we may  deduce  f rom Equat ions  (A .4 / )  and  (A .48)  tha t  
Q(< i> )  =  0  (A .53a)  
i n  f i r s t  o rder .  One may  a l so  eas i l y  show tha t  
B(E2 : * , ^ *2 )  =  0  (A .53b)  
i n  f i r s t  o rder  i f  and  a re  e igens ta tes  o f  W w i th  the  same ^ -par i t y .  
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The genera l i zed  Bohr  Hami l ton ians  t rea ted  in  th i s  thes is  have  the  
p roper ty  o f  reduc ing  to  Hg i n  some l im i t .  We may  wr i te  
" • jmq °  
H =  Hg +  U(6 ,  y) (A .54b)  
where  U(g ,  y )  =  0  fo r  some se t  o f  Hami l ton ian  paramete rs .  Occas iona l l y  
U (g ,  Y )  possesses  a  symmet ry  wh ich  can  be  used  to  par t i t i on  the  e igen-
func t ions  o f  H i n to  two  c lasses ,  C ,  and  C_.  Tha t  i s  ID I Z 
U(B,  y )  f ' i ' ^  be longs  to  C 1 
<* ; !  o r  =  0  i f  <  '  and  >  (A .55a)  
H be longs  to  Cg j  
where  
U Cg =  se t  o f  a l l  bas is  func t ions ,  
n  Cg =  empty  se t  
(A .55b)  
For  example  i f  U(S,  Y )  i s  una l te red  by  y  Y +  and  may  be  taken  
to  be  the  se ts  o f  Bohr  e igen func t ions  w i th  even  and  odd  %-par i t y  re ­
spec t i ve ly .  Equa t ions  (A .55)  w i l l  then  ho ld .  Ano ther  example  f requen t l y  
encoun te red  i n  th i s  work  i s  
u ( e ,  Y) = U(B) 
fo r  wh ich  we may  choose  
C,  =  se t  o f  a l l  w i th  £ .  =  £  1 I I
Cg =  se t  o f  a l l  w i th  2 .  ^  % 
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Cons ider  now the  e igens ta te  ( {> ,  o f  Equa t ion  (A .54a)  i n  the  even t  tha t  JMq 
Equat ions  (A .55)  ho ld .  In  te rms o f  the  o r thonorma l  we have  the  
expans ion  
( j ) =  Z  a ?  i  =  ( N . £ . t . J M )  .  ( A . 5 6 )  
JMq .  I  I  I I I  
We may  show:  
i f  the re  i s  no  e igen func t ion  o f  H degenera te  
w i th  then  on ly  be long ing  to  a  s ing le  c lass  
[ i . e . ,  o r  C^ ]  have  non-zero  coe f f i c ien ts  in  the  
sum o f  Equa t ion  (A .56) .  
Consequen t l y  <()  possesses  the  c lass  p roper ty .  Th is  i s  t yp ica l l y  the  
JMq 
case  fo r  H^p  e igen func t ions  [when  Equa t ions  (A .55)  ho ld ] .  For  example  
when C^  =  0  and  3^  ^  0 ,  o f  H^p  i s  genera l l y  no t  degenera te  w i th  a  
l i near l y  independent  Consequen t l y  possesses  & as  a  good  
quan tum number ,  and  on ly  s ta tes  w i th  2 .  =  & occur  on  the  r igh t  hand  
s ide  o f  Equa t ion  (A .56) . ^  S im i la r l y  when C^  ^  0  and  =  30° ,  we have  
Vqpfg, T + TT) = Vgp(6, Y) 
and,  i n  the  absence  o f  degeneracy ,  (J ) . „  w i l l  be  a  s ta te  o f  good  ^ -par i t y .  j nq  
When (J) ,  [degenera te  w i th  ]  ex is ts ,  the  so lu t ion  o f  Equa t ions  
J  Mq J  Mq 
(A .54) ,  ob ta ined  by  d iagona l i z ing  the  mat r i x  [H ] ,  i s  no t  guaran teed  to  
'Because  >  =  5 .  „  fo r  any  s  and  s ' ,  the  va lue  o f  s  i n  
I  '  J &i,&j 
Equat ion  (A .56)  i s  immater ia l .  I f ,  fo r  example ,  on ly  s ta tes  w i th  £ .  =  8  
occur  i n  Equa t ion  (A .56) then  on ly  i. = 8 wi l l  occur  when the  sum i s  
'  s  '  '  
expressed  in  the  fo rm Z a.  é .  .  I  I  
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be long  to  a  s ing le  c lass .  However ,  i t  i s  poss ib le  to  f i nd  l i near  com­
b ina t ions  o f  <j> and  (p  ,  wh ich  possess  the  c lass  p roper t ies ,  j nq  JMq 
We c lose  the  append ix  w i th  a  b r ie f  p roo f  o f  Asser t ion  (A .57) .  
Wi th in  the  expans ion  techn ique ,  a  so lu t ion  to  Equa t ions  (A .54)  [ such  as  
Equa t ion  (A .56) ]  cons is ts  o f  a  se t  o f  coe f f i c ien ts  {a*? }  sa t i s fy ing  
Z <* ! |H | * !>a9  =  E a^ .  (A .58)  
j  '  J  J  A ^ 
The  p roo f  i s  by  con t rad ic t ion .  Assume tha t  Equa t ion  (A .56)  sa t i s f ies  
Equa t ion  (A .54a)  and  tha t  members  o f  each  c lass  appear  i n  the  expans ion .  
Tha t  i s  
w i th  a t  leas t  one  b?  and  one  c?  non-zero .  Subs t i tu t ing  Equa t ion  (A .59)  
S ^  
i n to  Equa t ion  (A .54a) ,  mu l t ip l y ing  by  ,  [a  member  o f  Cg ] ,  and  in te ­
g ra t ing  over  n (6 ,  y ,  0 . ) ,  we ob ta in  
Z <4 f , |H | * !>c?  =  E c9 ,  ,  (A .60)  
J J ^ 
where  Equa t ion  (A .55a)  has  been  used .  Consu l t i ng  Equa t ions  (A .55a)  and  
(A .60)  we f i nd  tha t  
f "J- i ^2 
J S 
L 0 ,  in 
sa t i s f ies  Equat ion  (A .58) ,  and  hence  
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'J 
i s  a  non- t r i v ia l  so lu t ion  w i th  energy  tha t  i s  l i near l y  independent  
to  .  Thus  i f  bo th  c lasses  appear  i n  Equa t ion  (A .56)  we may  cons t ruc t  JMq 
an e igen func t ion  degenera te  w i th  Converse ly  i f  no  such  degeneracy  
occurs ,  on ly  a  s ing le  c lass  can  appear  i n  Equa t ion  (A .56) .  
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VIM.  APPENDIX B :  NORMALIZATION OF THE , „ (B ,  Y .  6 . )  
N&VJM I 
Exac t  e igen func t ions  o f  the  d imens ion less  Bohr  Hami l ton ian  
y ,  0 . )  =  - i T ( B ' ,  Y ,  e . )  +  .  ( B . l )  
D I I 
as  deve loped  in  Refe rence  (22) ,  have  the  fac to red  fo rm 
'^NJlvJM^^' '  ®i^ "  • (8.2) 
The norma l i za t ion  o f  these  e igen func t ions  i s  d iscussed  in  th i s  append ix ,  
and  computa t iona l  techn iques  emp loyed  i n  the  ca lcu la t ion  o f  the  A^  coe f ­
f i c ien ts  [Equa t ion  (2 .30) ]  a re  descr ibed .  For  conven ience ,  the  p r ime 
on  the  rad ia l  va r iab le ,  g ' ,  i s  de le ted  in  the  fo l l ow ing  d iscuss ion-
We des i re  tha t  norma l i zed  wave func t ions  obey  the  cond i t i on  
<N1VJH|N)IVJM> E •NUVJH^NUVJH""' = ' 3' 
where  
dîî = gTlsin 3Y I  clBdYdfi ( 6  . )  ( B . 4 )  
s in  e de de de 
dn(8 . )  =  ,  ^ ^  ,  
STT 
and the  reg ion  o f  in tegra t ion  i s  
0 < $ < 00 
0 ^ Y ^ 2tt 
0 <  6 ,  <  2 i r  
— I — 
0 ^ e2 ^ n S o(e.) 
0 <  0 ,  <  2 i r  
— 3 — 
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Because  o f  the  fac to red  fo rm o f  \p ,  we  may  i ns is t  upon  two  separa te  
norma l i za t ion  cond i t i ons :  
<N&|N&> =  1 (B .5a)  
<&vJM|&vJM> =  1 ,  (B.5b)  
where  the  over lap  fac to rs  a re  de f ined  by  
I  
<Nt |N '% '>  E dg  ,  (B .6 )  
ZlT *  
<ovJM|& 'v ' J 'M '>  5 /  /  (Y,9.) | s in  3Y ldYdn(e j )  
0(8.) Y=0 
(B.7) 
Express ions  fo r  f^^^  and  der i ved  in  (22) ,  a re  s ta ted  by  Equa t ions  
(2 .26) - (2 .28) .  f ^^  i s  a  ro ta t iona l  sca la r ,  wh i le  i s  an  e igens ta te  
2 2 
of  J  and  w i th  e igenva lues  J (J  +  1)A  and  MA respec t i ve ly .  The  
Wigner -Eckar t  theorem [Equa t ion  (F .79) ]  may  be  invoked  to  wr i te  
Consequen t l y  <£vJM1£ 'v ' JM> i s  independent  o f  the  va lue  o f  M so  long  as  
- J  M J ,  and  we may  adop t  the  shor tened  no ta t ion  
<&v j |& 'v ' j ' >  =  <AvJ ,  M= j |& 'v ' j j >5 , j .  .  (8 .8 )  
As  d iscussed  in  Chapte r  11  and  i n  Refe rence  (22) ,  the  e igen func t ions  
^N&vJM o r thogona l  on  the  labe ls  N and  2 , ,  as  we l l  as  on  J  and  M.  
Thus  
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<N%vJM|N '2 'v ' J 'M '>  =  <N2|N '& '><&vJM|2 'v ' J 'M '>  
when Equa t ion  (B .5a)  i s  sa t i s f ied .  
A .  Norma l i za t ion  o f  f ^^ (6 )  
The  rad ia l  fac to r  o f  [Equa t ion  (2 .26) ]  may  be  rewr i t ten  by  
express ing  the  hypergeomet r i c  func t ion  as  an  assoc ia ted  [o r  "genera l i zed" ]  
Laguer re  po lynomia l  (53 ) :  
2 
fN&(6)  =  ( -n ;  a ;  6^ )  (B . lOa)  
=  V  [T^C' ^ s ' ) ]  .  (B. iob )  
N - ? 
n E —2— > a E 5, + 5 /2  ,  
(a ,  n )  E (a ) (a  +  1)  . . .  (a  +  n  -  1)  
The norma l i za t ion  cons tan t  may  be  eas i l y  found  by  mak ing  use  o f  the  
o r thogona l i t y  p roper ty  (53)  
/ "  e ' "  L=(x )L=(x )dx  =  6  r ( ,  *  y  0 ,  > 0 ]  
• '  Q  n  m mn n  !  
Us ing  Equa t ions  (B .5a) ,  (B .6 ) ,  and  (8 .10b) ,  we  have  
' = n I  
_ (o ,  n )  _  /  e-8 L°-'(6^)L°"'(6^)dS 0 n  n  
2 
which ,  upon  the  change  o f  va r iab le  x  =  S ,  becomes 
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e-L-'(x)L»-Nx)dx 
_ -2  r  n!  ,  r (a  +  n )  
Hence  the  requ i red  norma l i za t ion  cons tan t  i s  
V= [ ^ T %Sf]^ • 
B.  Norma l i za t ion  o f  Q j )  
The  R(5)  fac to r  o f  may  be  wr i t ten ,  a f te r  the  fash ion  o f  
Equa t ion  (2 .27) ,  as  
J  <8 . I  J ,  M, |K |>  
*&vJM(Y' ®i) = ^&vJ SavUK^Y) (1 + 6^ q) '  (^.12) 
even  
Here  
<8 .1  J ,  M,  |K |>  E D^^ (e . )  +  ( - i ) ^D; | [ *_^ (e j )  ,  (B.13)  
and  T | „  ,  i s  a  norma l i za t ion  cons tan t  to  be  de te rmined .  The  func t ion  
£vJ  
tha t  appear ing  i n  Refe rence  (22) :  
go i i c ty )  =  (cos  y )^  I  A (« .vJK) ( tan  _ (B .14)  
£vJK (,=0 ^ 
The upper  l im i t  on  the  sum over  a  depends  upon  K  and  £  as  fo l l ows .  
De f ine  the  in tegers  m and  p  by  
K  =  4m +  2p  p  =  0 ,  1  m =  0 ,  1 ,  2 ,  . . .  
322 
Then 
"max  =  •  P"GI "  "  
i f  n+1 >  X ^  n  w i th  n  " j  
_an  in teger ,  then  [ x ]g |  =n  j  
A c losed  express ion  fo r  the  genera l  coe f f i c ien t  A^(2,VJK )  was  de te rmined  
in  (22) .  I t  may be  wr i t ten  as  
A,(ZVJK) .  r (J-K) I  
L( j+2-3v ) !  (J - i l+3v) !  12*  
A^(£vJK) (B.15) 
where  the  bar red  coe f f i c ien t ,  i nvo lv ing  no  square  roo ts ,  i s  g iven  by  the  
nes ted  sum 
Â^(.VOK) -  («-V)! I  
^  ^  \  iK+2a-c  
^  ,  i \d /  iK+2cr -c \  (2v+J+2c-3d-e )  !  
I  [  c-d  )  ( c -d ) l  d !  
- 2^  {2-v- c+3d+e+f ) l  
^  (& -v -c - f ) !  FT (£+v+J+c+ f+ l ) I  V u • I  V/ 
The summat ion  ind ices  e ,  c ,  d  and  f  range  over  those  va lues  fo r  wh ich  
a l l  fac to r ia l s  and  comb ina t iona l  symbo ls  i n  Equa t ion  (B .16)  have  non-
nega t i ve  a rguments  s imu l taneous ly :  
max{0 ,  3v+K-&}  e  j<  m in {J+K,  J -&+3v}  
max{0 ,  ?K+2a-v }  ^  c  ^  min{%-v ,  iK+2o}  
max{0 ,  C -Q - ^K }  £  d  •< m in {c ,  a }  
0  <  f  <  Z - v - c  
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We now cons ider  the  ca lcu la t ion  o f  the  and  hence  o f  the  
norma l i zed  A-coe f f i c ien ts  
aJ (JIvJK) E A^(i lvJK) .  (B.17) 
An express ion  fo rT j ^^ j  may  be  ob ta ined  by  subs t i tu t ing  Equa t ion  (B .12)  
i n to  the  norma l i za t ion  cond i t i on ,  Equa t ion  (B .5b) .  However ,  as  we a l so  
requ i re  va lues  fo r  the  non- t r i v ia l  <&vJ |&v 'J> ,  we  beg in  w i th  Equa t ion  
(6 .8 )  and  deve lop  an  express ion  fo r  the  genera l  R(5 )  over lap :  
E [ /  9lyjK(Y)9%,v,j,K'(Y) 
l\ ^ V w (J 
even  even  
" !="• îvidv] 
The in tegra l  over  the  Eu le r  ang les  may  be  eva lua ted  by  us ing  the  
o r thogona l i t y  p roper ty  o f  the  ro ta t ion  mat r i ces  on  the  un i t  sphere  
[Equa t ion  (F .47) ] ,  
<J, M' , |K |>  H /  <8 . I  J ,  M, |K |>*<8 . | J 'M ' |K ' |>dn(6 . )  
0 ( 8 . )  '  '  
2(1 + (-I)J J 
— • (B 19) 
2J  +  1  JJ '  MM'  KK '  
Us ing  th i s  resu l t  i n  Equa t ion  (B . l8 ) ,  and  expand ing  the  y  in tegrand  
w i th  Equa t ion  (B . lA )  leads  to  
2 r ^ ^ 
*  2JHTL (J+&-3v) !  (J -J l+3v)  !  (J+£ ' -3v ' ) !  ( j - i l ' +3v ' )  !  J  
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where  the  bar red  over lap  invo lves  no  square  roo ts»  
,  J (1 + (-1)^ ^1/ n) _ i | /  
<&v j |% 'v ' j>  =  I  (J +  K)  !  (J  -  K) !  12  
K>p (, + 5% o): 
even  
a  o '  
max  max  ,  
X Z 12"  A^ (£vJK)  E  12" *  A„ , (£ ' v ' JK)  
a=0 o'=0 
X c9(£+£ ' -K-2a-2a ' ,  iK+a+a ' )  .  (B .20b)  
The  in tegra l  rema in ing  i n  Equa t ion  (B .20b)  i s  o f  the  fo rm 
2TT 2 
c9(s ,  q) = j ( cos  Y )  ( s in  y) [ s in  3yMy  (B .21a)  
0 
where  s  and  q  a re  non-nega t i ve  in tegers .  When s  i s  odd ,  the  in tegrand  
i s  even  abou t  y = -n and odd  abou t  y  =  consequen t l y  e5(s ,  q )  =  0 .  
When s  i s  even ,  J (s ,  q )  may  be  eva lua ted  by  f i r s t  us ing  symmet ry  a rgu­
ments  to  wr i  te  
2 t i  i r /3  211 /3  
(= h ! ^ 2 f 
0 0 TT /3  
and  then  mak ing  the  change  o f  va r iab le  t  =  cos  y. Each in tegrand  
becomes a  po lynomia l  i n  t ,  and  one  f i nds  
0  (s  odd)  
c4-9m 
i s  even ;  
(B .21b)  
r 
j Mr' ^ 21313  ^ ( even)  .  
m=0 (s+2m+l ) (q+ i ) \  m /  2S+2m-2 
Hav ing  deve loped  the  necessary  fo rmu lae ,  we  may  now ca lcu la te  the  
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and the  <£ .vJ |£v 'J>  by  the  fo l l ow ing  p rocedure :  
1 )  The  A -coe f f i c ien ts  a re  computed  by  per fo rming  the  nes ted  
summat ions  i n  Equa t ion  (B .16) .  
2 )  Necessary  i n tegra ls  j ( s ,  q )  a re  computed  f rom Equat ion  
(B .21b) .  
3 )  The  bar red  over laps  <£vJare  found f rom Equat ion  
(B .20b) .  [Those  over laps  fo r  wh ich  & ^  & '  shou ld  be  
computed  as  ze ro . ]  
4 )  The  norma l i zed  A-coe f f i c ien ts  a re  ca lcu la ted  f rom 
Ap(&vJK) = 1(2J+1) (J+K) !  ( J -K) !  
1 - I  
^  Â (£vJK)  (B .22)  
a 
which  fo l l ows  f rom Equat ions  (B .5b) ,  (B .12) ,  (B .14) ,  
(B .17)  and  (B .20a) .  
5 )  Non- t r i v ia l  over laps  be tween norma l i zed  wave func t ions  a re  
ca lcu la ted  f rom 
<£v jkv ' j>  =  <&vJ j£v 'J>  _ ( b .23)  
[<  J lvJ  I  £vJ  ><  S,v  '  J  j  i i v  '  J  >  ]  '  
i n  te rms o f  the  A" ^ ,  t he  p roper l y  norma l i zed  R(5)  fac to r  o f  '  s  
J  <6 . | J ,M, |K |>  
(I  .  
even  
J  
^  ,  (B .24)  
K=-J  
even  
where  
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f  (cos  Y) *  z  A^ ( i l vJK)  ( tan  [K>  
o=0 ^ 
0]  
g;,j ,(y) = ]  (B.25) 
C.  Computa t iona l  Methods  
As  the  A ' ^  coe f f i c ien ts  were  to  be  ca lcu la ted  bu t  a  s ing le  t ime and  
s to red  fo r  fu tu re  use ,  i t  was  essen t ia l  tha t  the  ca lcu la t ions  be  done  as  
accura te ly  as  poss ib le .  I  i ns i s ted  tha t  the  s to red  resu l t s  be  co r rec t  
i n  the  f i r s t  ten  s ign i f i can t  f i gu res .  S ince  "doub le  p rec is ion"  compu­
ta t ions  on  the  ava i lab le  IBM 370 /158  compute r  emp loy  numbers  hav ing  16  
dec ima l  d ig i t s  o f  p rec is ion  [REAL*8 ] ,  i t  seemed reasonab le  to  expec t  
tha t  the  A*^  cou ld  be  ob ta ined  to  the  des i red  accuracy  w i th  a  ra ther  
s t ra igh t fo rward  REALMS FORTRAN code .  Th is ,  however ,  tu rned  ou t  no t  to  
be  the  case .  
S tan ley  A .  Wi l l i ams (65)  sugges ted  the  a l te rna te  idea  o f  ca lcu la t ing  
the  A coe f f i c ien ts  exac t l y  us ing  in teger  a r i thmet i c .  The  ra t iona l  
f rac t ion  o f  two  in tegers ,  and  m^ ,  cou ld  be  represen ted  by  express ing  
i t  in  te rms o f  p r ime fac to rs :  
= 2*3 s": s": . . . .  .  (5.26) 
"^2 "22 
Here  the  " le f tover "  in tegers ,  n^^  and  ^^22 '  have  no  p r ime fac to rs  sma l le r  
than  73 .  A  s tandard  FORTRAN in teger  [1 *4 ]  i s  l im i ted  in  magn i tude  to  
"^2 X 10^^, thus  se t t i ng  an  in te rna l  upper  l im i t  on  the  s i ze  o f  the  com­
ponen ts ,  m^ and  m^ ,  o f  a  ra t iona l  f rac t ion .  Th is  l im i t  was  g rea t l y  
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ex tended  by  express ing  a  g iven  ra t iona l  f rac t ion  as  the  sequence  o f  
I *4  in tegers  (n^ ,  n^ ,  ,  Wi l l i ams had  a lso  wr i t ten  a  co l lec t ion  
o f  FORTRAN subrou t ines  to  add ,  sub t rac t ,  mu l t ip l y  and  d iv ide  ra t iona l  
f rac t ions  represen ted  i n  the  fo rm o f  Equa t ion  (8 .26) .  Use  was  made o f  
these  rou t ines  i n  deve lop ing  compute r  codes  to  ca lcu la te  the  A coe f ­
f i c ien ts  and  the  <£vJ |£v 'J>  exac t l y  as  ra t iona l  f rac t ions .  [No t i ce  tha t  
in teger  a r i thmet i c  su f f i ces  fo r  the  f i r s t  th ree  o f  the  f i ve  ca lcu la t iona l  
s teps  ou t l i ned  ear l i e r . ]  These  codes  were  o f  l im i ted  use fu lness ,  
however ,  as  i t  was  no t  d i f f i cu l t  to  have  in te rmed ia te  va lues  o f  n^^  over ­
f l ow ing  [exceed ing  "^2  x  10^^ ]  i n  the  add-o r -sub t rac t  subrou t ine .  In  
those  cases  where  over f low d id  no t  occur ,  the  exac t  va lue  o f  A^(£ ,vJK)  
cou ld  be  compared  w i th  one  ca lcu la ted  us ing  REAL*8  a r i thmet i c ;  i t  was  
found  tha t  the  la t te r  va lue  was  o f ten  accura te  to  less  than  ten  s ign i f i ­
can t  f i gu res ,  pa r t i cu la r l y  when the  va lue  o f  a  was  sma l l .  The  d i f f i cu l t y  
was  even tua l l y  t raced  to  cance l la t ions  occur r ing  in  the  nes ted  sum o f  
Equa t ion  (B .16) .  When sums o f  pos i t i ve  and  nega t i ve  te rms were  i n ­
d iv idua l  l y  ca lcu la ted ,  they  were  occas iona l l y  found  to  agree  i n  
magn i tude  to  f i ve  o r  even  10  s ign i f i can t  f i gu res .  
Because  o f  the  cance l la t ion  and  over f low prob lems,  i t  was  c lea r  
tha t  exac t  ca lcu la t ion  o f  the  Â coe f f i c ien ts  wou ld  be  necessary ,  and  
tha t  accompl i sh ing  th i s  wou ld  requ i re  hand l ing  in tegers ,  n^ , ,  wh ich  
exceeded  the  usua l  FORTRAN s i ze  l im i t s .  Ra t iona l  f rac t ions  were  aga in  
represen ted  in  the  manner  o f  Equa t ion  (B .26) ;  however ,  I  a l lowed the  
le f tover  numera to r  to  be  an  "ex tended  in teger "  o f  40  dec ima l  d ig i t s .  
Each  g roup  o f  fou r  ad jacen t  d ig i t s  was  represen ted  by  a  s ing le  1*4  
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i n teger .  Subrou t ines  were  wr i t ten  to  add ,  sub t rac t  and  mu l t ip l y  
ra t iona l  f rac t ions  whose  n^ j  components  were  ex tended  in tegers .  Th is  
ex tens ion  p roved  su f f i c ien t  to  avo id  the  over f low prob lems tha t  had  
p rev ious ly  hampered  a t tempts  a t  exac t  ca lcu la t ion  o f  the  Â .  A t  th i s  
po in t ,  th ree  codes  fo r  ca lcu la t ing  these  coe f f i c ien ts  were  ava i lab le :  
1 )  ABARB,  wh ich  used  REAL-8  a r i thmet i c  and  occas iona l l y  p roduced  
inaccura te  resu l t s  because  o f  cance l la t ion  e f fec ts ;  
2 )  ABAR,  wh ich  used  I *4  a r i thmet i c  and  ca lcu la ted  the  Â exac t l y  
as  ra t iona l  f rac t ions  [when  n^^  d id  no t  over f low] ;  and  
3 )  ABARX,  wh ich  ca lcu la ted  the  Â exac t l y  as  ra t iona l  f rac t ions  
us ing  ex tended  in teger  a r i thmet i c .  
As  expec ted ,  ABARX was  s lower  and  more  cos t l y  to  execu te  than  ABAR;  
ABAR8 was  cons iderab ly  fas te r  than  e i the r .  Dur ing  p roduc t ion  runs  fo r  
the  ca lcu la t ion  o f  the  Â ,  the  ABAR resu l t  was  accep ted  i f  ABAR8 i nd i ­
ca ted  tha t  i t  was  co r rec t .  Otherw ise  ABARX was  used .  
Ex tended  in teger  a r i thmet i c  was  a l so  used  to  ca lcu la te  the  J (s ,  q )  
and  the  <&vJ |2 ' v ' J>  as  ra t iona l  f rac t ions .  The  A  coe f f i c ien ts  a re  
ing red ien ts  i n  the  ca lcu la t ion  o f  the  l a t te r ,  and  were  sub jec ted  to  
ex t reme tes t ing  by  ve r i f y ing  tha t  
< £ v J =  0  2  ^  & '  
F ina l  l y  the  A"  and  <JZ,vJ  j  î - v ' J>  (v  f  v"  )  were  fo rmed as  REALMS numbers  
and  s to red  on  magnet i c  tape .  The  s to red  A^  were  then  sub jec ted  to  a  
second  leve l  o f  tes t ing :  they  were  used  i n  REALMS codes  wh ich  ca lcu ­
la ted  mat r i x  e lements  o f  the  un i t  opera to r .  
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The f i ve -s tep  ca lcu la t iona l  p rocedure  o f  Sec t ion  B was  ca r r ied  ou t  
i n  tu rn  fo r  each  o f  the  sp ins  J  =  0 ,  2 ,  3 ,  4 ,  20 .  The  number  o f  
coe f f i c ien ts  and  non- t r i v ia l  over laps  ca lcu la ted  fo r  each  J  was  l im i ted  
by  f i x ing  the  max imum va lue  o f  I  cons idered  in  Tab le  B . l ] .  As  
Tab le  B .2  ind ica tes ,  the  number  o f  A^(J lvJK)  r i ses  rap id ly  w i th  inc reas ing  
a 
J  and  £  .  For  f i xed  I  and J ,  the  w i th  J  even  requ i re  cons ider -
max  J lvJM 
ab ly  more  coe f f i c ien ts  fo r  the i r  spec i f i ca t ion  than  do  the  
Tab le  B .3  con ta ins  a  shor t  l i s t  o f  the  fo r  J  =  0 ,  and  i l l us t ra tes  
two  genera l  t rends :  
1 )  A^ ( j l vJK)  tends  to  inc rease  i n  magn i tude  as  £  inc reases ;  and  
2 )  For  f i xed  (£vJK) ,  A^ (£vJK)  r i ses  and  then  fa l l s  as  a  inc reases  
f rom 0  to  a  
max  
Tab le  B .4  g ives  the  number  o f  d i s t inc t  non- t r i v ia l  over laps  
<£vj |£v ' j >  wh ich  occur  fo r  severa l  f i xed  va lues  o f  £  and  J .  The  
mu l t ip l i c i t y  in  the  v  labe l  [ i . e . ,  the  number  o f  d i s t inc t  w i th  
f i xed  £  and  J ]  i s  qu i te  sma l l  f o r  modera te  va lues  o f  £  and  J .  In  the  
max ima l  bas is  ca lcu la t ions  [Tab le  B . l j ,  the  mu l t ip l i c i t y  was  a t  wors t  
fou r - fo ld .  As  an  example ,  when  (£ ,  J )  =  (24 ,  18 ) ,  v takes  on  the  
va lues  2 ,  3 ,  4  and  5 .  No more  than  two- fo ld  mu l t ip l i c i t y  occurs  fo r  
J  11 ,  and  J  =  0 ,  2 ,  3 ,  4 ,  5 ,  and  7  a re  mu l t ip l c i t y  f ree  fo r  a l l  va lues  
o f  £ .  A l l  o f  the  non- t r i v ia l  over laps  fo r  J  ^  12,  £  ^  12 a re  l i s ted  in  
Tab le  B .5 .  
330 
Tab le  B . l .  Numbers  o f  coe f f i c ien ts  and  over laps  ca lcu la ted  
fo r  each  va lue  o f  J  
Number  o f  Number  o f  Number  o f  
^tnax <&vj|iv'j> 
(£<£  )  (&<& ;  K>0)  ( Z < Z  ;  v<v ' )  
0  30  11  91  0  
2  27  18  261  0  
3  30  10  85  0  
4  25  24  504  0  
5  27  16  240  0  
6  25  30  854  7  
7  25  21  457  0  
8  25  35  1266  13  
9  25  26  766  6  
10  25  39  1719  18  
11  15  13  319  4  
12  25  42  2191  27  
13  15  13  393  5  
14  25  44  2660  34  
15  15  12  431  6  
16  25  45  3098  39  
17  15  9  360  3  
18  25  45  3480  45  
19  15  7  313  2  
20  25  44  3778  48  
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Tab le  B .2 .  Number  
and  £  
o f  AJ(£VJK) 
< £ 
— max 
w i  th  f i xed  J ,  K  >  0 ,  
J £ : 10 
max 
15  20 25 30 
0 12 27  37  61  91  
2  44  85  161  234  320 
3 10 24 33  56 85 
k 88 189  328 504 718  
5  34  72  144  214  297  
6  134  318  534  854  1248  
7  63  157  288  457  663 
8 173  420  814  1266  1814  
9  86  256  460  766 1146 
10  189  549  1059  1719  2529 
11 91 319  690 1123 1650 
12  170  656 1292 2191 3308 
13  63  393  873  1503  2283  
14  136  668  1564  2660  4008  
15  49  431  1027 1885 2959  
16 88 668 1715 3098 4820 
17  28  360 1200 2244  3540  
18  65  585  1785 3480 5610  
19  0 313 1235  2552  4205  
20  36  470 1843 3778  6199  
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Tab le  B .3 -  A l l  coe f f i c ien ts  fo r  J  =  0  w i th  
K ^  0  and  2  ^  20.  [ . xxxD yy  shou ld  be  
read  as  ( . xxx )  •  10^^ ]  
I V  J K 0 m  ^  "  1  y  \  Mq V i \ ;  
0 0 0 0 0 0.5000000000 0000OOD OU 
3 1 0 0 0 0.86602540378443860 00 
3 1 0  0 1 -0.259 80762113533160 01 
6 2 0 0 0 0.11180339887498950 01 
6 2 0 0 1 -0.11739356881873900 02 
6 2 0  0 2 0.13416407864998740 02 
6 2 0 0 3 -0.55901699437494 740 00 
9 3 0 0 0 0. 13228756555322950 01 
9 3 0 0 1 -0.29764702249476650 02 
9 3 0 0 2 0.10119998764822060 03 
9 3 0 0 3 -0.73419598882042380 02 
9 3 0 0 4 0.59529404498953290 01 
12 4 0 0 0 0.15000000000000000 01 
12 4 0 0 1 -0.58500000000000 000 02 
12 4 0 0 2 0.39656250000000 000 03 
12 4 0 0 3 -0.75375 000 000000 000 03 
12 4 0 0 4 0.42187500000000 000 03 
12 4 0 0 5 -0.4725 0000000000000 02 
12 4 0 0 6 0.5625 000000 0000 000 00 
15 5 0 0 0 0-165831239517770 00 01 
15 5 0 0 1 -0.9949874 3710662000 02 
15 5 0 0 2 0.11224702024859 060 04 
15 5 0 0 3 -0.40100066605890 760 04 
15 5 0 0 4 0^52795 520881470030 04 
15 5 0 0 5 -0.25110995443978320 04 
15 5 0 0 6 0.33891759576444240 03 
15 5 0 0 7 -0.93280 0 72228745620 01 
18 6 0 0 0 0.18027756377319950 01 
18 6 0 0 1 -0.1541373170260S55D 03 
18 6 0 0 2 0.26061375312963150 04 
18 6 0 0 3 -0.14965854630109510 05 
18 6 0 0 4 0.35208208204905860 05 
18 6 0 0 5 -0.35925149541336400 05 
18 6 0 0 6 0.15318409940763480 05 
18 6 0 0 7 -0.23272706748346470 04 
18 6 0 0 8 0. 10140612962242470 03 
18 6 0  0 9 -0.56336738679124840 00 
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Tab le  B .4 .  Number  o f  <&v j |&v ' j>  w i th  f i xed  J ,  
V <  v '  and  H <  £  
— max  
J & :  10 15 20 25 
max 
0 0 0 0 0 
2 0 0 0 0 
3 0 0 0 0 
4 0 0 0 0 
5 0 0 0 0 
6 2 4 5 7 
7 0 0 0 0 
8 3 6 10 13 
9 1 3 4 6 
10 3 8 13 18 
11 1 4 8 11 
12 2 11 18 27 
13 0 5 10 15 
14 1 10 23 34 
15 0 6 13 22 
16 0 9 24 39 
17 0 3 16 27 
18 0 6 24 45 
19 0 2 15 30 
20 0 3 24 48 
30 
0 
0 
0 
0 
0 
9 
0 
16 
8 
23 
14 
36 
20 
45 
31 
54 
38 
66 
45 
72 
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Tab le  B .5 -  A l l  <&v j |&v ' j>  hav ing  v  <  v ' ,  J  ^  12 ,  
and  S,  <  12  
<&vJ  &v 'J>  
6  6  0  1  - .8017027062403220 D-01  
6  9  1  2  - .9656020412619940 D-01  
6  12  2  3  - .1037358222937086 D 00  
8 7 0  1 - .1194030334785708 D 00  
8 8 0 1 -.5434680820018298 D-02  
8 10 1  2  -.1491232249988268 D 00  
8  11  1  2  - .1148803011697616 D-01  
9  9  0  1  .1873076010932257 D-01  
9  12  1  2  .1908209754408954 D-01  
10  8  0  1  - .1462145301373871 D 00  
10  9  0  1  - .8349385342827916 D-02  
10  10  0  1  .6620690490841561 D-02  
10  11  1 2 -.1889635788785222 D 00  
10  12  1 2 - .2041063417853270 D-01  
11  10  0  1  .4091985510922771 D-01  
11  11  0 1 .9299294355796804 D-02  
12 S 0 ] - .1641782825881252 D 00  
12  10  0  1  - .9642164667315264 D-02  
12 1 1 0 1 .1334839510517106 D-01  
12  12  0  1  .7578217969680127 D-02  
12  12  0  2  .5286870228451461 D-02  
12  12  1  2  - .2193057245440392 D 00  
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IX .  APPENDIX C :  CALCULATIONAL TECHNIQUES IN  THE SOLUTION OF H*  =  E*  
The  ca lcu la t iona l  techn iques  used  to  ob ta in  the  e igenva lues  and  
e !gen func t ions  o f  a  genera l i zed  Bohr  p rob lem [Equa t ions  3 -9 ]  a re  ou t l i ned  
in  th i s  append ix .  Based  on  the  methods  o f  Chapte r  I I I ,  Sec t ion  B ,  a  
seven  s tep  p rocedure  i s  fo l lowed:  
1 )  For  each  angu la r  momentum J ,  a  max ima l  expans ion  bas is  i s  
se lec ted .  I t s  s i ze  i s  spec i f i ed  by  the  upper  l im i t  on  the  
p r inc ipa l  quan tum number ,  
2 )  Mat r i x  e lements  fo r  po ten t ia l s  o f  the  fo rm 
= B^F(Y )  p  =  0 ,  1 ,  2 ,  . . .  
2 
or  Vg =  e  gPf fy )  a  ^  0 (C . I )  
a re  computed  be tween the  [genera l l y  non-o r thogona l ]  s ta tes  
o f  the  s tandard  reduced  Bohr  p rob lem.  Rad ia l  and  angu la r  
i n tegra t ions  a re  per fo rmed independent l y  by  mak ing  use  o f  the  
c losed  express ions  o f  Equa t ions  (2 .25) - (2 .30) .  The  A^  coe f ­
f i c ien ts  and  non- t r i v ia l  over laps  a re  p resumed to  have  
been Dreviously ca lcu la ted  by the methods  o f  Append ix  B .  
3 )  Fo l low ing  Equa t ion  (3 .26) ,  the  mat r i x  [U ]  i s  cons t ruc ted .  [U ]  
connec ts  s ta tes  o f  the  o r ig ina l  bas is ,  w i th  those  o f  the  
o r thonorma l  one ,  [ see  Equa t ion  (3 .22) ] .  
4 )  [U ]  i s  emp loyed  i n  the  manner  o f  Equa t ion  (3 .30)  to  ob ta in  
mat r i x  e lements  o f  the  po ten t ia l  te rms  be tween the  s ta tes  
5 )  An  expans ion  bas is  fo r  t rea t ing  the  p rob lem a t  hand  i s  dec ided  
upon ;  i t s  s ize  and  bas is  paramete r  [ s ]  a re  spec i f i ed .  [The  
s i ze  can  be  no  la rger  than  tha t  o f  the  max ima l  bas is  o f  s tep  
1 ) ,  fo r  wh ich  s tandard  reduced  mat r i x  e lements  < i |V^ | j>  have  
been  ca lcu la ted . ]  Us ing  Equa t ion  (3 .32) ,  mat r i x  e lements  o f  
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the  Hami l ton ian  
[H ] . .  =  <* ; |H | * !>  
a re  assembled  f rom the  < i |V^ | j> .  [For  an  example  see  Equa t ion  
(3 .34) . ]  
6 )  E igenva lues  and  e igenvec to rs  o f  the  mat r i x  [H ]  a re  de te rmined  
by  s tandard  computa t iona l  techn iques .  [The  EISPACK (41)  sub­
rou t ines  TRED3,  TRIDIB ,  T INVIT ,  and  TRBAC3 a re  used ] .  
7 )  The  expans ion  coe f f i c ien ts  fo r  the  e igen func t ions  o f  H a re  
back- t rans fo rmed in to  the i r  o r ig ina l  [ ^^J  bas is  represen ta t ion .  
Th is  i s  done  us ing  Equa t ion  (3 .29) .  
The  bu lk  o f  th i s  work  i s  accompl i shed  by  two  packages  o f  compute r  codes :  
MEWORK wh ich  per fo rms s teps  2 ) -4 ) ;  and  THEORY wh ich  i s  respons ib le  fo r  
the  mechan ics  o f  s teps  5 ) "7 ) .  Func t iona l  f l owchar ts  o f  the  two  packages  
a re  p rov ided  in  F igures  C . l  and  C .2 .  
In  the  fo l l ow ing  sec t ion ,  methods  fo r  ca lcu la t ing  o r ig ina l -bas is  
mat r i x  e lements  a re  p resen ted .  The  enumera t ion  o f  bas is  s ta tes ,  and  
the  de ta i l s  o f  c rans  Forming  be tween the  o r ig ina l  and  o r thonorma l  bases  
a re  the  top ics  o f  Sec t ion  B .  Sec t ion  C then  descr ibes  the  i n i t i a l  tes t ing  
o f  the  MEWORK and  THEORY packages .  Some l i gh t  i s  shed  on  the  e f fec t  o f  
mischoos ing  s ,  and  a t tempts  a re  made to  reproduce  ca lcu la t ions  repor ted  
in  the  l i t e ra tu re .  In  the  f i na l  sec t ion  we examine  the  manner  i n  wh ich  
the  energy  degeneracy  o f  the  Bohr  Hami l ton ian  i s  b roken  fo r  some s imp le  
cho ices  o f  the  po ten t ia l  energy  func t ion .  
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-MEWORK PACKAGE-
ME Overseer -
Read inpu t  da ta  spec i fy inq :  
-  the  po ten t ia ls  h j (B) f j (Y) ,  
fo r  wh ich  mat r i x  e lements  a re  des i red ;  
-  the  va lues  o f  J  to  be  used ;  
-  the  s ize  o f  the  t runca ted  expans ion  bas is  
(N^x^ - ' )  fo r  each  J ]  ;  
-  the  type  and  quant i t y  o f  p r in ted  ou tpu t .  
Compute  and  ass ign  necessary  a r ray  space .  
Ca l l  the  ME package once  fo r  each  J .  
\/ 7\ 
•  ME Package•  
For  spec i f ied  J ,  se ts  o f  SR mat r i x  e lements  
[V ] , .  -= < i |h^ (6 ) f ,W| j>  ;  N. .N .  <  
be tween s ta tes  o f  an  o r thonorma l  bas is  a re  
computed  fo r  one  o r  more  po ten t ia ls  [ k  =  1 ,  
2 ,  . . . )  .  The p rocedure  fo l lowed;  
1 )  Open the  ou tpu t  f i l e .  Record  J ,  
number  o f  po ten t ia ls ,  number  o f  bas is  
s ta tes ,  e tc .  
2 )  Read A^  coe f f i c ien ts  and  over laps .  
S to re  these  in te rna l l y .  
3 )  Cons t ruc t  the [u ( l . J ) ]  requ i red  fo r  
t rans fo rming  to  an  o r thonorma l  bas is  
[Equat ions  (C.25)  and  (3 .26) ] .  
angu la r  por t ions  o f  the  mat r i x  
elements in the original basis \ii 
[Equat ions  (C . t8 )  and  (C . I9 ) ] .  "  
5)  From 3)  and  4 )  de te rmine  the  anqu la r  
mat r i x  e lements  i n  the  o r thonorma l  
bas is  [Equat ion  (C .31) l .  
6 )  Ca lcu la te  rad ia l  in teqra ls  [Equat ion  
(C . l l )  o r  (C .14) ] .  
7 )  Us ing  resu l ts  f rom 5)  and  6 ) ,  assemble  
and  record  the  mat r i x  [V ]  [Equat ion  
Ir 2°) ] .  
8)  Repeat  s teps  U ) - 7 )  fo r  each  po ten t ia l .  
Wr i te  the  [ " ( f , , J ) ] ^  and  c lose  the  
ou tpu t  f i l e .  
4-
A coe f f i c ien ts  and  non- t r i v ia l  
over laps  [p rev ious ly  ca lcu la ted  
by  the  methods  o f  Append ix  B ] .  
MEWORK Outpu t  F i les  
For  each  va lue  o f  J  there  i s  one 
f i l e  cons  i s t ing  o f  :  
1)  J ,  number  o f  po ten t ia ls ,  
£ : : c  o f  bas is ,  a ids  fo r  
loca t ing  da ta  w i th in  the  
f i l e ;  
2)  Mat r i x  e lements  
< i | h j ^ ( g ) f^ { Y ) | j>  
fo r  each  po ten t ia l ,  k  =  1 ,  
2 ,  . . .  ;  
31 The t ransposes  o f  the  
[u ( f . J ) ]  submat r i ces  o f  
[U ]  wh ich  descr ibe  the  
'i'-. ll'. 
t rans fo rmat ion .  
F igure  C . I .  S t ruc tu re  o f  the  MEWORK package  
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•THEORY PACKAGE 
•THEORY Overseer  
Read i npu t  da ta  spec i f y ing :  
-  va lues  o f  the  paramete rs  (C^ ,  C^ ,  • • • )  
i n  the  Hami1 ton ian ,  H ,  under  s tudy ;  
-  s i ze  o f  expans ion  bas is  to  be  used  fo r  
each  J ,  va lue(s )  o f  s ;  
-  number  o f  e igenva lues  and  e igenvec to rs  
requ i red  fo r  each  J ;  
- t ype  o f  wr i t ten  and /o r  g raph ica l  ou tpu t  
Compute  and  ass ign  necessary  a r ray  
space .  
Ca l l  the  ENERGY package  once  fo r  each  
se t  (C^ ,  ^2 '  • • • } •  
ENERGY Package  
For  each  va lue  o f  J :  
1 )  Read  the  s to red  SR mat r i x  
e lements  and  assemble  the  sym­
met r i c  mat r i x  
[H ] . .  =  <^ ; |H |^s>  
2 )  Ca l l  upon  EISPACK subrou t ines  
to  f i nd  des i red  e igenva lues  and  
e igenvec to rs .  
3 )  Read  the  [u (%,J ) ] ^ .  Back  t rans ­
fo rm the  e igenvec to rs  i n to  the  
o r ig ina l  ip  rep resen ta t ion .  
K-
MEWORK Outpu t -
f i l es  fo r  
J  =  0  
J  =  2  
J = 3 
Vecto r  Outpu t  
E igenva lues  and  E igen­
vec to rs  may  be  s to red  
fo r  use  by  
F i  t t i ng .  
Graph ing ,  o r  
B(E2)  
rou t  i  nes .  
F igure  C.2 .  S t ruc tu re  o f  the  THEORY package  
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A.  Rad ia l  and  Angu la r  Mat r i x  E lements  
We cons ider  now the  ca lcu la t ion  o f  mat r i x  e lements  be tween the  
s ta tes  ip  [ a  =  (N ,  2 ,  V ,  J  ,  M )  ]  wh ich  compr ise  a  genera l l y  non-
a  a a a a a ' 
or thogona l  se t  o f  so lu t ions  to  the  s tandard  reduced  Bohr  p rob lem 
[Equa t ions  (2 .32) ] .  In  par t i cu la r  we seek  computa t iona l l y  use fu l  ex ­
p ress ions  fo r  
where  the  no ta t ion  o f  Equa t ion  (37 )  has  been  adop ted .  The  p r ime on  V 
i s  to  remind  us  tha t  the  mat r i x  e lements  o f  h (g ) f (Y )  are  to  be  computed  
i n  the  non-o r thogona l  bas is .  f (Y )  i s  assumed to  be  a  bounded  func t ion  
obey ing  the  po ten t ia l  energy  symmet r ies  [Equa t ion  (A .35) ]  
The  rad ia l  fac to r  h (g )  may  take  e i the r  o f  the  two  fo rms appear ing  i n  
Equa t ion  (C .1 )  :  
[V ]^G = <4'G,|H(6)F(Y) |$G> (C .2 )  
f (Y) = f ( -y )  =  f (Y - ) (C.3) 
h, (B)  =  gP (C .4 )  
p  =  0 ,  1 ,  2 ,  a >  0  
Us ing  the  fac to red  fo rm o f  the  Bohr  e igen func t ions  [Equa t ion  (2 .25) ]  
we  may  wr i te  the  des i red  mat r i x  e lement  as  a  p roduc t :  
(C.5) 
The p r ime on  the  rad ia l  va r iab le  i s  no t  ca r r ied  in  th i s  sec t ion .  
6  i s  unders tood  to  be  the  6 '  o f  F igure  2 .2 .  
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wi th  the  de f in i t i ons  
<N2|h(6) | N ' % ' >  = ;  fN&(G)h(6 ) fN ,%, (6 )  6  dg  ,  (C.6 )  
2TT *  
Y=0 0(8.)  1 £ V J  M I 
X dO(8 . ) | s in  ByI^ y •  (C .7 )  
n (6 . )  and  dO(8 . )  a re  de f ined  immed ia te ly  a f te r  Equa t ion  (B .4 ) .  
We beg in  by  cons ider ing  the  rad ia l  mat r i x  e lement .  The  c lass  o f  
func t ions  hg tg )  con ta ins  h^ (g )  as  a  subse t ,  so  i t  i s  su f f i c ien t  to  
eva lua te  
2 
= <N£|e~®^  6P |N '% '>  .  (C.8 )  
Us ing  Equa t ion  (2 .26) ,  the  rad ia l  fac to r  o f  each  e igen func t ion  may  be  
wr i t ten  in  the  fo rm 
.  (C.9) 
wi th  the  norma l i za t ion  cons tan t  g i ven  by  Equa t ion  (B . l l ) .  When 
Equa t ion  (C .9 )  i s  used  tw icc  in  Equa t ion  (C .6 ) ,  the  resu l t i ng  in tegra l  
may  be  eva lua ted  by  chang ing  the  in tegra t ion  va r iab le  to  x  =  (1  +  a )g  
and  us ing  (66)  
/  x^  e  *  dx  =  r ( t  +1)  [ t  >  -1 ]  .  (C. IO)  
0 
We f i nd  
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a,p  _  _  (1+a)  * r (w)  "  ( -n ,  m) (w,  m)  1  
- - 2 m) m! (,+a)" 
X Z ( -n ' ,  m ' )  [p  >  -5] , ( c . l l )  
m '=0  (a ' ,  m ' )  m ' !  (1+a)  
w i th  the  de f in i t i ons  
«  =  «  +1  .  n .  „  = iS l | l tE l  
a '  =  «. '  +  1-
(C .12)  
For  the  spec ia l  case  a  =  0 ,  the  inner  sum i n  Equa t ion  (C . l l )  may  be  
found  by  us ing  Vandermonde 's  theorem (67) :  
1  (-n ' ,  m ' ) (b ,  m ' )  _  ( c -b ,  n ' )  
m ' lo  t c .  m ' )  m ' !  ( c ,  n ' )  '  (^ "^3 )  
In  th i s  case  we have  
B°.p = <N»i$nN'r> z_ • 
• m=u " ' 
(C .14)  
For  computa t iona l  purposes  the  upper  l im i t  on  the  rema in ing  sum i s  kep t  
as  sma l l  as  poss ib le -  Equa t ion  (C . l4 )  i s  used  d i rec t l y  i f  n  ^  n ' .  
Otherw ise  
<N2|6P|N'&'> = <N'&'|6P|N2> , (C.15) 
which  fo l l ows  f rom the  rea l i t y  o f  the  rad ia l  wave func t ions ,  can  be  used  
to  res t r i c t  the  l im i t  on  the  sum to  the  min imum o f  { i (N-£ ) ,  i (N ' -& ' ) } .  
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For  sma l l  va lues  o f  p ,  recurs ion  re la t ions  fo r  the  assoc ia ted  Laguer re  
po lynomia ls  may  be  used  toge ther  w i th  Equa t ion  (B . lOb)  to  der i ve  more  
compac t  fo rms  o f  Equa t ion  (C .14) .  However  the  genera l  re la t ions  o f  
Equa t ions  (C . l l )  and  (C . l4 )  a re  u t i l i zed  by  the  MEWORK package .  
We now tu rn  our  a t ten t ion  to  the  angu la r  i n tegra l  o f  Equa t ion  (C .7 ) -
Wi th  <0 . | Jm1k1> de f ined  as  i n  Equa t ion  (B .13) ,  we  may  make  use  o f  
Equa t ion  (2 .29)  to  wr i te  
G =  <&vJM| f (Y) t% 'v ' J 'M '>  
° i lo I ' '"  
even  even  
X  /  <6 . | jMtK |>*<8 . | j 'M ' |K ' |>dn(8 . )  .  (C.16)  
n(8. )  '  
The resu l t  o f  the  in tegra t ion  over  the  Eu le r  ang les  i s  g iven  by  
Equa t ion  (8 .19) ,  and  may  be  inser ted  to  s imp l i f y  the  above  express ion :  
r  2 J  (1  +  ( -1 )^6^  J  
JJ '  +  1 K=0  (1  +  6^  
X 92vJK(T) f (7 )  9%,v , jK (Y) |s :n  3y |dY j  .  (C.17a)  
F rom Equa t ion  (A .32a) ,  i t  may be  seen  tha t  g^  van ishes  un less  J  i s  
even .  Hence  (1  +  ( -1 )^6^  q )  may  be  rep laced  by  (1  +  6^  g )  i n  
Equa t ion  (C .17a) .  L i ke  i t s  rad ia l  coun te rpar t ,  the  angu la r  mat r i x  
e lement  G i s  seen  to  be  rea l  fo r  a  rea l -va lued  po ten t ia l  func t ion .  
No t i ce  the  G van ishes  un less  (JM)  =  (J 'M ' ) ,  and  tha t  the  en t i re  
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dependence  upon  the  p ro jec t ion  quan tum numbers  i s  ca r r ied  by  the  fac to r  
We may  consequen t l y  wr i te  MM 
G =  <£vJM| f (Y)  |£ ' v ' J 'M '>  =  6 ,  . ,5  ,<X,vJ l f  ( y )  |£ ' v ' J>  ,  (C.17b)  
V V rin 
where  <J lvJ  [  f  (y )  j  S - ' v ' J>  i s  the  quan t i t y  i n  b racke ts  i n  Equa t ion  (C .17a) .  
To  p roceed  fu r the r  we expand  the  func t ions  us ing  Equa t ion  (2 .30) .  
Th is  resu l t s  i n  
< j ,w | f ( i r ) l f v ' j>  =  5 ^  1^4 TTT^  
even 
x Z A^ (£vJK)  I  A^,(£ 'v 'JK) j^*^ ' (K+2o+2o')  ,  (C . l 8 )  
a  ^  a -  ^  
w i  th  
(K+2a+2a ' )  =  /  (s in  y )K+2o+2a f ( y ) | s in  3Y|dy  .  
0 (C.19) 
Equat ions  (C . lB )  and  (C .19)  a re  the  bas is  fo r  the  p rac t i ca l  ca lcu ­
la t ion  o f  the  angu la r  mat r i x  e lements .  Each  requ i red  in tegra l  J  i s  
eva lua ted  numer ica l l y  by  us ing  the  subrou t ine  DQ,G32 (68 )  wh ich  per fo rms 
a  32  po in t  gauss  quadra tu re .  The  exponen t  o f  s in  y  i s  a  non-nega t i ve ,  
even  in teger .  The  exponen t  o f  (cos  y )  i s  a lso  a  non-nega t i ve  in teger ,  
i t s  evenness  o r  oddness  be ing  tha t  o f  (£+£ ' ) •  The  assumed symmet ry  
p roper t ies  o f  f ( y ) .  Equa t ion  (C .3 ) ,  may  be  used  to  nar row the  reg ion  o f  
in tegra t ion .  We beg in  by  b reak ing  f ( y )  in to  por t ions  wh ich  a re  symmet r i c  
and  an t i symmet r i c  respec t i ve ly  abou t  y  =  i i r :  
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f f y )  =  +  f ^ ty )  (c .20)  
= l [ f (Y )  +  f ( iT  -  y ) ]  
f ^ (y )  =  i i f ( y )  -  f -  y) ]  
and  fg  may  each  be  shown to  sa t i s fy  Equa t ion  (C .3 ) -  In  par t i cu la r  
each  i s  even  abou t  the  midpo in t  o f  in tegra t ion ,  y  =  w.  I f  (&  +  £ ' )  i s  
even ,  f ^ (y )  makes  no  overa l l  con t r ibu t ion  to  (K+2a+2a' ) ,  and we 
may  make  use  o f  the  symmet r ies  o f  the  in tegrand  to  wr i te  [ symbo l i ca l l y ]  
2i t  2ir t t /2  
J  1' f = f ' v . f -  =  4 j  f_  (£  +  £ ' )  even  
0 0 0 
r- tt/3 Tr/2 
= 4 /  ~ fg  +  /  ~  fg  .  (C.21)  
L 0 7r/3 J 
The b reakup  o f  the  in tegra l  over  0  ^  y  ±  11/2  i s  used  to  avo id  numer ica l l y  
i n tegra t ing  th rough  a  cusp  o f  [ s in  3y | .  Hence  DQG32 i s  used  tw ice  in  
the  ca lcu la t ion  o f  each  in tegra l  J .  For  the  rema in ing  case  we have  
s  im i  i a r i y  
2i t  2ir r  i r /S t t /2  - ,  
/  ' v f  =  J  ~  4  ^  f .  +  /  f .  .  (2  +  £ ' )  odd  (C .22)  
0 0 ^  L  n *  ?/3 -
The accuracy  o f  the  numer ica l  i n tegra t ions  fo r  the  t yp ica l  cho ices  
f , ( y )  =  (cos  3y )^  p  =  1 ,  2 ,  3 ,  4  ,  and 
fg fy )  =  (y  •  y^ )^  0  1 y 1 Tr/3  ,  = 0,  i r /12 ,  17 /6  ,  
was tes ted  by  fu r the r  subd iv id ing  the  reg ion  o f  in tegra t ion  and  
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reca lcu la t ing  ê  numer ica l l y .  Th is  was  done  fo r  severa l  va lues  o f  
(£  +  £ , ' )  and  (K+2a+2a ' ) .  i n  each  tes t  case  cons idered ,  the  change  i n  
the  ca lcu la ted  va lue  o f  was  less  than  one  par t  i n  10^^ .  
B .  T rans fo rmat ions  Be tween Expans ion  Bases  
Each  s ta te  o f  the  genera l l y  non-o r thogona l  expans ion  bas is  i s  
labe led  by  the  f i ve  in tegers  a= (N,J ! , , v ,J ,M) .  The Hami l ton ian  
^  a  a  a  a '  a  
mat r i x  o f  Equa t ion  (3 -30)  i s  d iagona l i zed  separa te ly  fo r  each  va lue  o f  
angu la r  momentum;  thus ,  a t  any  one  t ime ,  we requ i re  on ly  those  bas is  
s ta tes  possess ing  g iven  va lues  o f  J  and  M.  [The  va lue  o f  M i s  
immater ia l ] .  Such  s ta tes  a re  d is t ingu ished  by  the  t r i p le ts  
T^  =  (N^ ,  v^ ) .  These  may  be  pu t  i n to  one- to -one  cor respondence  
w i th  the  in tegers  n (a )  =  1 ,  2 ,  3 ,  • • •  th rough  the  fo l l ow ing  p rocedure :  
1 )  The  t r i p le ts  T^  wh ich  occur  fo r  f i xed  (J ,  M)  a re  o rdered  
f rom le f t  to  r i gh t  accord ing  to  inc reas ing  va lues  o f  the  
th ree  labe ls .  In  par t i cu la r  i f  T  =  (N ,  £ ,  v  )  and  
a  a  a  a  
T„  =  (N_ .  V . )  are  any  two  such  t r i p le ts ,  then  T  
p  p  p  p  a  
appears  to  the  l e f t  o f  T  i f  p 
"a < "g '  or 
"a = "S '  < *6 '  
K,  = Kg '  "a = '  V,  < Vg .  
2)  When a l l  t r i p le ts  have  been  so  o rdered ,  they  a re  ass igned  
the  in tegers  n (a )  =  1 ,  2 ,  3 ,  • • •  respec t i ve ly  f rom le f t  
to  r igh t .  
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As an  example ,  we  have  the  cor respondence  
n(a)  = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
N 
a 
= 4 5 6 6 7 7 7 8 8 8 8 9 9 9 9 
a 
a 
= 4 5 4 6 5 7 7 4 6 8 8 5 7 7 9 
V = 0 0 0 0 0 0 1 0 0 0 1 0 0 1 1 
fo r  the  f i r s t  f i f t een  s ta tes  [ i . e . ,  ^  9 ]  o f  the  J  =  8  expans ion  bas is .  
S ta tes  o f  the  assoc ia ted  o r thonorma l  bas is  i  =  (N. ,  A. ,  t . ,  
J ,  M) }  may  have  the i r  t r i p le ts  T .  =  (N . ,  £ . ,  t . )  s im i la r l y  enumera ted .  
For  conven ience  we may  th ink  o f  the  labe l  t .  as  tak ing  on  the  same 
numer ica l  va lues  as  do  the  cor respond ing  v^ .  The  o r thonorma l  bas is  i s  
comple te ly  spec i f i ed  when the  t rans fo rmat ion  mat r i x  [U ]  o f  Equa t ion  
(3.22) i s  g iven .  For  f i xed  (JM)  we may  wr i te  the  re la t ionsh ip  as  
4>. = I [U ]  _  ip  ,  (J .M. )  =  (J  M )  =  (JM)  .  (C .23) 
i  I I  c t c t  
a  I  a 
[U ]  i s  cons t ruc ted ,  us ing  the  method  o f  Sec t ion  I I I .B ,  f rom the  
norma l i za t ion  mat r i x  [N ] .  For  f i xed  (JM) ,  the  l a t te r  i s  
[ " IT ,T,  = 
a p 
'  «N .N  Vs - " '  •  (C '24)  
a p a p 
For  J  =  8 ,  the  low-energy  por t ion  o f  [N ]  i s  shown i n  F igure  C.3 .  The  
submat r i ces  
1  a  
-a  1  
occur  repea ted ly  a long  the  ma in  d iagona l  o f  [N ] .  They  a re  assoc ia ted  
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n(a) 
\ 
3 
4 
5 
6 
7 
1 440 
2 550 
640 
660 
750 
770 
77 I  
8 840 
9 860 
10 88 0 
11 88 I 
12 95 0 
13 970 
14 97 I  
15 99 I  
n(a) 
1 2 3 4 5 6 7 8 
4 5 6 6 7 7 7 8 
4 5 4 6 5 7 7 4 
0 0 0 0 0 0 1 0 
9 10 II 12 13 14 15 
8 8 
S ? 
A.LJ 
t  I  b  i 
I  I  
I  I  I  
1 
2  
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
1 2 3 4 5 6 7 8 9  1 0  12 13 14 15 
:u(7.8)l 
1 u(8,8)| 
.u{7.8): 
SOME MATRICES OCCURRING 
IN THE CALCULATIONS FOR 
J = 8 
Only NON-ZERO entries ore shown, 
[u] [n][u]^ = 15 X 15 unit matrix 
0 = -.1194030335 
b = -.0054346808 
The u(J.J) blocks are given by 
'-.7535228 -.7535228 ' 
[u(7.8)] = 
-.6683312 .6683312 
[u(8.8)] = 
-.7090361 -.7090361 
-.7051931 .7051931 
. h i  
1 2 3 4 5 6 7 8 
4 5 6 7 7 8 8 9  
0 0 0 0 1 0 1 1 
1 4 0 1 
2 5 0 1 
3 6 0 1 
4 7 0 iu(7.8); 
5 7 1 1 1 
6 8 0 iu(8£) 1 
7 8 1 
8 9 1 1 
F igu re  C.3.  [N] ,  [U ]  and  [U  ]  mat r i ces  fo r  J  =  8,  N < 9 
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wi th  the  v -mu l t ip l  i c i t y  o f  (2 .^ ,  J )  =  (7 ,  8 )  and  (8 ,  8 )  respec t i ve ly .  In  
each  case  takes  on  the  poss ib le  va lues  0  and  1 ,  and  the  submat r i ces  
a re  2x2 .  From Equa t ions  (2 .34)  and  (2 .35) ,  i t  i s  easy  to  show tha t  
a l l  such  submat r i ces  fo r  J  =  8  a re  2x2 .  That  i s ,  fo r  f i xed  (&^ ,  J  =  8 ) ,  
V can  have  a t  mos t  two  va lues .  [ v  has  exac t l y  two  va lues  fo r  (J l  ,  8)  
a ct ot 
whenever  i s  g rea te r  than  6  and  no t  a  mu l t ip le  o f  3 - ]  The  mat r i x  [P ]  
wh ich  d iagona l i zes  [N ] ,  and  hence  the  t rans fo rmat ion  mat r i x  [U ]  [ see  
Equa t ions  (3 -24) - (3 .26) ]  have  a  s im i la r  b lock -d iagona l  fo rm.  The  l a t te r  
i s  p ic tu red  in  F igure  C.3 .  In  p rac t i ce ,  the  d iagona l  b locks  o f  [P ]  a re  
found  by  emp loy ing  the  doub le  p rec is ion  subrou t ine  EIGRS (47) .  The  
resu l t i ng  mat r i x  [U ]  i s  qu i te  sparse  and  i s  spec i f i ed  by  the  sma l l  
submat r i ces^  
[U ( J2 .^ ,  J ) ] ^  =  [U ]^  £  t . ,N  £  V '  
I a a a I a o a 
(C .25)  
I  f  the  mat r i x  [V  ] ,  
r \M T T  v  / iu \ i  iw j - r  -t-  -  I **  \v ' * /  J 
a ' ' g  "  ^  
= <N^A^|h(6) |Ngtg><%^v^j | f (Y) |2gVgJ> ,  (C.26) 
has  been  computed  by  the  methods  o f  Sec t ion  A ,  then  
[V ]^  =  <* . |h (g ) f (T ) | * .>  [ f i xed  (JM) ]  (C .27)  
• i " j  '  J  
For  f i xed  (£ ,  J )  w i th in  the  max ima l  expans ion  bas is  o f  Tab le  2 .3 ,  
V  can  take  on  a t  mos t  fou r  va lues .  Thus  [u (&  ,  J ) ]  i n  Equa t ion  (C .25)  
i s  n o  l a r g e r  t h a n  4 x 4 .  
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cou ld  be  computed  s t ra igh t fo rward ly  by  per fo rming  the  mat r i x  mu l t ip l i ca ­
t ion  
[V ]  =  [U ] [V ' ] [LJ ]^  
In  p rac t i ce  t ime i s  saved  by  rea l i z ing  tha t  the  o r thogona l i t y  p roper t ies  
o f  the  4)^  may  be  used  to  wr i te  Equa t ion  (C .23)  more  exp l i c i t l y  as  
^N2tJM "  ^  [U^N&tJM.N&vJM ^N2vJM 
V 
= I  ["(%. J) ] ; , ,  
v 
^  ® i^  •  (C .28)  
v 
Hence  fo r  mat r i x  e lements  be tween o r thonorma l  bas is  s ta tes  o f  f i xed  J  
and  M we have  
[V ]  T  =  < * , | h ( 6 ) f ( y ) | *  >  =  [ f  4 , t ,  ( C  2 9 1  
i  J  • '  i  i  J  J  i l ' f f  
where  
'  <N, ' , |h(e) |Nj% > .  (C.30) 
i  i  j  j  
,  .  .  .  -  E [u ( î , . ,  J ) ]  <£ .  V .  J  j  f  (Y )  I  £ ,v^J> [u (£ , ,  J ) ]  - (C .B l )  
i  i ' ^ f '^ f  v .v^ '  i i  r r  t  I f»  
• 
The l a t te r  mat r i x  may  be  wr i t ten  as  the  p roduc t  
[ f ]  =  [uA ] [ f ' ] [ uA ] t  (C .32)  
where  
^  <%;V;J | f (Y ) l ' fV ,J>  ,  (C.33)  
I  I  T  r  
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and where  [U  ]  i s  the  angu la r  po r t ion  o f  the  over lap  mat r i x  [U ] :  
A 
I  i f f  I I I  f f f  
"  •  (C .34)  
For  the  J  =  8  example ,  [U  ]  i s  shown i n  F igure  C.3 -  In  p rac t i ce ,  the  
mat r i x  e lements  o f  [h ]  and  [ f ]  are  found  us ing  the  methods  o f  Sec t ion  A .  
[ f ]  i s  then  assembled  f rom Equat ion  (C .32) ,  and  f i na l l y  Equa t ion  (C .29)  
i s  used  to  ob ta in  mat r i x  e lements  i n  the  o r thonorma l  bas is .  [ h ] ,  [ f ] ,  
[ f ]  and [V ]  a re  a l l  symmet r i c  mat r i ces ,  and  on ly  e lements  on  and  above  
the  ma in  d iagona l  need  be  computed .  
The  e lements  [V ]  , . .  a re  wr i t ten  on  magnet i c  tape  i n  the  o rder  
^ i r  ^12'  ^22'  ^13'  ^23'  ^33'  ^14'  
fo r  each  po ten t ia l  energy  func t ion  V =  h (g ) f (Y) .  They  a re  p receeded  on  
the  tape  by  s to rage  in fo rmat ion  spec i f y ing  J ,  the  number  o f  po ten t ia l s ,  
and  the  s i ze  o f  the  expans ion  bas is  [ i e . ,  N ( J ) ] .  They  a re  fo l lowed 
by  the  non- t r i v ia l  mat r i ces  [u (& ,  J ) ] ^ .  Pr io r  to  use  by  the  THEORY 
package ,  the  tape  f i l e  i s  usua l l y  t rans fe r red  to  a  magnet i c  d i sc  to  
speed  inpu t /ou tpu t  opera t ions .  THEORY then  reads  the  necessary  por t ion  
o f  the  MEWORK ou tpu t ,  and  assembles  the  Hami1 ton ian  mat r i x  f rom the  SR 
mat r i x  e lements  [us ing ,  fo r  example .  Equa t ion  (3 -34) ] .  The  fu l l  
expans ion  bas is  fo r  wh ich  mat r i x  e lements  have  been  computed  need  no t  
be  used  by  THEORY.  As  the  e lements  a re  s to red  in  o rder  o f  inc reas ing  N,  
[H ]  may  be  conven ien t l y  assembled  fo r  a  sma l le r  bas is  ca lcu la t ion  by  
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read ing  on ly  the  lead ing  por t ion  o f  each  po ten t ia l  mat r i x  [V ] .  The  
lowes t  few e igenva lues  o f  [H ]  and  the i r  assoc ia ted  e igenvec to rs  a re  
found  by  us ing  the  E iSPACK subrou t ines  ment ioned  p rev ious ly .  When 
des i red ,  the  e igenvec to rs  may  be  expressed  in  te rms o f  the  o r ig ina l  
bas is  func t ions  by  use  o f  the  [u (& ,  J ) ] ^  mat r i ces  and  Equa t ion  (3 .29) .  
C .  P re l im inary  Tes t ing  o f  Ca lcu la t iona l  Techn iques  
Advanced  tes t ing  o f  the  MEWORK and  THEORY packages ,  us ing  the  
po ten t ia l  energy  func t ion  o f  Gneuss  and  Gre iner ,  i s  d iscussed  a t  
leng th  in  Chapte r  IV .  In  th i s  sec t ion ,  the  p re l im inary  tes t ing ,  wh ich  
p roceeded  in  severa l  s tages ,  i s  descr ibed .  I n i t i a l l y ,  dummy inpu t  was  
used  to  check  tha t  each  "s ing le  task"  segment  o f  code  was  per fo rming  as  
des igned .  The  MEWORK package  was  then  assembled  and  ca l led  upon  to  
p roduce  the  mat r i x  e lements  o f  h (g ) f (Y)  =  *  1 .  As  wou ld  be  the  case  
i n  norma l  usage ,  rad ia l  mat r i x  e lements  were  ca lcu la ted  us ing  Equa t ion  
(C .14) ,  and  numer ica l  i n tegra t ion  o f  Equa t ion  (C .19)  was  emp loyed  i n  
ca lcu la t ing  the  angu la r  fac to rs .  The  ca lcu la ted  mat r i x  e lements  i n  the  
o r thonorma l  bas is  were  then  compared  w i th  those  o f  the  un i t  mat r i x .  
For  va r ious  va lues  o f  J  and  N ( j )  <  20 ,  o f f -d iagona l  e lements  were  
max  — 
-12 
found  to  be  no  la rger  i n  magn i tude  than  ' \ ' 10  .  Diagona l  e lements  
d i f fe red  f rom un i t y  by  amounts  rang ing  f rom ±10  ^^  to  ±10  A t  the  
conc lus ion  o f  th i s  phase  o f  tes t ing ,  MEWORK was  mod i f ied  so  tha t  
•"10 
ca lcu la ted  mat r i x  e lements  hav ing  magn i tudes  ^10  were  se t  equa l  t o  
ze ro .  Th is  se rved  to  p reven t  under f low e r ro rs  in  the  THEORY package .  
Of  the  tes ts  per fo rmed on  the  THEORY package ,  the  mos t  severe  
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i nvo lved  ve r i f y ing  tha t  the  ou tpu t  e igenvec to rs  and  e igenva lues  sa t i s f ied  
the  o r ig ina l -bas is  fo rm o f  the  e igenva lue  p rob lem.  Equa t ion  (3 .21) .  Such  
a  tes t  se rved  to  insure  tha t  the  t rans fo rmat ions  be tween the  o r ig ina l  and  
o r thonorma l  bases  were  be ing  p roper l y  per fo rmed.  Two po ten t ia l s  were  
emp loyed  i n  the  tes t  ca lcu la t ions :  
V(B ,  Y) = B^cos  3Y ,  
and 
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V(g ,  y )  =  Gneuss-Gre iner  po ten t ia l  fo r  Te  
[ see  Chapte r  IV ]  
In  each  case  the  MEWORK package  was  used  tw ice  to  p roduce  necessary  
mat r i x  e lements .  i n i t i a l l y  i t  was  run  in  the  norma l  manner  t o  produce  
mat r i x  e lements  be tween o r thonorma l  s ta tes .  On the  second  t r i a l ,  
t rans fo rmat ion  v ia  [U ]  was  b locked ,  and  the  ou tpu t  f i l e  thus  cons is ted  
o f  mat r i x  e lements  be tween s ta tes  o f  the  o r ig ina l  bas is .  The  norma l  
ou tpu t  f i l e  was  supp l ied  to  the  THEORY package  wh ich  computed  and  s to red  
the  e igenva lues  o f  H ,  E^ ,  and  the  o r ig ina l -bas is  represen ta t ions  o f  the  
assoc ia ted  e igenvec to rs ,  b*^ .  Th is  was  done  fo r  each  o f  th ree  angu la r  
momenta  [ J  =  6 ,  9 ,  12 ]  i n  wh ich  the  mu l t ip l i c i t y  labe l  v  p lays  a  non-
t r i v ia l  ro le .  [E .g . ,  fo r  S. = 12,  J  =  12 ,  v  takes  on  the  va lues  0 ,  1 ,  
and  2 ] .  The  max imum va lue  o f  the  p r inc ipa l  quan tum number ,  ,  
was  :  5 ,  20 ,  and  17  respec t i ve ly  fo r  the  th ree  angu la r  momenta  bases .  A  
spec ia l  purpose  rou t ine  EVTEST was  then  wr i t ten .  Us ing  the  secondary  
ou tpu t  f rom MEWORK,  t he  ou tpu t  o f  THEORY,  and  the  <2 , vJ |£  v ' J>  f rom the  
tape  f i l es ,  EVTEST assembled  
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4^ = [H' lb"  -  E^INlb"  ,  (C.35) 
" 'cB '  = ^"aVl Vs- '^^t  2.  '  
a p  
fo r  each  e igenvec to r  b*^ .  I dea l l y ,  as  may  be  seen  f rom Equat ion  (3 .18) ,  
Aq  shou ld  be  the  zero  vec to r ;  i t s  ca lcu la ted  components  were  found  to  
range  i n  magn i tude  be tween 10  ^^  and  10  
For  the  s imp les t  Bohr - l i ke  Hami l ton ian ,  Hg ,  exac t  e igen func t ions  
and  e igenva lues  a re  ava i lab le ,  and  expans ion  techn iques  a re  no t  necessary .  
However  the  numer ica l  so lu t ion  o f  H' (J )  =  E({ )  a f fo rds  a  s imp le  tes t  o f  the  D 
MEWORK and  THEORY packages ;  fu r the rmore ,  i t  p rov ides  ins igh t  i n to  the  
impor tance  o f  the  bas is  paramete r  s .  Typ ica l  i nves t iga t ions  o f  reduced  
spec t ra  i n  Chapte r  V  emp loy  expans ion  bases  o f  20  phonons .  Thus  i t  i s  
a  reasonab le  exerc ise  to  a t tempt  the  numer ica l  so lu t ion  o f  the  
s tandard  reduced  Bohr  p rob lem by  expand ing  i n  a  20-phonon  bas is  o f  
e igen func t  i ons ,  o f  
Hg =  -&T(g ,  Y ,  0 . )  +  i s^B^  .  (C.36)  
For  s  ^  1 ,  t runca t ion  e f fec ts  shou ld  appear  i n  the  reduced  spec t ra .  
Resu l t s  o f  such  an  inves t iga t ion  fo r  th ree  cho ices  o f  s  a re  con ta ined  
in  Tab le  C .1 .  Ca lcu la ted  reduced  energ ies  fo r  s ta tes  a t  o r  be low 6  
phonons  o f  exc i ta t ion  a re  l i s ted  w i th  J .  deno t ing  the  i— s ta te  o f  
sp in  J  (a r ranged  in  o rder  o f  inc reas ing  energy ) .  No t i ce  tha t  the  s ta tes  
3^ and 0^  wh ich  have  the  same va lue  o f  (N ,  Z) are  ca lcu la ted  to  be  
degenera te .  
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Tab le  C . l .  Ca lcu la ted  reduced  energ ies  [  {E (J j ) -E(0 ] ) ) /  
(E (2 ] ) -E(0 ] ) ) ]  resu l t i ng  f rom a  d iagona l -
i za t ion  o f  Hg i n  a  20-phonon  expans ion  
bas  i  s  
STATE CALCULATED REDUCED ENERGY 
J .=  N £ V s  =  1  s  =  1 .2  s  =  1 .4  
s  
2 2  0  2 .0  2 .00000000 2 .00000044 
"2  
2  0  0  2 .00000000  2 .00000217 
"3  
3  3  1  3 .0  3 .00000000 3 .00001626 
^3  
3  1  0  3 .00000000  3 .00005093 
4  4  0  4 .0  4 .00000000 4 .00003859  
S  
4 2  0  4 .00000001  4 .00013156 
4  0  0  4 .00000001  4 .00022534 
h 5 5  0  5 .0  5 .00000007 5 .00039951 
h 5 3  0  5 .00000026  5 .00134700 
°5  5  3  1  5 .00000026  5 .00134700  
"6  
c 1  Q c  nnnnnnc i  5 -00244086 
^3  
6  6  1  6 . 0  6 .00000013 6 .00072413 
' 3  
6  4  0  6 .00000055  6 .00253988  
S  
6 2  0  6 .00000118  6 .00488445  
6  0  0  6 .00000172  6 .00669543 
The  Bohr  e igens ta te  spec i f i ed  by  (N ,  I, v ,  J ,  M= j )  
may  a l so  be  i den t i f i ed  by  J ;  e i - th  (NJ lv )  t r i p le t  o f  
sp in  J  o rdered  by  the  scheme o f  Append ix  C ,  Sec t ion  B .  
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I f  the  po ten t ia l  energy  te rm o f  a  genera l i zed  Bohr  Hami l ton ian  H 
i s  a  func t ion  o f  6  on ly ,  Z rema ins  a  good  quan tum number  [ see  Sec t ion  
E o f  Append ix  A ] .  The  spec t rum o f  H then  cons is ts  o f  ^ -mu l t ip le ts ,  
each  o f  wh ich  [ fo r  5,  >  1  ]  con ta ins  two  o r  more  exac t l y  degenera te  s ta tes  
o f  d i f fe ren t  J .  The  computa t iona l  p rocedure  appears  to  insure  tha t  such  
exac t l y  degenera te  s ta tes  w i l l  be  ca lcu la ted  to  be  degenera te  i f  expan­
s ion  bases  o f  the  same "s i ze"  a re  emp loyed .  Here  s i ze  re fe rs  to  the  
va lue  o f  N ( J )  ra ther  than  to  the  number  o f  s ta tes .  Th is  resu l t ,  wh ich  
max  
i s  independent  o f  the  cho ice  o f  s ,  does  no t  re f lec t  upon  the  accuracy  
o f  the  ca lcu la ted  energ ies .  For  example ,  the  ca lcu la ted  energ ies  o f  the  
0^  and  32  s ta tes ,  though  equa l ,  w i l l  be  i n  cons iderab le  e r ro r  i f  s  »  1.  
Because  o f  the  ex is tence  o f  the  ca lcu la t iona l  degenerac ies ,  a  
s ing le  represen ta t i ve  s ta te  i s  l i s ted  in  Tab le  C . l  f o r  each  (N ,  JL)  pa i r ,  
the  0^ -32  doub le t  be ing  the  so le  excep t ion .  The  op t ima l  cho ice  fo r  s  
i s  o f  course  un i t y .  I f  s  i s  too  la rge  by  20%,  the  e f fec t  on  the  
reduced  spec t rum i s  neg l ig ib le .  For  a  40% e r ro r  i n  s ,  the  h ighes t  
energ ies  i n  the  tab le  a re  i n  e r ro r  by  ^ .1%.  The  expans ion  bas is  i s  seen  
to  become inc reas ing ly  inadequa te  fo r  s ta tes  possess ing  la rge  N and  
(N  -  £ ) .  F igure  C.4a  d isp lays  the  d i f fe rences  be tween the  po ten t ia l  
we l l s  o f  the  p rob lem be ing  so lved  [ so l id  l i ne ]  and  those  o f  the  s  =  1 .2  
and  1 .4  expans ion  bas is  Hami l ton ians  [dashed  l i nes ] .  Abso lu te  energ ies  
o f  some lower  s ta tes  a re  ind ica ted  fo r  two  o f  the  we l l s .  i t  i s  
g ra t i f y ing  to  f i nd  tha t  the  huge  d i f fe rence  be tween the  i  = 1 and  s  =  1 .4  
curves  does  no t  s t rong ly  man i fes t  i t se l f  i n  Tab le  C . l .  
F igure  C.5  d isp lays  the  resu l t s  o f  fu r the r  ca lcu la t ions  o f  a  s im i la r  
Potential Energy Function 
yB.h,=i /2 2"^ '  
The are elgen functions 
of Hg =-|/2T(^,y,6'(:)+l/2 
S'---\A 
0.2.4/ / 
y / 0,2,4 
S = 1.456 S = 1.732 
S =.669 
S=.3I6 
vn on 
F igure  C.4 .  Po ten t ia l  energy  func t ions ,  =  i s  3  ,  employed  i n  tes t  ca lcu la t ions  
RESULTS OF DIAG0NALIZIN6 
H = -I/2T()3, r,ôt) + (l/2+A)/3^ 
IN A BASIS HAVING S = l " 
EXPANSION BASIS 
# STATES: 52 51 52 49 52 
2(3 .1184)  
4 ,6 (3 .1133)  
0(2.9860) 
. 3(2.9815) 
4(2.0224) 
2(2.0021) 
0(1.9892) 
-.44 
PARAMETER A 
F igure  C .5 .  The  e f fec t  o f  mischoos ing  the  bas is  paramete r  s  
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natu re .  In  th i s  case  the  expans ion  bas is  paramete r  was  f i xed  a t  un i t y ,  
and  the  paramete r  A  was  va r ied  in  the  Bohr - l i ke  Hami l ton ian  be ing  
t rea ted  :  
H =  -&T(B,  Y ,  0 . )  +  ( i  +  A)B^  .  (C.37)  
On ly  resu l t s  fo r  - .495  ^  A _< - . 4  and  1 .75  ^  A ^  4 a re  shown,  w i th  
a r rows  ind ica t ing  the  s tep  s i ze  be tween success ive  va lues  o f  A fo r  wh ich  
numer ica l  so lu t ions  were  found .  For  - .4  ^  A _< 1 .75 ,  e r ro rs  in  the  ca l ­
cu la ted  reduced  energ ies  wou ld  no t  be  v i s ib l y  d iscern ib le  on  the  sca le  
o f  the  g raph .  ranges  f rom 14  to  25 ,  and  was  chosen  such  tha t  
the  number  o f  bas is  s ta tes  was  approx imate ly  50  fo r  each  J  t rea ted .  
Dev ia t ions  f rom the  t rue  spec t rum may be  seen  to  occur  ea r l i e r  fo r  
those  angu la r  momenta  wh ich  have  sma l le r  va lues  o f  charac te r i z ing  
the i r  expans ion  bases .  The  J  =  4  and  6  s ta tes  be long ing  to  the  N =  £  =  
3 ,  J  =  0 ,  3 ,  4 ,  6  quar te t  were  each  expanded  i n  =  14  bases  and  
were  ca lcu la ted  to  be  degenera te .  For  the  fou r  endpo in ts ,  A  =  - .495 ,  
- .4 ,  1 .75 ,  and  4 .0 ,  the  op t ima l  expans ion  bas is  paramete rs  a re  
s  =  (1  +  2A)^  =  .316 ,  .669 ,  1 .456 ,  and  1 .732  respec t i ve ly .  The  asso­
c ia ted  po ten t ia l  we l l s  a re  shown as  so l id  curves  i n  F igure  C .4 (b ) .  The  
shaded  reg ions  cor respond  to  the  ca lcu la t ions  o f  F igure  C.5 .  The  s  =  1  
expans ion  bas is  (dashed  cu rve)  may  be  used  w i th  con f idence  to  t rea t  a  
Hami l ton ian  whose  po ten t ia l "we l1  curve  l i es  be tween the  shaded  reg ions .  
For  a  parabo l i c  we l l  a t  l eas t ,  reduced  energ ies  o f  the  lower  s ta tes  w i l l  
be  i n  e r ro r  by  no  more  than  1%.  
To  insure  accura te  ca lcu la t ions ,  op t ima l  va lues  o f  s  and  bas is  s i ze  
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shou ld  be  es t imated  by  the  methods  o f  Chapte r  IV .  However  fo r  i n i t i a l  
exp lo ra t ions  an  s  =  1 ,  50-s ta te  ca lcu la t ion  may be  su f f i c ien t  fo r  
t rea t  i  ng  
H =  - iT (6 ,  y,  e. )  +  V(B,  y)  
prov ided  tha t  V (6,  y )  's "somewhat  pa rabo l i c " ,  i . e .  
V (6,  y)  
g -> 00 
and tha t  h igh  accuracy  i s  no t  requ i red .  Such  bases  were  used  to  redo  
ca lcu la t ions  fo r  two  co l lec t i ve  Hami l ton ians  repor ted  in  the  l i t e ra tu re .  
Rabotnov  and  Sereg in  (28)  t rea ted  the  J  ^  6  e igens ta tes  o f  
\ s  "  8;)  + +  C,6cos  3y + c^g ,  (C.38)  
by  expand ing  i n  so lu t ions  to  the  Bohr  p rob lem.  The  angu la r  fac to rs  o f  
the  expans ion  e igen func t ions  emp loyed  by  these  au thors  were  taken  f rom 
Bes  (15 ) - '  Theore t i ca l  reduced  spec t ra  o f  H _  f o r  th ree  se ts  o f  
The  Schroed inger  equa t ion  Hg$ =  EtJ)  may  be  separa ted  in to  rad ia l  
and  angu la r  p rob lems v ia  the  subs t i tu t ion  ({ i  =  F(B )< I>(Y, 6 ; ) .  In  t rea t ing  
the  $ (y ,  6 ; )  p rob lem,  Bes  cons idered  each  va lue  o f  J  i n  tu rn .  For  each  
even  [o r  odd ]  sp in ,  a  bas ic  se t  o f  (zJ  +  1)  [o r  ? (J  -  1 ) ]  func t ions  
{ ^^ (Y ,  0 ; ) }  was  cons t ruc ted .  In  te rms o f  these  bas ic  func t ions ,  the  
genera l  so lu t ion  may be  wr i t ten  as  
$(Y, 9j) = ^ W|^{y)IJJ|^(Y, 0 j )  
k  
The W]^  a re  so lu t ions  to  a  se t  o f  coup led  d i f fe ren t ia l  equa t ions ,  and  may  
be  ob ta ined  as  po lynomia ls  i n  COS (3Y ) -  Th is  method  o f  f i nd ing  the  
$(Y ,  81 )  becomes i nc reas ing ly  ted ious  as  J  inc reases ,  and  Bes  i nves t iga ted  
on ly  the  sp ins  J  <  6 .  
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(C^ ,  C^)  were  repor ted .  [The  (C^ ,  C^)  pa ramete rs  i n  Equa t ion  (C .38 )  a re  
re la ted  to  the  ( a ,  y^ )  o f  Re fe rence  (28)  by  =  "ay^ ,  =  y^ fa  -  1 ) ] .  
The  ca lcu la ted  spec t ra  o f  Rabatnov  and  Sereg in  a re  compared  w i th  my own 
i n  F igure  C .6 .  For  each  sp in ,  1 emp loyed  an  s  =  1  bas is  whose  s i ze  was  
cons t ra ined  by  
1 )  N ( J )  <  30 ,  and  
max  — 
2 )  Number  o f  expans ion  s ta tes  per  J  ^  135-
Rabotnov  and  Sereg in  con f ined  themse lves  to  expans ion  bases  con ta in ing  
fewer  than  65  s ta tes  per  J ,  and  p resumab ly  used  the  equ iva len t  o f  s  =  1 .  
Though  overa l l  agreement  i s  good ,  s i zeab le  d i f fe rences  may be  no ted  
be tween the  ca lcu la ted  energ ies  o f  the  3^  and  6^  s ta tes  i n  F igure  C.6 .  
The  convergence  ra tes  fo r  these  s ta tes  a re  d isp layed  in  Tab le  C .2 .  
Here  I  have  re - t rea ted  H _  us ing  the  sma l le r  s  =  1  bases  ind ica ted .  
Kb 
= 15  appears  to  be  su f f i c ien t l y  la rge .  D i f fe rences  in  F igure  
C.6  may  be  due  to  the  use  o f  an  inadequa te ly  sma l l  bas is  on  the  par t  o f  
Rabotnov  and  Sereg in .  
In  Refe rences  (43)  and  (44) ,  Kumar  and  Baranger  cons idered  the  
Hami1  ton  i  an  
2 
^KB ~  ~2B +  Y  -  f  cos  3Y 
r  /  .  \  3  /  .  \  6  «  1  _ 2 ,  2  
+  | G Q  +  G i | ^ | - j  c o s 3 Y  +  G 2 ^ | - j  c o s  3 Y  j e  *  . ( C . 3 9 )  
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•0.49 
9.46 
8.18 Q+_826_ 
5.54 o+ 5.55 
4.89 . 
fi 4.57 
3.88 Q+ 3.92 
2.68 /|+ 2.59 
1.00 1.00 
A B 
C| = -2 
C2 ~ 0  
COMPARISON OF REDUCED SPECTRA FOR 
H = -1/2T(& y, % ) + 1/28^ + C; 8 cos Zr + C^B 
A : RABOTNOV AND SEREGIN 
B : THIS WORK USING AN 3=1 
BASIS OF SIZE 
J = 0 2 3 4 6 
NwAx (J ) =30 27 30 23 21 
# STATES : 91 135 75 32 127 
6.61 6.67 
6!38"  ^ 6.44 
4.48 2'*' 449 
4.04 Q+ 4.00 
3.06 Q+ 3.09 
2.38 /j+ 2.38 
1.00 2+ 'QQ 
_o_ o+_Q_ 
A B 
c,  = - i  
Cg = ~1 
6.13 %+ 6.20 
5.47 Q+ 5.56 
3.91 2"^  3.90 
6  ^ 3.68 
2.55 0+ 2.57 
2.35 4  ^ 2.25 
1.00 2+ ' QQ 
-Q_ Q+_Q_ 
A B 
C, = - l .5 
C2" 0  
F igure  C.6 .  Tes t  ca lcu la t ions  us ing  the  po ten t ia l  p roposed  by  Rabotnov  
and  Sereg in  (28) .  Reduced  energ ies  o f  the  s ta tes  
J .  =  O j -0  ,  2p  2^ ,  3p  4^  and  6^  a re  shown 
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Tab le  C.2. In f luence  o f  expans ion  
la ted  reduced  energ ies  
(i = 1 ) 
bas is  s i ze  on  the  ca lcu -
o f  se lec ted  Hpg l eve ls  
CALCULATED REDUCED ENERGY 
Parameters  
"RS J. 1 N (J)=8 max 
= -2. 3, 12.586 10.491 10.484 
Cg ~ 0. S 2.984 2.595 2.594 
S 5.251 4.569 4.568 
c, = -1. 3, 6.657 6.437 6.437 
o
 
N
) II
 1 2.424 2.377 2.377 
S 4.117 4.003 4.003 
LA 1 II O 3, 6.478 6.205 6.202 
CG — 0. 2.300 2.253 2.253 
S 3.763 3.684 3.683 
^The  expans ion  bas is  i s  tha t  ind ica ted  in  F igure  C .6 .  
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Eigen func t ions  o f  were  expanded^  as  
*a.JM<6o'  82"  = :  \JK(8O'  62 ' '  
(2J + I )  
L  2(8,2)( !  ^  
(C .40)  
us ing  the  shape  va r iab les  
B =  Bcos  Y  
o  
62'  = Bsin Y 
The va lues  o f  A  ,  a t  mesh  po in ts  i n  the  g -y  p lane  were  used  as  OtJ i\ 
var ia t iona l  paramete rs ,  and  the  Schroed inger  equa t ion  was  reduced  to  a  
se t  o f  l i near  a lgebra ic  equa t ions  i n  the  A^ j ^ .  Resu l t s  were  repor ted  
fo r  sp ins  J  ^  4 .  For  the  f i nes t  mesh  emp loyed  [256  po in ts ] ,  the re  were  
392  va r ia t iona l  paramete rs  i n  the  wors t  case  [ J  =  4 ] ,  and  the  par t ia l  
d iagona l i za t ion  o f  a  mat r i x  o f  th i s  s i ze  was  requ i red .  The  low-energy  
154,  c  c  Ko  reasonab ly  reproduced  by  se lec t ing  
the  paramete rs  i n  Equa t ion  (C .39)  to  be  
C 
f  
_B_ 
a  
77  MeV 
9 .7  MeV 
127  MeV 
.3  
- 1  
Gq =  6 .7  MeV 
=  -5 .5  MeV 
G,  =  -1 .3  MeV 
^  Kumar  and  Baranger  emp loy  the  vo lume e lement  dJ2  =  | s in  3Y lB^s in  82  
dgdYdO]d92d9^  ra ther  than  the  d f2  o f  Equa t ion  (2 .14) .  The  m iss ing  fac to r  
o f  appears  as  (8 iT^ )~ i  i n  Equa t ion  (C .40) .  
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154 
In  t rea t ing  the  Sm Hami l ton ian  by  my methods ,  I  began  w i th  the  
reduc t ion  
B' = B =  9 .944286  B 
"KB -  "Kg/*"  '  "  = /W 
The resu l t i ng  Hami l ton ian  
"KB =  Y ,  8.)  + V^^tB' ,  y)  ,  (C.4la)  
2 
Y )  =  i (g ' )2  -  .01267(B ' ) ^cos  3Y + E - ' 11236(B ' )  
X [8.6o46 -  . 26602 (6 ' )^cos BY ~ .002368(B')^COS^3Y] 
was d iagona l i zed  in  an  s  =  1  bas is  o f  approx imate ly  75  s ta tes  per  sp in ,  
and  the  e igenva lues  o f  were  recons t ruc ted .  The  resu l t i ng  abso lu te  
energ ies  a re  d isp layed  in  F igure  C.7, toge ther  w i th  a  se r ies  o f  resu l t s  
repor ted  by  Kumar  and  Baranger .  The i r  resu l t s  may  be  seen  to  be  tend ing  
toward  mine  as  the  ca lcu la t iona l  mesh  becomes f i ne r .  The  adequacy  o f  my 
own ' ^ '75  s ta te  bas is  i s  ind ica ted  by  s  =  1  convergence  ca lcu la t ions ,  the  
resu l t s  o f  wh ich  a re  summar ized  i n  Tab le  C.3- i nc iden t l y ,  the  ca lcu la ted  
theore t i ca l  energ ies  fo r  y ras t  s ta tes  o f  h igher  sp in  a re  [ i n  MeV 
above  the  GS]  
J.  :  5,  6,  7,  8,  10,  ,2 ,  
E(J . )  -  E(0 , ) :  1 .754  .536  2 .088  .873  1 .271  1 .718  
N^^ (J )  used  :  23  17  20  16  15  15  
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COMPARISON OF TWO CALCULATIONS 
USING THE '^Sm HAMILTONIAN 
KUMAR 
AND 
BARANGER 
A 
THIS WORK USING 
AN EXPANSION 
BASIS OF -75 
STATES PER SPIN 
1 
6,497 
6.385 
6.222 
6.073 
5.265 
5D80 
4.995 
36 64 100 144 196 256 
NUMBER OF GRID POINTS IN PLANE 
Figure  C.7 .  A tes t  ca lcu la t ion  us ing  the  po ten t ia l  emp loyed  by  Kumar  
and  Baranger  (43 ,  44)  
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Tab le  G.3 .  Convergence  o f  abso lu te  energ ies  fo r  se lec ted  s ta tes  o f  the  Sm 
Ham!1  ton ian ,  
CALCULATED ABSOLUTE ENERGY (MeV)  
sma l l  bas is  ~50  s ta te  bas is  ~75  s ta te  bas is  
J  :  0  2  3  4  0  2  3  4  0  2  3  4  
Leve  1  Nmax(J )  •  12  12  12  12  22  16  25  14  27  20  30  17  
- ' i  
§  s ta tes :  19  30  12  36  52  51  52  49  75  77  75  72  
3 ,  6 .4947  6 .4867  6 .4867  
S 
6.4011  6 .3852  6 .3847  
^2  
6 .2485  6 .2222  6 .2215  
°2  6 .0917  6 .0733  6 .0733  
S 5.2693  5 .2656  5 .2645  
2|  5.0858  5 .0805  5 .0804  
0,  4.9972 4.9954  4 .9954  
Lk) 
o \  
c r>  
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where  the  las t  l i ne  spec i f i es  the  s i ze  o f  the  s  =  1  expans ion  bas is  used  
fo r  each  sp in .  The  6^ ,  8^ ,  10^  and  12^  pos i t i ve  par i t y  s ta tes  o f  
have  been  exper imenta l l y  loca ted  a t  .545 ,  .927 ,  1 .401 ,  and  1 .934  MeV 
respec t i ve ly  (69) .  These  may  be  compared  w i th  the  under l i ned  theore t i ca l  
va lues .  
D .  Sp l i t t i ng  o f  H„  Energ ies  D 
Hav ing  conc luded  the  p re l im inary  tes t ing ,  we a re  in  a  pos i t i on  to  
u t i l i ze  the  MEWORK and  THEORY packages  as  exp lo ra to ry  too ls .  In  
par t i cu la r  we can  ga in  ins igh t  i n to  the  e f fec ts  o f  s imp le  per tu rba t ions  
upon  the  H '  spec t rum.  The  ca lcu la t ions  o f  the  p rev ious  sec t ion  D 
i nd ica te  tha t  the  Bohr - l i ke  p rob lem 
Hi j )  =  E<{>  (C .42a)  
H =  - i T ( B ,  Y, e . )  +  + u( e ,  Y )  (C .42b)  
may  be  adequa te ly  t rea ted  w i th  an  s  =  1  expans ion  bas is  o f  modera te  s i ze  
[ i . e . }  'V '50  s ta tes  per  sp in ]  p rov ided  tha t  U fg ,  y )  ' s  a  "m inor "  pe r tu rba­
t i on .  Le t  us  take  U(g ,  Y )  t o  be  p ropor t iona l  to  a  s t reng th  paramete r  A  
wh ich  can  be  s low ly  inc reased  f rom zero .  For  a  g iven  va lue  o f  A ,  the  
per tu rba t ion  U w i l l  be  cons idered  "m inor "  i f  a  modes t  i nc rease  in  the  
s i ze  o f  the  bas is  [ say  to  'v60  s ta tes  per  sp in ]  does  no t  v i s ib l y  a l te r  
the  ca lcu la ted  low-energy  spec t rum.  Here  we w i l l  be  more  in te res ted  in  
observ ing  genera l  t rends  than  in  ob ta in ing  h igh ly  accura te  e igenva lues ,  
and  no  fu r the r  convergence  s tud ies  need  be  a t tempted .  
We beg in  by  cons ider ing  s imp le  Y' i ndependent  pe r tu rba t ions  
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U(B) = AB^ ,  p  =  1 ,  2 ,  3  . . .  .  (C.43)  
Due to  the  o r thogona l i t y  o f  the  angu la r  fac to rs  o f  the  i j ; .  ,  the  per tu rba­
t ion  does  no t  m ix  bas is  s ta tes  o f  d i f fe ren t  £ :  
<^ ! |u (g ) | ^ !>  =0  i f  &.  ^  a .  .  (C.44)  
The  s ta te  *  o f  H wh ich  co l lapses  smooth ly  to  4 ; .  as  A ->•  0  [ i . e . ,  as  
U(B)  0 ]  w i l l  consequen t l y  possess  £ .  as  a  good  quan tum number .^  As  A  
i s  inc reased  f rom zero ,  the  degenera te  i { ) .  w i th  a  common U(5 )  l abe l  N w i l l  
genera l l y  be  sp l i t  i n to  [ (N+2) /2 ]g |  ^ -mu l t ip le ts .  & =  N,  N-2 ,  N-4 ,  
. . . ,  0  o r  1  w i l l  rema in  a  good  R(5)  l abe l  fo r  descr ib ing  the  per tu rbed  
s ta tes  [see ,  fo r  example .  F igure  5 .6 ] .  
The  d i rec t ion  o f  the  sp l i t t i ng  may be  an t i c ipa ted  f rom F igure  2 .7 .  
Fo r  f i xed  N the  rad ia l  p robab i l i t y  dens i t y  P (6 )  sh i f t s  toward  l a rge r  B 
as  (N  -  a)  i nc reases .  Hence  i f  U (B) r i ses  qu ick ly  enough ,  unper tu rbed  
s ta tes  o f  h igher  (N  -  Si) wi l l  have  a  la rger  in tegra l  i n  Equa t ion  (2 .50)  
and  w i l l  be  sp l i t  upwards  re la t i ve  to  the  s ta tes  o f  lower  (N  -  l ) .  To  
de te rmine  how fas t  U(B) must  r i se  fo r  th i s  to  be  the  case ,  we no te  tha t  
fo r  U(B) œ B the  unper tu rbed  spec t rum i s  no t  sp l i t ,  p  =  2 i s  ev iden t l y  
the  b reak-even  po in t .  For  A  >  0  i n  Equa t ion  (C .43) ,  we then  expec t  tha t  
energ ies  o f  the  s ta tes  a r i s ing  f rom o f  a  g iven  N w i l l  be  o rdered  i n  
inc reas ing  o r  decreas ing  £  as  P  i s  <2  o r  >2  respec t i ve ly .  D iagona l  
I f  (J)  i s  no t  degenera te  w i th  ano ther  e igen func t ion  ({ ) '  o f  H possess ing  
the  same angu la r  momentum charac te r  (JM) ,  2 ;  mus t  be  a  good  quan tum 
number  o f  4>.  See  Sec t ion  E o f  Append ix  A .  
369 
mat r i x  e lements  o f  the  per tu rb ing  func t ion  may be  seen  to  obey  a  s im i la r  
ru le  in  Tab le  C .4  [p  =  1 ,  2 ,  3 ] -  The  lower  po r t ion  o f  the  reduced  
energy  spec t rum,  as  a  func t ion  o f  A ,  i s  shown i n  F igure  C.8  fo r  p  =  1 ,  3 -
The  doub le -ended  a r row | - ^ |  ind ica tes  the  d i f fe rence  be tween success ive  
va lues  o f  A fo r  wh ich  d iagona l i za t ions  were  per fo rmed.  When the  ca lcu ­
la ted  reduced  energ ies  o f  s ta tes  w i th in  the  same ^ . -mu l t ip le t  d i f fe r  by  
.0001  o r  more ,  the  energ ies  a re  labe led  [ fo r  the  ex t reme va lues  o f  A  
on ly ] .  For  U(g )  =  Ag^  w i th  A <  0 ,  the  po ten t ia l  we l l  tu rns  downward  a t  
la rge  8  and  norma l  i zab le  so lu t ions  (J)  do  no t  ex is t .  However ,  bo th  
pos i t i ve  and  nega t i ve  va lues  o f  A may  be  inves t iga ted  i f  a  damping  
exponen t ia l  i s  inc luded .  When th i s  i s  done ,  a  spec t rum s im i la r  to  tha t  
fo r  U(B)  =  Ag can  be  seen  to  resu l t .  
The  ^ -degeneracy  o f  the  per tu rbed  spec t rum may be  removed  by  
choos ing  U to  have  y -dependence :  
U(g ,  y )  =  h (g ) f (y )  .  (C.45)  
f i y )  i s  presumed to  be  cyc l i c  i n  the  asymmet ry  ang le  
f ( Y  + 2T T )  =  f ( Y )  
and to  possess  the  quadrupo le  su r face  symmet r ies  
f (Y )  =  f ( -Y )  =  f (Y  -  2 t t /3 )  .  (C.46)  
I f  f (Y )  i s  expanded  i n  a  Four ie r  se r ies  
f (Y )  =  Z [a  s in  ny  +  b  cos  ny ]  ,  
n=0 "  
one  may  eas i l y  show tha t  on ly  the  coe f f i c ien ts  b^ ,  b^ ,  b^ ,  b^ .  •  • • •  0 3  n  
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Tab le  C .4 .  D iagona l  rad ia l  mat r i x  e lements  fo r  
se lec ted  low-energy  Bohr  e igen func t ions ,  
N !L <N%|6|N&> <N&|g2|N2> <N&|g3|N%> 
0 0 1.504505556 2.5 4.513516668 
1 1 1.805406667 3.5 7.221626669 
2 0 1.955857223 4.5 11.283791671 
2 2 2.O63321906 4.5 10.316609528 
3 1 2.192279525 5.5 14.959083815 
3 3 2.292579895 5.5 13.755479370 
4 0 2.326610378 6.5 19.746635424 
4 2 2.407208890 6.5 18.913784134 
4 4 2.500996249 6.5 17.506973744 
RESULT OF DIAG0NALIZIN(3 
H = - J T {/3, y, Où) + J ^ ^ + U(/Î) 
IN A BASIS HAVING S = l 
A 
LU 
S 
02 
o 
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UJ 
cr 
I --
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QJ. 
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F igure  C.8 .  The  e f fec t  o f  add ing  a  rad ia l  pe r tu rba t ion  to  Hg 
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be non-zero. Consequently f fy) can be writ ten in either of two equivalent 
forms :  
f(Y) = z b cos 3my 
m=0 
= Z b'(cos 3^)^ 
m=0 
For several simple choices of h(B) and f fy) in Equation (C.45), the 
result ing spectra appear in Figure C.9. Both 
Uj = A h(B)cos 3y 
and 
= -A h(B)cos 3y 
give r ise to identical reduced spectra, as each is the ref lect ion about 
Y = 30° of the other [see Section E of Appendix A]. For this reason only 
A > 0  is  cons idered in  the upper  por t ion of  F igure C.9.  U =  A cos 3y 
may be seen to be much more successful in spl i t t ing the N = 2 levels 
than is U = cos^3Y. As pointed out below Equation (2.46), no perturba­
t ion U = f(Y) can produce f irst-order spl i t t ing of these three levels. 
The two functions, f(y )> considered in Figure C.9 dif fer in their 
2 
topographical features. Although (-cos 3y ) and cos 3y each possess a 
single minimum on 0° ^ y 60°, the minimum occurs at y = 0° and y = 30° 
respectively. Consequently 
-A cos 3y resembles V^p(g,  y) with = 0, y^ = 0°; and 
A cos^3y resembles Vgp(6,  y)  with 6^ = 0, y^ = 30° 
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This leads to str iking similari t ies between the spectra of corresponding 
p a i r s  [ s e e  F i g u r e s  5 . 4 0  a n d  C . 9 ] -
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3-
2 
0.2.3.4,6 0.2,3.4.6 
RESULT OF DIAGONALIZING 
H=-^T(,3.m)+YAu(Ay) 
IN A BASIS HAVING S=L 
EXPANSION BASIS 
J : 0 2 3 4 6 
• 
24 IB 27 16 15 
• STATES: 61 63 61 6461 
u (Ay)=Acos(3y) 
H 
u(Ax) = A)Scos(3y)  
H Q  
2.0064 
.9980, 
1.9808] 
2.0056| 
.9967 
1.969 
U(&X)=AC0S<(3y) U(/3.^) = A/3^CXiS^(37)e"'^ 
Figure C.9. The effect of adding simple ydependent terms to Hg 
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X. APPENDIX D. COMPUTATIONAL TECHNIQUES IN THE CALCULATION 
OF QUADRUPOLE MOMENTS AND E2 TRANSITION RATES 
The calculat ion of B(E2) values and quadrupole moments, as outl ined 
in Section D of Chapter I I I ,  requires the reduced matrix elements 
appearing on the r ight-hand side of Equation (3-59)- Computational ly 
useful expressions for these matrix elements are developed in Section A 
of this appendix. The manner in which these expressions are employed in 
practical calculat ions is the topic of Section C. There, the workings 
of the GAMME and BE2PR0 computer codes are discussed. The test ing of 
these two codes is described in Section D. Attempts to reproduce re­
ported H__ results (29, 30) lead to second-order discrepancies when the bu 
J. = 3| state is involved. A number of selection rules exist which may 
be used to speed the calculat ions and to test the GAMME and BE2PR0 codes. 
Derivations of these selection rules are outl ined in Section B. 
LAB A. Reduced Matrix Elements of 0 Operators 
Wc bey in by COnSidcriuy the iTiâ t  T i  X element 
E > A = (N£VJM),  a' = (N'&'v' J 'M')  
aa' a ' l<,y ' a 
=  /  ( B , Y , B . ) d n ( 6 , Y , 0 . )  .  ( 0 . 1 )  
^ Ot 1 K 9 | i  I  Ct 1 I  
i  A O  
The f i rst [k = I ]  and second-order [k = 2] LAB operators, 0^"", are K., U 
defined in Equations (3-56). Again i t  must be emphasized that the 
subscript k does not refer to the angular momentum characterization of 
the operators; J = 2 is understood. I t  is convenient to express these 
376 
operators in terms of the Bohr coordinates. Mirroring Equation (2.3) 
which connects the LAB and BF versions of the generalized coordinates 
[a^ and a^], we introduce the body-fixed operators 
^2^"" H z k,£ ^ WE I  k,u [k = 1, 2] (D.2) 
or equivalently 
k, i i  ^ HE I  k , e  
[k = 1, 2] (D.3) 
so defined plays the same role in the BF frame as plays in the k,E k,E 
LAB frame. [See Section F of Appendix F.] As expected, the BF operators 
depend only upon the shape parameters. The evaluation of the right-hand 
side of Equation (D.2) leads one to 
p p 
^ ( e ,Y, e . )  =  a ^  =  B  
COS Y > £ = 0 
(D.4a) 
and 
B F  9  
^2 g.(S,Y,9j )  = ^  
(4/7)^ sin Y cos Y ;  E = ±2 ^ 
£ = ± 
(2/7) ^[sin^Y~cos^Y], E = 0 
1 /  (D. 4b) 
Hence the BF operators may be written in the factored form 
(0.5) 
with representing the braced quantit ies in Equations (D.4). K , £ 
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Using Equations (2.25), (2.29), (3-5) and (B.13), the Bohr eigen-
functions appearing in Equation (D.I) may be written explicit ly as 
*g(8,Y,8.)  
~c/9 - J „  <8.|JM|K|> 
"  ^  9&vJK(Y) (1 + g) •  (0.6)  
even 
We may now express Equation (D.I) in terms of integrals over the f ive 
Bohr coordinates, 
" 
aa • 
; s5 f *  (^Bigk f ,  ,( ;6)B4dBlz:  z  ^  "k 
L 0 -"E K^O K'>P L 0 
even even 
~1 R <G.|JM|K|> 
9, , „ , j ,K.M|s in jL /a(e.  )  ( I  + «K,o:  
I  
<e.  I  J'M'|K' |> - |  
X / |  + a r-dO(8j ,  (D.7a) 
°K'  ,0^ '  J  
whirh IÇ mt" f-ha tmrm 
= [B] Z Z Z [G] • [A] .  (D.7b) 
E K K' 
By virtue of Equations (D.4), t effectively ranges only over 0, ±2 in the 
outer sum. The radial integral may be written in terms of an SR matrix 
element by the change of variable g' = sg: 
k oo 
t B ] = ( r )  /  f * ^ ( B ' ) ( g ' ) ' '  f ^ . ^ , ( B ' ) 6 ' ^ B '  
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[B] = <N2 g N'2'> (D.8) 
The integrand in [A] is the sum of products of three rotation matrices, 
and may be evaluated with the aid of Equation (F.71)-
FAi -  C(J'2J; M'uM) J'  2 J 
K' G K 
where the last term is a sum of Clebsch-Gordon coeff icients 
J' 2 J 1 
K' E K-
E C(J'2J; K',e,K) + C(J'2J; K',-e,K) 
+ (-1)^'[C(J'2J; -K ' , E ,K) + C(J'2J; -K',-e,K)] 
K, K" > 0 
The sum has the fol lowing properties: 
-J' 2 J -I 
^ K' E K 
= S 
J'  2 J 
K' -E K 
(D.9a) 
(D.9b) 
(D.lOa) 
/ r\ 1 r\u\ \ U . I \JUF 
= 0 when E  = 2 unless K' = K ± 2 ,  (D.lOc) 
with K' and K assumed to be non-negative, even integers. Equations 
(D.lOb) and (D.lOc) may be thought of as selection rules for the K 
quantum number [projection of J/A upon the BF z-axis]: 
[A] = 0 unless K' = K, K ± 2 .  (D.l l) 
The integral [G] over the asymmetry parameter may be rewritten by using 
Equat ion (2.30), 
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g: ,JY) = T A"(l lvJK)(cos T)'-2°-iK(sin Y)!***"  .  
CT=0 
(D.12) 
We are now ir. a posit ion to complete the connection between 
LAB Equations (3-59) and (3.60). The reduced matrix element of Q, may be K, y 
identif ied by using Equation (D.9a) in conjunction with the Wigner-
Eckart theorem [Equation F.79], 
LAB I,S 
(D.I 3) 
From Equations (D.7)-(D.13) we have 
<N&|6 |N'&'> LAB 
-k <£vJ1 1-!^1 U'v'J'> ,  (D.14) 
where the angular factor may be written in two parts 
< 2,v J I j——I j £ ' V ' J ' > = 
0" 
Z F[e ;  5,vJ£. '  V '  J '  ;  k] 
12J+U [_e=Û,±2 J  
(D.15a) 
F[e; £vJ£'v'J';  k] = 
u v 
E Z 
•J' 2 J 
K>0 K.>0 
even even 
z~ 
X A,, (r . 'J 'K') /  (cos 
X (sin +2a+2a - CY)|sin 3Y|dY .  (D.15b) 
K ,  t  
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In Equation (D.I5a), the two terms having e = +2 and e = -2 respectively 
are equal by virtue of Equations (D.4) and (D.lOa). Furthermore, their 
sum may be shown to equal the value of the e = 0 term. The numerical 
calculation of the radial and angular factors appearing in Equation 
(D.H) wil l  be discussed shortly. We f irst consider the selection rules 
which greatly simplify these tasks. 
B. E2 Selection Rules 
The selection rules stated by Equations (3-62) and (3.63) are of 
fundamental importance for the testing and employment of Equation (D.14). 
These rules fol low from the transformation properties of the eigen-
functions and operators under operations of the groups in the 
a K,  y  
physical chain of Equation (2.20). In general, i f  the sets of 
A B functions y = 1, 2, . . . ,  d^} and {4^; v = 1, 2, . . . ,  dg} are bases 
for the [A] and [B] IR respectively of a compact, semi-simple group G, 
Q 
and i f  {T^; e = 1, 2, ,  d^} are the components of an irreducible 
tensor operator beiongîrig to the [C] !R of G, then we have the 
fol lowing.^ 
1) The set of functions {T^ 6^; e = 1, 2, . . . ,  d„; y = 1, 2, E y 
. . . ,  d^} form a basis for the direct product representation 
[C] a [A] of G. This representation is usually reducible. 
For precise definit ions of IR basis functions, irreducible tensor 
operators and the direct (Kronecker) product of representations, see, 
for example. Reference (32). The elements T of G are realized as 
transformations upon the basis states ]<!)>. The invariant scalar product 
referred to in 2) has the property <$'|^'> = <#|^>; | * '> E T|$>, 
5 T|#> where T is any element of G, and [({)> and {%(;> are any two 
members of the [Hilbert] state space. 
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and may be decomposed into a direct sum of IR of G. 
2) I f  an invariant scalar product is defined on the space of 
functions, then two functions belonging to different IR of 
G are necessari ly orthogonal: 
[A], [B1 • '6) 
3) From 1) and 2) above, we have that 
<*^|TC|*A> = 0 (D.17) 
v '  e  y  
i f  [C] a [A] does not contain [B]. 
To apply Equation (D.17) to the problem at hand, the IR to which 
LAB 
and 0, belong must be identif ied. The classif ication of the former is, K,  y 
of course, known by construction, and that of the latter may be deduced 
from commutation relations with the group generators. As discussed in 
(22), the 25 generators of U(5) [ i .e., the A^^ = b^b^ of Chapter I I ]  may 
be taken to be 
Qj, = [b+b],^ = Z C(22J; yvE)b%, ,  (D.lS) 
î^v 
J = 0, 1, 2, 3, 4 ;  e = -J, -J+1, . . . ,  J 
The ten-member subset ;  J = 1, 3) then generates R(5)> with the 
th ree generating the physical R(3) subgroup. We begin by considering 
LAB the f irst-order operator Çl. .  In the C/D operator representation i t  
» > y  
has the form 
-  [b* + •  <"• '9 '  
From the commutation rules of Figure 2.1, we f ind 
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[b*, Ojg] = C(22J; e+y, -y, 
[b ,  Q,J = C{22J; e+y, -y, e)(-l)^+^b _ 
U JG y+e 
and hence that 
Gjc' -  i f  J ='.3 . (0.20) 
LAB Equation (D.20) is suff icient to show that the f ive components of 0^ 
form an irreducible tensorial set under the groups R(5) and R(3)• The 
representations to which they belong may be uniquely identif ied by their 
dimensions. We f ind that belongs to [1, 0] of R(5) and [2] of R(3)• 
The usual angular momentum label [J] is used here to denote the (2J + 1)-
dimensional IR of the physical rotational group. As discussed in 
References (20) and (21), two labels are required to distinguish the IR 
of R(5) and the notation [2, k] is employed. I  and k are two integers 
or half- integers satisfying Î, ^ k. For the symmetric IR to which the 
S s belong, k is zero and I  is integral: belongs to [&, 0]. CÏ NXVJN 
We are now in a posit ion to determine the R(3) and R(5) selection 
rules for the f irst-order E2 operator. With the aid of the direct 
product decomposit ion rules (33) 
R(3): [2] a [J']  = [J'+2] ® [J'+l] © . . .  e [lJ'-2l] (0.21) 
R(5): [1, 0] a [£', 0] = [£'+1, 0] © [£', 1] @ [£'-1, 0] ,(D.22) 
we deduce from Equation (D.17) 
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In Equation (D.22) ,  i t  is understood that terms [£., k] for which k > 2 
should be deleted from the r ight hand side. The angular momentum selec­
t ion rule, as well as the condit ion that vanish unless the projec­
t ions obey M = y + M' ,  may be obtained from the usual Wigner-Eckart 
theorem 
by noting that the CIebsch-Gordon coeff icient is zero unless the 
aforementioned condit ions on the spins and their projections are satis­
f ied. Equation (D.24) is a manifestation of general group-theoretic 
orthogonality relations for the simply reducible group R(3)-
The f irst-order selection rule on the principal quantum number N 
LAB 
may be deduced in a similar fashion by classifying the n, under IR's 
'  > y  
of U(5) and referencing the appropriate direct product reduction rules. 
Such a program wil l  not be pursued here, as i t  is complicated by the 
LAB fact that the 0. do not al l  belong to a single IR of U(5). To forge 
'  > y  
an alternative proof of the selection rule, we recall Equation (2.18a). 
In the C/D operator representation, any Bohr eigenstate belonging to 
the [Nj symmetric i  R of R(5) is realized as a l inear combination of 
terms, each of which consists of N creation operators acting on the 
vacuum. Hence 
,  linear combination b(b%b)bV . . .  b+|o> .  
aa' of terms l ike ' .  .  
N factors N' factors 
Only those terms in which the creation and destruction operators are 
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balanced can yield a non-zero contribution, and consequently the selec­
t ion rule 
N = N' ± (D.25) 
fol lows tr ivial ly. In the C/D representation, the second-order operator 
consists of the products {b^b^, b^b, bb^, bb} and similar reasoning 
z 9 y 
leads quickly to the U(5) selection rule of Equation (3.63). 
To obtain the second-order R(5) selection rule, we can classify the 
LAB LAB 
.which are l inear combinations of products of the 0, .  As the 2,u' I ,11 
latter belong to [1, 0] of R(5), the former must be among 
[ 1 ,  0 ]  
(5) 
[ 2 ]  
(5) 
[ 1 ,  0 ]  
(5) 
[ 2 ]  
(5) 
[0 ,  0]  
( 1 )  
[0 ]  
( 1 )  
© [1, 1] e [2, 0] 
(10) (14) 
[1] @ [3] 
(3) (7) 
[2] © [4] 
(5) (9) 
R(5) 
R(3) 
(D.26) 
Here the angular momentum decomposit ion (33), under the restrict ion to 
physical R(3) operations, has been provided for each U(5) IR. Dimen-
LAB 
s ions of the IR involved are enclosed by parentheses. The are 
^ ,y 
known to be J = 2 tensors; we consequently deduce that they must belong 
to the fourteen-dimensional [2, 0] IR of R(5). This together with 
Equation (D.17) and the decomposit ion (33) 
[2,0] a [£',0] = [Jl '-2,0] @ [£'- l , l ]  @ [&',0] @ [&' ,2] @ [H'+l. l ]  
© [£'+2,0] (D.27) 
is suff icient to determine the second-order R(5) selection rule: 
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= 0 unless ± 2 ,  (D.28) 
aa 
The R(3) selection rules are, of course, the same for both the f irst and 
second-order operators. 
In Equation (D.7a), is written as a product of radial and 
angular factors. The radial variable g commutes with al l  R(5) generators, 
and hence any function of g is unaffected by operations of the R(5) and 
R(3) subgroups. Consequently the R(5) and R(3) selection rules are 
carried by the angular factor in Equation (D.7a). In particular for the 
reduced angular matrix element [RAME] we may write^ 
^LAB fJl = £' ± 1 [k = 1] 
<&vj| | - !^| l&'v'J'> = 0 unless <1 S. = ± 2 [k = 2] (D.29) 
^ LJ'+2 ^ J ^ ]J'-2| 
The U(5) selection rule, on the other hand, is shared between the radial 
and angular factors. When the selection rule is violated and the angular 
factor does not vanish, the radial factor must equal zero. A general 
expression for (N2}g^|N'2'> is giver, by Equation When p = ! ,  2; 
recursion relations (53) for the associated Laguerre polynomials can be 
used to deduce alternate expressions which i l lustrate the U(5) selection 
rules. The radial factors which appear when the RAME does not vanish 
In Equation (D.13)» C(J'2J; M'pM) vanishes whenever J and J' differ 
by more than 2, and E2 transit ions between and may not occur. 
However the reduced matrix element in Equation (D.13) is undefined in 
such cases. We define i t  to be zero to avoid carrying qualifying 
factors [such as A(J; 2 Jf), which equals one when [Jj-Jf] ^ 2 and zero 
otherwise] in Equation (3.48). 
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are found to be 
<N&|B|N' ,  2+1> = [&(N+%+5)]*6H, N+, -  (D.30) 
<NJllS^|N'i l> = H2N+5]S^,^,^ -  i[(N+&+5)(N-2+2) 3*6^,  ^ ^+2 
- 5[(N-2)(N+2+3)]^6^, |^_2 (D.31) 
<N£|B^1N', £+2> = - [ (N-i,) (N+£+5) I  + i[(N+&+5)(N+&+7)]^G^, 
+ i [(N-&)(N-2-2)]^6^, |^_2 .  (D.32) 
C. Computational Methods 
To execute the calculational procedure outl ined below Equation (3.61), 
the values of <Nr&r|g^lN.2.> and must be f f  '  I  I  T T f ' k  ' i l l  
available- In practice the former are rapidly computed as needed by the 
use of Equations (D.30)-(D.32), and the latter [RAME's] are found via 
Equations (D.15)- Equation (D.15b) contains nested sums which are 
moderately t ime consuming to compute. Consequently RAME's are calculated 
but once and stored for selected values of J. and J, < J.. This is the I  T  — I 
task of the GAMME subroutine package. 
The GAMME package assumes that A^ coeff icients and integrals of the 
form 
2m 
/  (cos Y ) (sin Y ) |sin 3Y|dY [p, q non-negative integers] 
0 
have been precomputed by the methods of Appendix B. [The above integral 
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appears in Equation (D.I 5b) and vanishes unless p and q are both even; 
hence i t  may be evaluated by Equation (B.21b).] For a given pair 
(Jj, J^), Equations (D.I5) are employed to obtain al l  desired RAME's of 
the f irst-order [k = 1] operator, is allowed to range from 0 to the 
of Table 2.3- Some of these values of wil l  not give r ise 
to [see Table 2.1] and are consequently rejected. £. is similarly 
restricted. Upon the computation and storage of al l  f irst-order terms, 
LAB RAME's of the second-order operator Q- are calculated and stored. For Z,  p 
f ixed J., and k, the storage order for the 
is given by 
2^ = 0, 1, 2, . . . ,  must yield J^] 
Pg £. = î '^-l ,  &^+l [k = 1 ]  r  &. must yield J. 
Z. = Z^-2, Z^+2 [k = 2] 0 < 2 .  <  n^3^(jj) j (d.33) 
P^ increases through the values allowed by (&^, J^) 
Pu V. increases through the values allowed by (&., J.). 
The label at vert ical posit ion P. in the above l ist is swept over i ts 
ful l  range of al lowed values prior to incrementing the label at posit ion 
P._^. This storage order imposes the R(5) selection rule directly. 
Furthermore i t  was chosen to speed the execution of the BE2PR0 subroutine 
package which uses the RAME's to assemble the right-hand side of Equa­
t ion (3.60) .  [When J. = J^, the storage scheme results in the repeated 
calculation of equivalent matrix elements. For example when J. = = 7, 
<507 1 j1 I607> and <6071 [ |  1 507> appear successively in the 
l i s t  (D . 3 3 ) . ]  
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Production runs of the GAMME package resulted in the creation of 
two data sets, GAMEVN and GAMODD. Their contents are detailed in Table 
D.l, where the numbers of calculated f irst and second-order RAME's are 
l isted for each (J., J^) pair considered. For (J., J^) = (3, 3)» &^ and 
must each be mult iples of 3; hence no f irst-order E2 transit ions are 
allowed by the R(5) selection rule. Furthermore the ten allowed second-
order RAME's for 3 ->• 3 transit ions were al l  calculated to be zero. For 
(J., J^) = (5, 5), al l  calculated f irst-order RAME's were found to 
equa1-/6/65- GAMEVN and GAMODD serve as input for the BE2PR0 program 
package, which completes the calculation of B(E2) transit ion rates and 
quadrupole moments. Eigenfunctions for the states involved, expressed 
as expansion coeff icients mult iplying the 4)^, are supplied by the THEORY 
package [see Appendix C]. The overall computational procedure is 
i l lustrated by Figure D.l. The THEORY, GAMME, and BE2PR0 FORTRAN codes 
al l  employ double-precision arithmetic. 
D. Testing of the GAMME and BE2PR0 Codes 
A number of test calculations were performed using the GAMME code 
prior to the production of the GAMEVN and GAMODD data sets. The most 
severe testing centered upon the numerical verif ication of the R(5) 
selection rule. Seventeen of the (J., J^) pairs l isted in Table D.l 
were studied in detail .  For each pair, the RAME 
was computed for al l  possible (î,^, v^) and (&., v.) which yield 
and J. respectively. The only restrict ions imposed were ^ N (Jr) 1 J fuâ X I 
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Table D.l. Numbers of f irst and second-order RAME's, 
calculated and 
stored [fol lowing the scheme (D.33)] 
CONTENTS OF GMEEVN CONTENTS OF GMEODD 
J. 
1 4 
k = 1 
terms 
k = 2 
terms J. I  4 
k = 1 
terms 
k = 2 
terms 
2 0 18 18 3 2 17 17 
2 2 18 34 3 3 0 10 
4 2 32 48 4 3 16 23 
4 4 46 68 5 3 16 16 
6 4 59 86 5 4 30 45 
8 6 95 133 5 5 16 30 
10 8 124 185 6 5 44 58 
10 12 160 234 7 5 28 42 
14 12 195 282 7 6 55 80 
16 14 219 325 7 7 40 59 
18 16 243 354 8 7 66 98 
20 18 257 373 9 7 51 74 
6 6 72 112 9 8 88 123 
8 8 1 OH 163 9 9 o2 96 
10 10 144 213 10 9 98 142 
12 12 176 262 
14 14 204 310 
16 16 234 345 
18 18 252 369 
20 20 256 00
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•PANDQ F i le  
Contains precomputed integrals  
2ir 
/  (cos y )  (s in y )  I  s  in  3y |dy 
0 
For even integers p and q.  
-A'^ F i le-
Contains A coeff ic ients;  one 
f i le  for  each value of  J .  
•BE2PR0 Pacl tage -
Read J  :  ,  n - nr  which 
' I  '  " j  '  " ' f '  " f  
speci fy  in i t ia l  and f inal  
e  i  genfunc t  ions of  Hij> =  E* .  
(J; ,  n; )  =  (3 ,  2)  denote? 
the second J =  3 state of  
H,  ordered by increasing 
energy.  
Locate required RAME's wi thin 
the GAMEVN or  GAMODD f i le .  
Store these internal ly .  
Locate expansion coeff ic ients 
of  the wavefunct ions within 
the vector  f i le .  Store these 
internal ly .  Read B,  C,  s  
which speci fy  the reducing 
transformat ion [H H]  and 
the expansion basis 
Use Equat ion (3 .60)  to con­
struct  
r T I I 
for  the associated eigen­
f u n c  t  i o n s  4 o f H .  
Use Equat ions (3-57) . (3-^8) .  
and (3 .49)  to  complete the 
calculat ion of  the B(E2)  or  
quadrupole moment.  
• GAMME Package•  
Read J .  and J^.  
Read required integrals  and 
a '^  coeff ic ients.  
Compute the reduced angular  
(0:, y )  matr ix  e lements [RAME's]  
using Equat ions (D. I5) .  
Wri te  a l lowed f i rst  order  
[k  =  1]  RAME's on the output  
f i le .  
Wri te  a l lowed second order  
[k  =  2]  RAME's on the output  
f i le .  
Repeat  above steps unt i l  the 
(J; ,  Jf )  input  l is t  is  
exhausted.  
• RAME Output  F i les-
GAMEVN: 
J;  and Jf  ^  J;  are both even.  
GAMODD: 
Ml I  e i  
is  odd.  
[See Table D. l  for  contents of  
the two f i les] .  
Vector  output  f i le  from THEORY 
package [see Figure C.2] .  
Figure D.l. The interrelationship of the GAMME, THEORY, and BE2PR0 
computer codes 
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and £. ^ For example with (J., J^) = (7, 6), there are 630 
such matrix elements for each of the f irst and second-order operators. 
Of these, only 55 f irst-order and 80 second-order matrix elements satisfy 
the R(5) selection rules and are expected to be non-zero. The remaining 
495 RAME's were calculated using the GAMME package, and in every case 
-10 
were found to be smaller in magnitude than 10 [typical non-zero 
RAME's are on the order of unity]. In the course of the seventeen 
J. -+ studies, a total of eight RAME's were found which violated the 
-10 R(5) selection rules and had calculated values exceeding 10 in 
magnitude. These occurred when both &. and were large, and a large 
number of terms consequently contributed to the nested sum of Equation 
(D.15b). The worst case occurred for <26, 8, 2|| | |30, 9, 3> 
-10 
which was calculated to be -1.915 x 10 .  For those RAME obeying the 
R(5) selection rule, GAMME was used to calculate each side of 
LAB , _ .  _ o .  i  oLAB 
n,  J . -J f  
1-^1 U;V.J.> = (-1) 
2J.+1 
I  
2Jr+l <^;VjJi I I I 
(D.34) 
This relationship fol lows from Equation (D.14) and the reversal formula, 
Equation (3.67) .  Again differences were found to be generally below the 
-10 10 level. 
Having concluded the init ial phase of testing, GAMEVN and GAMODD 
were produced. The THEORY and BE2PR0 packages were then used to 
Whe l imit ing are those of Table 2.3.  For larger values of 
£, a '^ coeff icients appearing in Equation (2.30) have not been calculated. 
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calculate model B ( E 2)'S  and quadrupole moments for comparison with the 
results reported by Habs et al. (29, 30). These test calculations 
employed the twenty-three instances of the Gneuss-Greiner (GG) Hamiltonian 
specif ied by Equations (4.3)-(4.5) and Table 4.1. The f ive-step calcu-
lational procedure of Section II I .D was fol lowed. For each of J = 0, 2, 
3, 4, 5, and 6, the reduced Hamiltonian, of Equations (4.9)-(4.13), 
was diagonal ized in the largest available basis [Table 2.3]. For 
each set of Hamiltonian parameters [Table 4.1], s was taken from Equation 
(4.14) so as to mirror the calculations of Habs et al. Model energies 
emerging from the THEORY package appear in Table 4.3, while B(E2)'s and 
quadrupole moments from BE2PRo' may be found in Tables D.2a and D.2b. 
The latter two tables compare calculated results for seven of the 
twenty-three parameter sets, including the "representative" f ive of 
Chapter IV. For each parameter set and transit ion type, three values 
are l isted. From top to bottom, these are: 
1) BE2PR0 result using the f irst-order E_ operator; 
2) BE2PR0 result using E^ through second-order; and 
3) result reported by Habs e^ al_. using E^ through second 
order. 
ideally, values 2) and 3) should be equal. in practice, small differ­
ences may be expected, arising from differences in the sizes of the 
expansion bases. Agreement is seen to be excellent throughout Table 
The nuclear radius was taken as R =1.2 Fermi. 
o 
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D.2a, with the exception of BA-134. [Model calculations for the BA-134 
parameter set were shown in Chapter IV to be non-converged when 
N ( j) < 30.] Furthermore, inclusion of the second-order operator in 
max — 
the BE2PR0 calculations is clearly necessary to achieve the agreement. 
In Table D-2b, however, a problem is evident for transit ions involving 
the J. = 3] state. The values 2) and 3) appear to agree only when the 
second-order correction is negligible. In fact, inclusion of the second-
order term tends to enlarge the difference between the BE2PR0 result and 
that of Habs et al. Through second order, the electric quadrupole opera­
tor is given by Equation (3-45) as 
^2v ' G|*w • <0 35) 
I f  
is used in BE2PR0, the majority of the Table D.2b discrepancies are 
removed for transit ions involving the 3i state of For example in 
TE-122, B(E2)'s for the transit ions 3^ 2^ 3^ ^ 2^, 4^ 
-> 3^ become .0075, .1904, .0582, and .0137 respectively through 
second order. These agree with the values .008, .19, .06, and .01 
reported by Habs et al. Similar agreement results for SM-142, CE-I36, 
XE -126,  and TE-126. However for BA - I30,  .0036, .2932, .0900, and -0627 
are calculated for the four transit ions in question when Equation (D.36) 
is used in BE2PR0; the f irst two disagree with the Habs values. I f  
Equation (D.36) is used in place of Equation (D.35) throughout the 
Table D.2a. Comparison of two Hqu calculations. For each isotope and transit ion type, 3 
values are given. The topmost and central were computed by BE2PR0 using f irst 
and (f irst + second)-order E2 operators respectively. The bottommost is the 
(f irst + second)-order result cited in (29, 30). Units are (e • barn) and 
(e • barn)2 Q(j.) and B(E2 :  J .-»-J^) respectively 
1sotope Q(2,) 0.(2^) Q(4,) 21-VÛ1 ^2^1 22+:i 4l"2l 4 ^ ->2^ 
BA-130 
.403 
.351 
.35 
- .400 
- .353 
- .35 
. 3 0 9  
.214 
.21 
.157 
. 1 5 0  
.15 
.0048 
.0089 
.009 
. 1 8 0  
. 1 8 9  
. 1 9  
. 2 3 4  
.225 
. 2 3  
.0023 
.0027 
.003 
BA-134 
.0391 
-.0120 
-.18 
- .0889 
-  . 0 3 6 0  
.10 
- . 2 3 2  
-.332 
-.33 
.1387 
.1396 
.135 
.00135 
. 0 0 3 7 6  
. 0 0 0 3  
. 2 2 7  
. 2 3 4  
.22 
.221 
. 221  
.23 
.0071 
.0078 
.002 
CE-136 
-.098 
-.157 
-.15 
.084 
.145 
.14 
-.114 
- .225 
-.22 
. 1 7 8  
. 1 8 1  
. 1 8  
. 0 0 0 0 1 6  
. 0 0 0 6 0 3  
. 0 0 0 6  
.2691 
.2687 
. 2 7  
.268 
.272 
.27 
9 . 6  X  10"^ 
2.2 X 10-5 
.000 
SM-142 
.507 
.450 
.45 
- 1 . 0 7 7  
-1.139 
-1.14 
-.727 
-.898 
-.91 
.179 
.171 
.17 
.0049 
. 0 0 8 9  
. 0 0 9  
.175 
.194 
.19 
.252 
. 2 6 0  
. 2 6  
.280 
.325 
.33 
TE-122 
-.279 
-.339 
-.34 
. 1 3 0  
.141 
.14 
-.530 
-.640 
-. 64 
. 1 2 7  
. 1 3 2  
. 1 3  
.001257 
. 0 0 0 0 8 7  
. 0 0 0 0 9  
.2102 
.2099 
.21 
.235 
.250 
.25 
.0072 
. 0 1 1 3  
. 0 1  
X 
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Table D.2b. Comparison of two Hgg calculations. [See caption for Table 
D.2a ]  
1 sotope 42-4, 3i+:2 42"3l 
.0003 .100 .078 .0087 .2809 .0921 .0487 
BA-130 .00002 .094 .084 .0161 .2688 .0942 .0365 
.000 .09 .08 .01 .09 .09 .  06 
.00049 .0922 .0619 .0023 .305 .116 .047 
BA-]34 .00002 .1048 .0593 .0070 .307 .115 .062 
.001 .10 .06 .003 .29 .12 .03 
.00078 .112 .0617 .00007 .356 .1454 .0276 
CE-136 .00259 .122 .0605 .00097 .361 .1453 .0406 
.003 .12 .06 .002 .35 .15 .02 
.0538 .245 .231 .0089 .193 .127 .0201 
SM-142 .0419 .285 .241 .0174 .162 .122 .0323 
.04 .28 .24 .003 .23 .13 .01 
.00164 .169 .135 .00275 .1945 .0554 .0207 
TE-122 .00013 .175 .133 .00033 .1987 .0527 .0291 
.0001 .18 .13 .008 .19 .06 .01 
.0033 .123 .077 .00111 .1671 .0519 .0072 
TE-126 .0018 .144 .087 .00002 .1659 .0495 .0095 
.002 .14 .09 .004 .168 .05 .005 
5 x 1 0 - 8  .105 .083 3 X 10-7 .258 .0883 .0218 
XE-126 .00053 .113 .081 .0011 .261 .0878 .0316 
.0005 .11 .08 .001 .25 .09 .01 
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BE2PR0 calculations, agreement is generally lost i f  the 3^ state is not 
involved. To force overall agreement in the majority of cases, a 
mechanism is evidently required which reverses the phase of the second-
order term when an odd-spin state is involved. 
In an attempt to discover an error in the GAMME/BE2PR0 code, by-
hand calculations of the matrix elements 
1 k l  ( i  = Nj, V .  = t . ,  J.) 
and (D.37) 
I [aajg l |4^> 
were performed in the C/D operator representation. Wavefunctions for 
Bohr eigenstates, expressed as creation operators on the vacuum, are 
given for N ^ 3 in Reference (3)- These were used in the by-hand calcu­
lations, and al l  al lowed f irst and second-order transit ions between the 
N _< 3 states were considered. Result ing f irst and second-order matrix 
elements are l isted in Tables D.3 and D.4 respectively. The Bohr eigen­
states are labeled simply by Jj as in Figure 33. When similar numerical 
calculations' were performed using THEORY and BE2PR0, i t  was found in 
every case that 
The in expressions (D.37) are eigenstates of Hg = - (A /2B)T 
+fCg [ i .e., s = (BC/A )S]. In the numerical calculations, was 
diagonal ized in an N^x(J) = 10, s = 1 basis. Magnitudes of matrix 
elements calculated numerically and by hand differed by less than 10"^^. 
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numerically calculated j _ ^i(J) by-hand calculated j ^ii j) _ 
matrix element J matrix element J ' 
The phase factors e' appear in Tables D. 3 and D.4. These factors are 
not al l  expected to be +1, since the wavefunctions used in the two 
calculations are taken from different sources. However, i t  should be 
possible to f ind phase factors connecting the two sets of states 
num. B-H 
such that the e"^ appearing in Table D.3 or D.4 and in 
let or [aojgl = e'*<^^| |a or [aajgl 
num. num. B-H B-H 
is given by 
e ' *  =  ( D . 3 8 )  
Such is indeed the case. !  f  v/e assume the pha 
relationship 
'n(0 ) 
e = +1 
phase factors for the remaining states are found to be -1, -1, +1, -1, 
-1, +1, +1, -1, and +1 for 0^, 0^, 2^, 2^, 2_, 3p 4^ ,  4^, and 6^ 
respectively. Equation (D .38)  is then seen to be satisf ied throughout 
Tables D.3 and D.4. In summary, I  have been unable to discover any 
errors or inconsistencies in my work which would account for the second-
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Table D.3- Exact first-order reduced matrix elements 
for Hg eigenstates [N _< 3]- See Figure 
(3-3) for (NHV) quantum numbers 
J. 
By hand calculation 
& <*! 
Numerical calculation 
phase factor, e"^ 
/1/5 
/3 / IO 
/572 
1 
/tTZ 
WÎ 
-1 
+1 
+1 
-1 
+1 
+1 
3, 
4, 
1 
^2 
4,  
I  
nn 
/372 
ViTs 
/975 
/99/70 
+1 
+1 
+1 
/5/7 
6 ,  /I 3/6 
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Table D.4. Exact second-order reduced matrix elements 
for Hg eigenstates [N £ 31- See Figure 
(3.3) for (NJIV) quantum numbers 
By hand calculation Numerical calculation 
J. phase factor, e"^ 
0^ 2^ /3/IO -1 
2 i  2^ ^  +1 
Zg 0^ /572 -1 
=2 O2 2 + '  
2^ 2^ -3/7 +1 
2 0 /TIT? +1 
2^ 2^ ^/in -1 
2 2^ 11/7 +1 
3,  2^ - /3 /2 +1 
3, 2 -/1277 -1 
3, 3, 0 
I  I  
4^ 2^ /144/245 -1 
4^ 4^ /110/49 +1 
4g 2^ /99/70 -1 
4^ 2 /396/245 +1 
4g 3^ -/DÔ/45 -1 
4^ /160/539 +1 
6^ 4^ /208/23I -1 
6^ 6^ /45/ I I  +1 
401 
order discrepancies in Table D.2b. 
On a  f i na l  no te ,  a  f ew  commen ts  shou ld  be  made  conce rn i ng  t he  con ­
ve rgence  p rope r t i es  o f  t r ans i t i on  ra te  ca l cu l a t i ons .  As  i n  Sec t i on  C  
o f  Append i x  C ,  t he  unpe r t u rbed  Boh r  Ham i l t on i an  may  se r ve  as  a  veh i c l e  
f o r  t es t  ca l cu l a t i ons .  T rans i t i on  ra tes  be tween  e i gens ta tes  o f  
Hg  =  A , [ - i T (6 ,  Y ,  e . ) ]  +  A^E igZ ]  
a re  g i ven  i n  t he  f i na l  sec t i on  o f  Chap te r  i l l  f o r  N  ^  5 -  I n  t he i r  
compu ta t i on ,  a  t r ans fo rma t i on  t o  t he  SR p rob lem [A^  ~  ^2  ~  ^  ^  was  made .  
The  na tu ra l  expans ion  bas i s  [ s  =  1  ]  was  t hen  used  i n  t r ea t i ng  t he  reduced  
Ham i l t on i an .  The  use  o f  any  o the r  f i n i t e  bas i s  wou ld  r esu l t  i n  t r unca t i on  
e r ro r s ,  as  i nd i ca ted  i n  Tab le  D .5 .  He re  bo th  t he  s i ze  and  s  pa rame te r  
o f  t he  expans ion  bas i s  have  been  va r i ed ,  and  t he  e f f ec t  upon  t he  ca l cu ­
l a t ed  B (E2 )  r a t e  may  be  obse rved  f o r  f ou r  r ep resen ta t i ve  t r ans i t i ons .  
On l y  t he  f i r s t - o rde r  E2  ope ra to r  con t r i bu tes ,  and  t he  un i t s  a re  t hose  o f  
F i gu re  3 -3  [ (D^ / s ) ^  w i t h  s  =  [A^ /A^ ] ^ ] .  No t i ce  t ha t  i f  B (E2 :J . ->J^ )  we re  
g raphed  as  a  f unc t i on  o f  s ,  t he  r esu l t i ng  cu rve  wou ld  no t  have  t he  
concave -upward  shape  cha rac te r i s t i c  o f  ene rgy - v r s - s  p l o t s .  A t  t he  20 -
phonon  l e ve l ,  unde res t ima t i ng  t he  op t ima ,  s  by  40% r esu l t s  i n  B {E2 )  
e r r o r s  o f  ^1%.  As  may  be  seen  f r om  t he  t ab l e ,  i t  i s  ve r y  much  sa fe r  t o  
ove res t ima te  s  t han  t o  unde res t ima te  i t .  
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Tab le  D .5 .  Ca l cu l a ted  B (E2 )  r a t es  f o r  Hg  t r ans i t i ons ,  
us i ng  d i f f e ren t  cho i ces  o f  t he  expans ion  
bas i s .  Un i t s  a re  t hose  o f  [D . / s ] ^ .  See  
Figure 3.3 
B(E2 :J . ^JJ  
Expans ion  band .  
1 band^  
Bas i s  8,. 6 ,  2 l ^ l  ^3^2  ' 2 - ^3  
N  s  
max  GS GS GS GS B  B  GS Y  
1 .0  2 .0  
. 5  . 7  . 3  
10  . 6  2 .652961  . 507576  . 763154  . 318747  
. 8  2 .016247  . 500004  . 700241  . 300051  
1 .2  1 .995335  . 499998  . 699635  . 299938  
1 .4  1 .883236 . 499416  . 673819  . 294723  
15  . 6  2 .055010  . 502145  .762027 . 310948  
. 8  2 .000016  .500000 . 700020  .300003 
1 .2  1 .999996  .500000 . 699998  .300000 
1 .4  1 .996574  . 499985  . 698267  . 299752  
VÛ 0
 
CM 
2 .023309  . 500055  . 703136  . 300535  
1 .4  1 .999863  .500000 .699987 . 299998  
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X I .  A P P E N D I X  E :  M I S C E L L A N E O U S  T A B L E S  
Tab le  E . I .  Bes t  es t ima tes  o f  E ,  s ,  and  K ]  r esu l t i ng  f r om an  ana l ys i s  o f  t he  GG-mode l ,  
r ep resen ta t i ve - i so tope  ca l cu l a t i ons .  Me thod  I  [Equa t i on  4 .23 ]  has  been  used ,  
and  abso lu te  ene rg i es  a re  l i s t ed  
LevFL  « :  
ISOTOPC SP IN  NM\X  
E g ( J , )  I n  M e V  
2 
S-T IL3A  
2 
CURVATUOF 
2 
TÇ-122  I ' j  
2 0 
2 '5  
30  
1 .0946  
1 .0946  
I . 0946  
1 .0946  
2 .392  1  
2 .3920  
2 .  3920  
2 .3920  
3 .1085  
3 .1064  
3 .1084  
3 .  1084  
0 .93  
1 .02  
1  .07  
1 .04  
0 .93  
1 . 0 2  
1  .05  
1 . 1 1  
0 .97  
1 .0  1  
1 .05  
1 .10  
0 .44F-03  
0 .31P-05  
0 .12F-06  
0 .29F-07  
0 .  16F  —01  
0 .32E-03  
0 .15F-04  
0 .23F-06  
0 .13F -P I  
0 .74^ -04  
0 . I lF -04  
O.T5F-06  
3  
3  
3  
3  
9  
9  
9  
1 !5  
20 
2 !>  
3  0  
1!> 
20  
2!) 
3 .0780  
3 .0  780  
3 .0788  
3 .0788  
5 .4724  
5 .471  I  
5 .4710  
4 .8538  
4 .8527  
4 .8527  
4 .8527  
6 .4639  
6 .4602  
6 .4601  
5 .8066  
5 .8061  
5 .8061  
5 .8061  
7 .5399  
7 .5330  
7 .5328  
1 . 0 2  
1.06 
1 .15  
1 . 2 1  
1.02 
1 .04  
1. 10 
0 .90  
1.02 
1  . 0 8  
1  .  07 
0 .C8  
1 .03  
1  . 07  
1 .03  
I  .00  
1  . 0 8  
1 .15  
1  . 00  
1 .06 
1  . 09  
0 .  1  2 6 - 0 1  
0 . 2 6 F - r 3  
C.99F-05  
0 .3SF—06 
C .18F  00  
0 .33F-02  
0 .  14P-03  
0 .17E  CO 
0 .70F-0?  
0 .10F-03  
0 .59F-05  
0 .31F  00  
0 .93F-02  
0 .24F-03  
0 .21F  CO 
0 .55F-P2  
0 .32F-C4  
0 .22F-C5  
0 .35F  CO 
0 .505 -02  
0 .31F-03  
O f -
1 0 
10  
10 
1 '.) 
2 0 
2!> 
4 .3712  
4 .3702  
4 .3702  
5 .3174  
5 .3150  
5 .3149  
6 .3340  
6 .3283  
6 .3281  
C.  07  
0 .99  
1  . 04  
0 .93  
1.00  
1  .07  
0 .96  
1  . 0 1  
1  . 05  
0 .83F-01  
0 .44= -02  
0 .3OF-04  
0 .25F  00  
0 .46F-02  
0 .72F-04  
0 .37^  CO 
0 .20F-01  
0 .  36<=- -03  
20 
20 
20 
1 ! )  
20  
2!> 
8 .7710  
8 .  7108  
8 .708^  
10 .1831  
10 .0434  
10 .0381  
11 .5  372  
1  1  . 3246  
11 .3125  
0 .98  
I  .00 
1 .05  
0 .99  
1 .01  
1 . 0 6  
0 . 9 8  
1  . 0 3  
1.06 
0 .42F  01  
0 .28F  00  
0 .24F-02  
0 .28F  01  
0 .44F  00  
0 .6BF-02  
0 .15F  02  
0 .76F  00  
0  .39F-C I  
Table E.I. Continued 
LFVFL  • :  
Eg ( J j )  I n  H e V  
ENFRGI f  ' i  
2 
S-T ILOA 
2 
CUPVATUOE 
2 
ISOTOPÇ SOIN  NM*X  
XÇ-126  1  5  
20 
2  5  
30  
-5 .0535  
•5 .0614  
-5 .0622  
•5 .0623  
• 2 .  040 { i  
•2 .  966 :1  
2 .967< )  
•2 .  96= )  
- 0 .596°  
0 ,6241  
-0 .6270  
-0 .6272  
0 .  92  
1 . 0 1  
1.06 
1 . 1 2  
0 .92  
1 . 0 1  
1  . 05  
1 .11  
I  .01  
1 .06 
1  . 07  
1 .14  
0 .44P  00  
0 .25F-01  
0 .33F-02  
0 .2  OF-0  3  
O.m iF  00  
0 .05F-0 I  
0 .57F-02  
0 .45F-03  
0 .2Re  00  
0 .30F-01  
0 .7pp -02  
0 .3SC_C3  
I  5 
20  
25  
30  
-3 .6656  
-3 .7085  
-3 .7105  
•3 .7106  
-0 .  597 : !  
- 0 .642 ! )  
- 0 .64* "  
-0 .649 :1  
2 .2576  
2 .1745  
2 .1663  
2 .1655  
0 .95  
1 . 0 0  
1 .05  
1 .14  
0 .87  
1  . 02  
1 . 0 1  
1 ,10  
0 ,95  
1 ,04  
1 .08  
1 ,14  
0 .73F  00  
0 .8  2F -01  
0 .32F-02  
0 .42F-03  
0 .2PF  01  
0 .37F  00  
0 .74F-0  2  
0 .55F-03  
0 .25F  C l  
0 .7 i r  00  
0 .14F-01  
0 . I= r -02  
9  
O 
9  
1  5  
20 
25  
•0 .8152  
• 0 .  86Q '3  
•0 .8758  
0 .7856  
0.6866 
0 .  678 ! ;  
2 .  I  796  
2 .0546  
2 .04  15  
0 .  92  
1 .01  
1 .05  
0 .  9 3  
1 .02  
1.08 
0 ,93  
1  , 01  
1 .06 
0 .21F  01  
0 .14F  00  
0 . I 3F -0 I  
0 ,31F  01  
0 .54F  00  
0 .2PF-01  
0 .46^  01  
0 .26F  00  
0 .43P-0 I  
10  
10 
10  
1  5  
2 0  
25  
•1 .6326  
1 .6843  
I . 68 *4  
0 .3527  
0 ,279V  
0 .273% 
1 .4017  
1 .3137  
1 .3046  
0 .93  
1 .01  
1.06 
0 . 9 2  
1.00 
1.06 
0 ,91  
1  . 0 2  
1 .04  
0 .76F  00  
0 .18F  00  
0 .69C-02  
0 .14F  01  
0 .15F  00  
0 .42F-02  
0 .27P  01  
0 .52F  00  
0 .23 r -C l  
20 
20 
20  
1  5  
20  
25  
4 .8697  
4 .5830  
4 .5521  
8 .  62  3 ! ;  
7 .902% 
7 . Q 3 1 ( !  
10 .3043  
9 .5005  
9 ,3973  
0 . 9 3  
O . c o  
1 , 0 5  
0. 96 
0 . 9 9  
1.08 
0 .95  
0 ,99  
1 ,07  
9 .60F  01  
O .e iF  00  
0 .76F-01  
0 .2eF  02  
0 .21F  01  
0 .22F  00  
0 .4o r  02  
0 .24=  01  
0 .13« -  CO 
Table E.1. Continued 
E g ( J , )  i n  K e V  
ENFRGIF ' . :  
LEVFL  » ;  1  2  3  
t « O T O P T  S P I N  N M A X  
B* -130  0  15  
0  2 0  
0  25  
0  30  
3  15  
3  20  
3  2  5  
3  30  
o 1 s 
9  20  
9  25  
10  15  
10 20 
10  25  
2 0  1 5  
20 20 
20 25 
-3 .7762  
-3 .7829  
-3 ,7833  
-3 .7833  
-  2 . 4 7 3 6  
-2 .4824  
-2 .4832  
-2 .4833  
0 .4414  
0 *4039  
0 .4014  
-0 *3963  
-0 .4190  
-0 .4207  
6 .2852  
6 .0454  
6 .0309  
-0 .7726  
-0 .7852  
-  0*  7864  
-0 .7865  
1 .5762  
1 .5374  
1 .5331  
1 .5329  
2 .0498  
2 * 0 0 1 1  
1 .9067  
1*7574  
1 .7139  
1 .7106  
10 .0O9P  
9 .6540  
9 .6184  
-0 .298 - '  
- 0 .3  116  
-0 *3125  
-0 .3125  
2*4277  
2 .3912  
2 .3872  
2 *3670  
3 .3433  
3*  2544  
3 .2475  
3 .0325  
2 .9587  
2*  9541  
12 .3566  
11*6976  
11*6318  
«6 "1 
S-TTLOA CUPVATUrp  
2  3  1  2  
0 *  95  
1 .04  
1 * 0 6  
1 .13  
0 .94  
1.00 
1*07  
1 .13  
0 .94  
1  .00  
1  *09  
1 .15  
0 .2OF  00  
0 .56P-02  
0 *97c -03  
0 .31F-04  
0 .50F  00  
0 .23F-P1  
0 *  16F-02  
0 .  lCF-03  
o .nc r  00  
0 .24F-01  
0 .22F-02  
0 .90P-C4  
0* 05 
1 .04  
1 .06  
1 .  1 0  
0 * 9 7  
1.02 
1  . 0 6  
1 . 1 1  
0 .96  
1 . 0 2  
1 . 1 0  
1.16 
0 .41F  00  
0 .e2F -02  
0 .20F -02  
0 .47F-04  
0 .25F  0  1  
0 .84F-C1  
0 .15F-P1  
0 .56F-0?  
0 .13F  01  
0 .23F  00  
0* ' î o<^ -C2  
0  3  
0 .97  
1.00 
1 .09  
0 .94  
1 . 0 1  
1 . 0 6  
0 .93  
1  . 0 0  
1  .09  
0 .16F  0  1  
0 .56F-01  
0 .50F-02  
0 .  IPF  0  1  
0 .14F  0^  
0 .  14F-01  
0 .51F  01  
0 .23=  00  
0 .74F-02  
0 .  96  
1 .00 
1 *  07  
0 .96  
1*01 
1*07  
0 .  92  
1 .03  
1 * 1 0  
1  .00  
1 *02  
1  .  09  
0 .94  
1  . 03  
1  *09  
1 .00 
1*03  
1  . 07  
0 .71F  00  
0 .56F-01  
0 . 2 2 F - 0 2  
0 .60F  01  
0 *46F  00  
0  .  1 2F-01  
0 .26F  C I  
0 .75F-01  
0 .5OF-02  
0 .64F  01  
0 *1  3F  0  1  
0 .42F-01  
O . I O F  01  
0 .17P  00  
0*77 r -02  
0 .  I  ^2  
0 .24F  01  
0 .1  IF  00  
Table E.I. Continued 
LFVFL  • ;  
E g ( J , )  i n  M e V  
FNFBGIFS  
2 
S-T IL3A  
2 
CUPVATUO*^  
?  
ISDTOP=  SD IN  NM4X 
SM-142  0  
0 
0 
0 
1  5  
20 
25  
3 0  
-0 .3212  
— 0  #3  365  
-0 .3414  
-0 .3420  
1 . 4 5 7 6  
1.2022 
I . 0 7 1 7  
1 . 0 6 7 O  
4 .5907  
4 .4956  
4 .4262  
4 .4  193  
0 .87  
0 .  95  
0 .93  
1 .  0 0  
0 .83  
0 .89  
0 .92  
1.00 
o . e o  
0 .89  
0 .92  
0 .99  
0 .44F  00  
C .91F-01  
0 .23F-OI  
P «30e -02  
0 .7ÇF  01  
O . ^RF  00  
0 .50F  00  
0 .6«<F  - 0  1  
0 .36F  C I  
0 .7 i r  00  
0 .24P  00  
0 .3Ac^01  
1 5  
20 
25  
30  
2 .4554  
2»1600  
2 .0910  
2 .0716  
4 .40 Î5  
4 .2434  
4 .1976  
4 .1840  
9 . 0 2 0 4  
8 »  3 8 5 7  
8 . 2 2 1 5  
8 .  1  7 6 9  
0 . 8 1  
0 .  9 1  
0 . 9 4  
0 . 9 9  
0 . 8 1  
0»  96  
0 .93  
0 .99  
0 .03  
0 * 8 6  
0 . 9 2  
0 . 9 P  
0 .84F  01  
0 .12F  0  1  
0 .36=  00  
0 .72F-01  
0 .7SF  01  
0 ,10F  C l  
0 .31F  00  
0 .40F-01  
0 .9PF  C l  
0 .27F  r1  
0 .73=  00  
0 .93F-C1  
9  
9  
9  
10 
10 
1 0  
15  
20 
25  
15  
20 
25  
5 .7335  
4 .8255  
4 ,6698  
4 .5739  
4*0  183  
3 .9655  
8 .  1164  
7 .  1 9 0  7  
6 . 8 7 2 3  
6 .  8 0 ' 3  2  
5 .946 l  
5 .74^0  
9 .9729  
9 .4716  
o .2718  
8 .0684  
7 .5982  
7 .4220  
0 .83  
0 . A 7  
0 .95  
o .eo  
0 .  89  
0 .94  
0 . 8 1  
0 .89  
0 .  92  
0 . 8 1  
0 .90  
0 .93  
0 . 8 0  
0 . 8 9  
0 . 9 3  
0 . 8 7  
0 . 9 0  
0 . 9 5  
0 .62F  01  
0 .17F  01  
0 .40F  00  
6  2F  0  1  
1  3F  0 1  
35F  0 0  
0 .40F  01  
0 .21F  C l  
0 .12F  P I  
0 .  1  i r  0 2  
0 .39F  C l  
0 .47F  00  
0 . 1 2 F  0 2  
0 . 2 5 F  C l  
0 .74F  00  
0 . 1 5 F  Cl  
0 . 2 5 F  0 1  
0 . 5 4 F  OC 
-c-
o  
20  
20  
20  
15  
20  
25  
12*7919  
10 .7904  
10 .3222  
1 8 * 6 3 4 9  
1  5 . 2 8 ' ) i S  
1  4 .  5 2 : ? 3  
20*  1  353  
17 .9349  
16 .9857  
0. 80 
0. 86 
0 * 9 4  
0 .84  
0 .89  
0 *94  
0 .83  
0 .89  
0 *95  
2 8 F  0 2  
54F  01  
1 1 F  01  
0 .3CF  0  2  
0.8T 01 
0*26F  01  
0 .4  7F  0  2  
0 . 1 2 F  0 2  
0 , 4 0 F  0 1  
Table E.1. Conti nued 
E g ( J , )  i n  M e V  
ENÇPGIFS 
LÇVFL  » :  l  2  
IS3T0PS SP IN  MMAX 
HA-134  0  1  5  -2 .0063  0 .2612  5 .  
0  20  -2 .0713  0 .0869  4 .  
0  25  -2 .3514  -0 .6383  3 .  
0  30  - 2 .4657  -0 .9176  3 .  
7219  
8322  
3  15  
3  20  
3  25  
3  30  
<3  15  
o 20 
9  25  
10  15  
10 20 
1 0  2 5  
20 15 
20 20 
20  25  
0 , 8 1 2 0  
-0 .2884  
-0 ,7487  
-0 .9800  
5 ,5814  
3 .8195  
2 .9025  
4 . 8 2 4 2  
2 . 8 4 8 7  
2,0616 
16 . ^519  
12 .7605  
10 .4932  
5 .1723  
3 .7896  
3 ,320  3  
3 .0627  
8 ,3335  
6 .1146  
5 .0046  
8 .3546  
6 .3975  
4 ,897P  
26 .7476  
1 8 . 6 5 6 3  
16 .1719  
11 .6521  
9 .3888  
8 .4931  
7 .9307  
1  0 .7844  
8 .1039  
6 .6183  
10 .1577  
8 .0746  
6 ,9854  
28 .1702  
22 ,2363  
19 .3544  
K,  
S-T IUDA CUPVA^UOF 
1  2  3  
' 
2  3  
0 .94  0 .93  0 .91  0 .  37F  01  0 .  16F  02  0 .11F  02  
1 .04  1 .02  1  . 00  0 ,18F  00  0 ,7ç r  00  0 ,32  =  01  
1  .  03 1 .02  1  . 00  0 .94F  00  0  . 18F  C 1  0  . 45  =  0  1  
1 .11  1 .10  1  . 08  0 .62F  00  0 .C3F  00  0 .1  8F  0  1  
1  . 00  0 .  89  0 .92  0  .  64  =  01  O .o i  F  0  1  0 .26F  02  
1 .01  1 .03  0 .94  C .2  3F  01  0 .  54 r  0  1  0 .04F  01  
1 .06  1 ,03  0 ,99  0 .2PF  0  1  0 .24  F  0  1  0 ,5  IF  0  1  
1 .15  1 .07  1 :06  0 .14F  01  0 .66F  00  0 .22  =  01  
0 ,  95  0 ,  94  0 ,97  0 ,79F  01  0 .21F  02  O. lOF  C 2  
0 .99  1 .02  0 .99  0 .94F  01  O .aOF 01  0 .55F  01  
1  . 06  1  . 05  1  . 05  0 .2  3F  01  0 .51F  01  0 .88F  01  
0 .  94  0 .  95  0 .92  0 .  77F  01  0 .13F  02  " . 15  =  02  
1 .01  1 .03  0 .98  0 .  3CF  01  0 .79E- 01  0 .11F  C2  
1 ,05  1 .02  1  . 05  P .  24F 01  O . IOF  C l  0 .31F  0  1  
0 .96  0 .94  0 .97  0 .23F  0 2  0 .65F  02  0 .40  =  02  
0 ,99  1  .  00 0 .96  0 .12F  02  0  .  2?r  02  0 .16F  02  
1 .05  1 .04  1  . 02  0 .43F  01  0 .  e4F  01  0 .65F  01  
Table E.2.  Bej i t  es t imates o f  E,  s ,  and K2 resul t ing f rom an analys is  o f  the GG-model ,  
rep resen ta t i ve - i so tope  ca lcu la t ions .  Method  I I  [Equa t ions  (4 .24 ) - (4 .26 ) ]  has  
been  used ,  and  abso lu te  energ ies  a re  l i s ted  
LFVFL  
• .Ç rTPP=  SP IN  NMAX 
Eg(J . )  i l l  MeV  
ENFPGIKS  
2 
S-T ILD*  
2 
CLmvATUCc  
2 
T=- l25  0 
0 
0 
0 
3  
3  
3  
3  
9  
9 
9 
15  
20  
25  
30  
15  
20  
25  
30  
15  
20  
25  
1 .0946  
1 .0P46  
1 .0946  
1 .0946  
3 .0789  
3 .078*  
3 .0708  
3 .0798  
5 .4727  
5 .4711  
5 .4^ :0  
2 .  39 :n  
2 .  39 : ' ( )  
2 .  39 :M)  
2 .  39 : !0  
4 .  A54 : ;  
4 .  85 : !V  
4 .  85 : ' 7  
4 .  85 : !7  
6 .4649  
6 .  460 :>  
6 .  46 f '  I  
3 .1085  
3 .1084  
3 .1084  
3 .1084  
5 .0071  
5 .8061  
5 .8061  
5 .8061  
7 .5412  
7 .5330  
• ' . 5328  
0 .98  
1 .04  
1 .07  
1 . 1 1  
0 .  99  
1  . 04  
1 . 1 1  
1 .07  
0 .  98  
1 .04  
1 . 1 1  
0 .91  
1 .04  
1 .04  
1 . 1 1  
O.Of l  
1  . 04  
1 . 1 1  
1 . 1 1  
0 .98  
1 . n *  
1 . 1 1  
0 .98  
1  . 04  
1  . 04  
1 . 1 1  
0 .98  
1  . 04  
1 . 1 1  
1 .11  
0 .98  
1  . 04  
1 . 1 1  
C .7P f - l 0  
C .58F-14  
: .S^F -17  
C .  56F  - 1  
0 .70^ -08  
C.7CF-1  1  
C. I2C-14  
0 .17F -16  
0 .14F-05  
C .26F- r>?  
C .62F-11  
0 .55F-07  
0 .4 f? -  10  
0 . 3  
0  .  1 3 f  - 1  6  
0 .84P-C5  
0 .S2F-CO 
0 .2A - -11  
0 . Q o r _ i 5  
0 .23F-04  
0 .2 * ^ -07  
O.36F-10  
0 .4  I  
0  .  4 4  -  I  1  
O .  3 1  P  -  1  3  
0 .3^^ -16  
O,3T-05  
0 . 8 2 r _ f o  
O . - ' f i r -  I  ?  
C . 4 7 r _ | 5  
0 .77Ç-04  
r . 14^ -??  
0 .52P-1C 
O 
10  
1 0 
10 
15  
20 
25  
4 .3714  
4 .3702  
4 .3702  
5 .  3  1 (10  
5 .  31  î iO  
5 .  31 '  9  
6 .3353  
6 .3284  
6 .3281  
0. 90 
1  . 04  
1 .04  
0 .98  
0 .98  
1 .04  
0 .98  
0 .98  
1 .04  
0 .1BF-C5  
0 .35F -n8  
D.37F-12  
0 .55F-05  
0 .13P-07  
O .4OF- I1  
0  . 5 c r _ r a  
0 . 2 0 ^ - 0 6  
0 .44F-10  
20 
20 
20 
1  5  
20  
25  
8 .7  850  
8 .7117  
8 .7087  
10 .  l o ; ; ?  
1  0 .  04A( I  
10 ,038  1  
11 .5873  
I t . 3272  
11 .3126  
0 .98  
1 .  04  
1 .04  
0 .98  
0 .98  
1 .04  
0 .9P  
1  . 04  
1 .04  
0 .45F-02  
0 .22F-04  
0 .17 r -08  
0 .24F-02  
0 .77F-04  
0 .24F-07  
0 .5AC-0 I  
0 .2OF-03  
C .5 t<<" -06  
. 2 .  
SPI  
0 
0 
0 
0 
3  
3  
3  
3  
9  
9  
9 
10 
10  
10 
20 
20 
20 
Cont i  nued 
LEVEL  • :  
E p ( J , )  I n  H e V  
ENERGIES 
2 
S-T ILDA 
2 
C U P V A T U O P  
2 
NMAX 
15  
20 
25  
30  
-5 .0505  
-5 .0613  
-5 .0622  
-5 .0623  
-2 .9429  
-2 .9658  
-2 ,9679  
-2 .9681  
-0 .5943  
-0  . 6238  
-0  . 6270  
-0 .6272  
0 .98  
1 .04  
1.11  
1 . 1 1  
0 .91  
0 .98  
1 .04  
1 . 1 1  
0 .98  
1  . 04  
1 . 1 1  
1 .17  
0 .50F-04  
0 .  34F-06  
0 . 2 5 F - 0 e  
3 .16F-10  
0 .21F-03  
0 .  lOF-05  
0 .e4F-CP 
0 .5CF-10  
0 .70E-04  
0 .46F-06  
C .1  
0 .29C-1n  
15  
20 
25  
30  
-3 .6763  
•  3 .7001  
-3 .7104  
•3 .  7106  
-0 .5866  
-0 .6412  
-0 .6488  
-0 ,6493  
2 .2777  
2 .1766  
2 .1664  
2 . I  656  
0 .85  
0 .98  
1 .04  
1 .  I I  
0 .91  
0 *98  
1 .04  
1 .  I I  
0 .98  
1 *04  
1 . 1 1  
1 ,17  
0 .22E-03  
3 . l 2= -05  
0 .15F-0  8  
0 .  lPF -1 I  
0 .245 -03  
0 .29F-C5  
0 .43F-0 ' '  
0 .P5F-1C 
0 ,35F-02  
0 .24F -P4  
C.12F-C6  
0 .16F -CO 
1  S  
2 0  
25 
-0 .8012 
•0 .8686  
•0 *8757  
0 .8095  
0 .6896  
0 .6786  
2.2068 
2 .0571  
2 .0418  
0 .98  
0 .98  
1 .  04  
0 .91  
0 .98  
1  .  04 
0 .98  
0 .98  
1  . 04  
0 .  lOF-02  
0 .69F-05  
0 .46F-07  
0 .43F-02  
0 .44F-04  
0 . 9 4 F - 0 7  
C.42^ -02  
0 .66F-04  
0 0 6  
1  Î .  
20 
2  5  
-1 .6265  
1 .6834  
-1 .6883  
0 .3625  
0 .2809  
0 .2734  
1 .4204  
1 .3160  
1 , 3 0 4 8  
0 .91  
0 .98  
1  . 04  
0 .91  
0 .98  
1 .04  
0 .91  
0 .98  
1 .04  
0  .  31E-03  
0 .39F-C5  
C .25F-07  
0 .53F-03  
0 ,  12F-P4  
0 .64F-09  
0 .  i eF -C2  
0 ,1oF - r *  
0 ,13F-06  
I f .  
20 
2f. 
4*9068  
4 . 5889  
4 .5526  
8 .7455  
8 .0075  
7 .9327  
10 .5613  
9 .5175  
9 .3984  
0 .  91  
0 .98  
1 *04  
0 .91  
0 .98  
1 *04  
0 .91  
0 .98  
1  . 04  
0 .64F-02  
0 .23F-03  
0 .16E—0 5  
0 .60F-01  
0 .  14F-02  
0 .17F-05  
0 . T 4 F  o n  
0 . 1 7 F - P 2  
0 . I 2 F - 0 4  
Table E.2. Continued 
LEVEL  * :  
E g  ( J , )  i n  M i i V  
ENERGIES 
2 
S„  
S-T ILOA 
2 
CUPVATU9C 
2 
:S3T0P?  SP IN  NMAX 
B* - I30  I f i  
20 
2»  
30  
•3 .7764  
•3 .7829  
•3 .7833  
•3 .7833  
-0 .768?  
-0 .7851  
-0 .7864  
-0 .7865  
-0 .2932  
-0 .3114  
-0 .3124  
-0 .3125  
0 .  91  
1 .04  
1 . 1 1  
1 . 1 1  
0 .91  
1 *04  
1 . 1 1  
1 . 1 1  
0 .91  
l a04  
1 . 1 1  
1.11 
0 .23F-04  
0 .77 r -oe  
0 .2QE-09  
0 .a7F- I  3  
0 .  14F-03  
0 .16C-07  
0 .25F-06  
0 .75E-12  
0 .1QF-03  
" •25F-06  
0 .23F-P9  
0 .65F-12  
1!> 
20  
2 !5  
30  
-2 .4704  
•2 .4823  
• 2 . 4832  
•2 .4833  
1 .5887  
1 .5378  
1 .5332  
I . 5329  
2 . 4 3 6 7  
2 .3922  
2 .3872  
2 .3870  
0 .98  
1 .04  
1 . 1 1  
1 . 1 1  
0 .91  
0 .98  
1 .04  
1 . 1 1  
0 .98  
1 .04  
1 . 1 1  
1 . 1 1  
0 . 9 O F - 0 4  
0 .17F-07  
0 .24F-08  
0 .55F-12  
0 .75F-03  
0 .79F-06  
0 .BCF-C7  
0 .75F-10  
0 .53P- r3  
0 .62^ -05  
0 . 2 O F - ^ «  
0 .50F-10  
9  
9  
9  
1 !>  
20 
2'.> 
0 .4496  
0 .4042  
0 .4015  
2 .  0640  
2 .0019  
1 .9966  
3 .3669  
3 .2553  
3 .2476  
0 .91  
1 .04  
1 .04  
0 .  98  
1  . 04  
1 . 1 1  
0 .96  
1  . 04  
1 . 1 1  
0 .31F -03  
0 .8eF -06  
P.13F-07  
0 .24F-02  
0 .54E-05  
0 .35^ -07  
C .24F-P2  
0 .P7F-05  
0 . 3 C F - C 7  
1 0  
10 
10 
l ! i  
20  
2!> 
-0 .3914  
-0 .4187  
-0 .4  207  
1 .772 }  
1 .7143  
1 .7106  
3 .0418  
2 .9599  
2 .9542  
0 .91  
1 .04  
1 .  04  
0 .98  
t  . 04  
1 . 1 1  
0 .98  
1  . 04  
1 .11  
0 .17F-03  
0 .44 r -06  
0  . 42F -08  
0 . I 2F -02  
0 .18F-05  
O . l l F -0  7  
0 .O6F-03  
0 .93^ -05  
0 .36F-07  
20  
20 
20  
1 !>  
20 
2!) 
6 .3155  
6 .0481  
6 .0310  
10 .1497  
9 .6634  
9 .6187  
12 .4535  
11 .7145  
11 .6325  
0 .98  
t .  04  
1 . 1 1  
0 .98  
1 .04  
1 .11  
0 .98  
1  . 04  
1 . 1 1  
0 .4  lF -02  
0 .52F-04  
0 .51^ -07  
0 .20F-01  
0 .72F-03  
0 . e 2 r - 0 6  
0 . o o c _ o 1  
C.1OF-P2  
0 .26F-C5  
Table E.2. Continued 
L F V F L  • :  
Eg(J | )  i n  MeV 
E N E P G I E  ?  
2 
S - T I L D A  
2 
r U R V A T U C P  
2 
Ï S O T O P F  S O I N  N M A X  
54-142  0  
0 
0 
0 
15  
20  
25  
30  
-0 .3167  
-0 .3360  
-0 .3412  
-0 .3410  
1 .  505 : '  
1 .  2 i o : i  
1 .085 (1  
1 .0687  
4 .6296  
4 .4911  
4 .4288  
4 .4197  
0 .91  
0 .91  
0 .98  
1 .04  
0 .  78  
0 .85  
0 .91  
1 .04  
0 .85  
0 .85  
0 .91  
0 .98  
D .64F-04  
0 .5  2F  — 06  
0 .72F-07  
0 . 2 0 ^ - 0 8  
0 .33F-02  
0 .21F-03  
0 .6OF-04  
0 .20F-05  
0 .49F-02  
0 .61F-04  
0 .19F-C4  
0 .51F-06  
3  
3  
3  
3  
1  5  
20 
2  5  
30  
2 .5116  
2 .1730  
2 .0941  
2 .0721  
4 .5  310  
4 .2530  
4 .200% 
4 .1843  
9 .1000  
8 .4078  
8 .2292  
8 .1778  
0 .85  
0 .91  
0 .98  
0 .98  
0 .85  
0 .85  
0 .94  
0 .98  
0 .85  
0 .85  
0 .91  
0 .98  
C .50F-02  
0 .39F-03  
0 .28F-04  
0 .45F-06  
0 .57F-C3  
0 .21F-0T  
0. 22V-Oà 
0 .12F-07  
0 .13^ -01  
C.74F-0?  
P .14F-03  
0 .23F-05  
9  
9  
P 
13  
20 
25  
5 .8010  
4 .8481  
4 .6742  
8 .172V  
7 .2049  
6 .3850  
10.1086 
9 .4996  
9 .2001  
0 .85  
0 .85  
0 .98  
0 .78  
0 .91  
0 .91  
0 .85  
0 .9  1  
0 .91  
0 .13F -0 l  
0 .23F-02  
C .13F-03  
0 .15F-01  
0 .21F-02  
0 .46F-03  
0 .6CF-01  
C .2SF-02  
0 .2  3F -0?  
1 0  
10 
1 0  
I  5 
20  
25  
4 .6275  
4 .0340  
3 .8701  
6 .9160  
5 .9780  
5 .754W 
8.0681 
7 .6252  
7 .4280  
0 .95  
0 .91  
0 .91  
0 .85  
0 .85  
0 .91  
0 .85  
0 .85  
0 .91  
0 .75F-02  
0 .1OF-02  
0 .96F-04  
0 .3PE-0 I  
0 .21F -02  
n .13F-03  
0 .17F-02  
0 .21F-02  
0 .76F-04  
20  
20  
20  
1  5  
20  
25  
I 3 .0693  
I0 .8501  
10 .3353  
18 .946% 
15 .3807  
14 .5540  
20 .6548  
16 .0435  
17 .0  180  
0 .  85  
0 .91  
0 .91  
0 .85  
0 .85  
0 .91  
0 .85  
0 .91  
0 .91  
0 .23F  00  
0 .  12F-01  
0 .70F-03  
0 .23F  00  
0 .27F-0 I  
0 .44F-02  
0 .82F  00  
0 .23F-C1  
0 .15F-02  
Table E.2. Continued 
LEVFL # :  
TSOTOPÇ SPIN NMAX 
E g ( J j )  In H<;V 
ENERGIES 
2 
S -T ILOA 
2 
CUPVATUOF 
2 
8A-134  0  
0 
0 
0 
3  
3  
3  
3  
9  
9  
9  
I  5  
j : o  
2 :5  
:io 
I  5  
î!0 
215 
210 
I  5  
20 
25  
-1 .9667  
-2 .0692  
-2 .3402  
-2 .4588  
1 .0624  
-0 .2639  
-0 .7114  
-0 .9616  
5 .6880  
3 .9278  
2 .9316  
0 .4528  
0 .0974  
—0.6165  
- 0 .80^1  
5 .3013  
3 .8604  
3 .3470  
3 .0710  
8 .6133  
6 . 2 1 0 1  
5 .0615  
5 .2314  
4 .7400  
3 .8788  
3 .5736  
12 .4363  
9 .5849  
8 .5548  
7 .9519  
10 .9996  
8 .1667  
6 .7172  
0 .98  
1 .04  
1 .04  
1 . 1 1  
0 .65  
1  . 04  
1 .04  
1 .04  
0 .  98  
0 .98  
1 .04  
0 .91  
1 .04  
1  . 04  
1 . 1 1  
0 .85  
0 .91  
1  . 04  
1  . 04  
0 .98  
0 .98  
1 .04  
0 .91  
0 .98  
1 .04  
1 . 1 1  
0 .78  
0 .91  
0 .98  
1  . 04  
0 .98  
0 .98  
1 .04  
0 .45F-02  
o .noe -05  
0 . 3 2 F - 0 3  
C . 9 3 F - 0 4  
0 .34F-02  
0 .13F -02  
0 .47P-02  
0 . IPF -03  
0 .39^ -01  
0 .26F-01  
C .26F-02  
O . IOF  00  
0 .3BF-03  
0 .14F-02  
0 .25F-03  
0 .  14F-0 I  
0 .  IOF-02  
0 .  15F-02  
0 .  14F-03  
0 .28F  00  
0 .26F-C1  
0 .64F-02  
0 .3n r -o I  
0 .14F-C2  
0 .5PF-02  
0 ,2 lF -02  
0 .17 r  00  
0 .5PF-01  
O . lOF-01  
0 .85F-C3  
0 . 1  I  F  0 0  
0 . P 6 P - 0 2  
0.206-01 
10 
10 
10 
20  
20  
20  
I  5  
20 
25  
1 .5  
20  
25  
4 .9297  
2 .9066  
2 .089*  
17 ,0273  
12 .8986  
10 .5419  
8 .5322  
6 .4761  
4 .9214  
27 .2135  
18 .9435  
16 .2664  
10 .3285  
8 .1969  
6 .9203  
28 ,6345  
22 ,4274  
19 ,4440  
0 ,98  
0 .9B  
1 .04  
0 .98  
0 .98  
1 .04  
0 .98  
0 .98  
1 .04  
0 .98  
0 .9P  
1 .04  
0 .91  
0 .98  
1 .04  
0 .98  
0 .98  
1 .04  
C,41F-01  
0 .  13F-01  
C ,1eF-02  
0.1 OF 00 
0 .43F-01  
C .49F-02  
0 , I 1F  00  
0 .  13F-01  
0 ,  16E-02  
'> .2PF  00 
0 .2BF  00  
0 ,17E-01  
0 .62C-0 I  
0 ,2QF-01  
0 .26F-C2  
0 .51^  00  
0  .  1 C F  C O  
0 , 2 9 F - r 1  
Tab le  E .3 .  Bes t  es t ima tes  o f  I ; ,  s ,  and  K ,  [Equa t i on  ( 4 .23 ) ]  f o r  23  i ns tances  o f  H qq .  
Ene rg i es  r epo r t ed  i n  (29 ,  30 )  appea r  be low  t hose  o f  t he  p resen t  wo rk .  
The  abso lu te  ene rgy  i s  g i ven  f o r  J ;=0 | .  Es t ima ted  e r ro r s  a re  f o r  po in t s  
l o  above  t he  LSSL  [F i gu re  4 .13 ]  
BA- I2S  
HA-130  
•3 * -132  
c
 
o
 C
D 
LU H e V  A E ( J , )  i n  M e V  
E N E P G I E S  S - T I L O A  E S T  P P R i P  
L S V f  L  •  :  1  2  3  1  2  3  1  2  3  
Ç P I  N  
0  
N M A X  
3 0  -  8 . 2 0 » 7  3 . 0 8 5 3  4 »  3 0 3 1  1 . 1 2  1 . 1 0  1 . 1 3  0 . 0 0 0 0 0  0 . 0 0 0 0  1  O . C  0 C 0 2  
2  2 7  
- 9 . 2 0 O  
0 . 2 9 1 3  
3 . 0 8 5  
0 .  8 * 0 2  
4 . 3 0 3  
3 . 5 6 4 0  1 . 0 7  l . O O  1  . 0 6  0 . 0 0 0 0 3  0 . 0 0 0 1 1  0 . 0 0 0 0 2  
3  3 0  
0 . 2 * 1  
1 . 2 0  6 9  
0 . 8 7 9  
5 . 3 9 0 8  
3 . 5 6 3  
6 . 3 9 5 1  1 .  1 3  1 . 1 2  1 . 1 3  0 . 0 0 0 0 1  0 . 0 0 0 0 3  0 . 0 0 0 2 1  
4  2 5  
1 . 2 0 7  
0 . 7 7 0 4  
5 .  3 9 0  
1 . 6 3 9 2  2 . 3 4 7 8  1 . 0 5  1 . 0 4  1 . 1 0  0 . 0 0 0 1 8  0 . 0 0 0 2 2  0 . 0 0 0 4 2  
5  2 7  
0 . 7 7 0  
1 . 9 5 8 5  
1 . 6 3 8  
2 . 9 7 7 3  
2 . 3 4 7  
6 . 4 1 2 8  1 . 1 1  1 . 0 9  1  . 0 8  0 . 0 0 0 2 5  C  . 0 0 0 0 5  0 . 0 0 0 2 2  
6  2 5  
1  . 9 5 6  
1 . 4 0 5 2  2 . 6 2 3 1  3 . 5 1 6 4  1 .  0 7  1 . 0 6  1 . 0 2  0 . 0 0 0 2 4  0 . 0 0 0 4 1  0 . 0 0 0 ^ 3  
0  3 0  
1 . 4 0 5  
- 3 . 7 8 3 3  
2 . 6 2 1  
2 . 9 9 6 8  3 . 4 7 0 8  1 . 1 0  1 . 1 4  1 . 1 0  O . O C O O O  C  . 0 0 0 0 0  0 . 0 0 0 0 1  
2  2 7  
-  3 . 7 8 3  
0 . 3 5 6 0  
2 . 9 9 7  
0 . 9 0 7 4  
3 . 4 6 9  
3 . 5 9 2 1  1 . 0 9  1 . 1 1  1  . 0 9  0 . 0 0 0 0 1  0 . 0 0 0 0 1  0 . C 0 0 0 3  
3  3 0  
0 .  3 5 6  
1 . 3 0 0 0  
0 .  9 0 6  
5 . 3 1 6 2  
3 . 5 9 1  
6 . 1 7 0 3  1 .  1 4  1 . 1 4  1 . 1 5  0 . 0 0 0 0 0  C  . 0 0 0 0 2  0 . 0 0 0 0 2  
4  2 5  
1 . 3 0 0  
0 . 9 0 3 3  
5 . 3 1 6  
1 . 8 1 5 6  2 . 4 1 5 3  1 . 0 5  1 . 0 5  1 . 0 6  0 . 0 0 0 0 8  0 . O 0 0 0 5  0 . 0 0 0 0 ?  
5  2 '  
0 . 9 0 3  
2 . 1 2 6 3  
1 . 9 1 3  
3 . 1 3 4 5  
2 . 4 1 4  
6 . 4 2 6 8  I .  1 0  1 . 0 9  1 . 1 0  0 . 0 0 0 0 3  0 . 0 0 0 0 7  0 . 0 0 0 2 °  
6  2 5  
2 .  1  2 6  
1 . 5 9 1 5  2 . 9 2 4 8  3 . 7 1 6 2  1 .  O P  1 . 0 8  1 . 0 7  0 . 0 0 0 0 4  0 . 0 0 0 1 2  0 . 0 0 0 2 ?  
0  3 0  
1 . 5 9 1  
-  3 . 6 3 4 0  
2 . 9 2 3  
2 . 9 3 8 6  4 . 7 4 9 6  1 .  1 6  1 .  1 5  1 . 2 0  0 . 0 0 0 0 1  0 . 0 0 0 0 5  0 . 0 0 0 0 2  
2  2 7  
- 3 . 6 3 4  
0 . 4 6 5 5  
2 . 9 3 9  
1 . 0 3 3 6  
4 . 7 4 8  
3 . 6 2 1 4  1 . 1 1  1 .  1 5  1 . 0 7  0 . 0 0 0 0 3  0 . 0 0 0 0 4  0 . 0 0 0 1 2  
3  3 0  
0 . 4 6 5  
1 . 5 0 7 0  
1 . 0 3 2  
5 . 6 6 9 0  
3 . 6 2 1  
m . 1 4 4 7  1 . 1 7  1  .  1 5  1 . 1 7  0 . 0 0 0 0 3  0 . 0 0 0 1 2  0 . 0 0 0 0 8  
4  2 5  
1 . 5 0 7  
1 . 1 2 5 7  
5 . 6 6 9  
2 . 2 0 6 ?  2 . 7 6 4 2  1 . 1 2  1  .  1 0  1 . 1 1  0 . 0 0 0 0 6  O . O O O l o  0 . 0 0 0 3 5  
5  2 7  
1 . 1 2 5  
2 . 4070  
2 . 2 0 5  
3 . 6 3 0 3  
2 . 7 6 2  
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0 . 0 0 0 0 0  c . 0 0 0 2 5  
0 . 0 0 0 1 5  0 . 0 0 1 5 2  
0 . 0 0 0 1 8  0 . 0 0 0 5 7  
O . O C C O O  0 . 0 0 0 0 9  
0 . 0 0 0 0 0  c . 0 0 0 1 7  
0  . 0 0 0 0 9  
0 . 0 0 3 5 3  
0 . 0 0 1 5 5  
0  . 0 0 3 6 4  
0 . 0 0 0 0 0  0 . 0 0 0 0 5  
0 . 0 0 0 0 0  0 . 0 0 0 2 4  
0 . 0 0 0 4 1  
0.00102 
0 . 0 0 0 0 4  0 . 0 0 2 5 3  
0 . C O I  1 5  C « 0 0 0 8 3  
0 . 0 0 0 2 3  
0 . 0 0 0 1 5  
0 . 0 0 0 5 2  
O . O C O l 1  
0.00012 
0 . r0079  
0 . 0 0 0 3 7  
0 .00022  
0 . 0 C 2 0 2  
0 . 0 0 3 1 7  
0 . 0 0 2 3 6  
0 . 0 0 2 3 0  
0 .00011 
0.00014 
O . O O C B ' '  
0.00106 
0 . 0 0 1 5 9  
0 , 0 0 2 0 4  
Table E.3. Continued 
X E - 1 2 6  
X Ç - 1 2 9  
X F - 1 3 0  
C
 C
O M e V  
E N E S G I F S  
L  =  V F L  •  ;  1  2  3 1  
0  3 0  - 5 , 0 6 2 3  2 , 0 9 4 2  4 , 4 3 5 1  1 , 1 2  
- 5 . 0 6 0  2 . 0 9 4  4 . 4 3 2  
2 7  0 , 3 0 6 2  0 , 6 9 1 3  2 , 6 4 1 5  1 , 1 1  
o . a e e  0 . 4 9 0  2 . 6 4 1  
3  3 0  1 . 3 5 1 7  4 . 4  1 3 0  7 . 2 2 7 8  1  .  1 4  
1 , 3 5 1  4 , 4  1 2  
4  2 6  0 , 9 4 4 4  1 , 9 0 4 5  2 ,  3 6 5 1  1 . 0 6  
0 . 9 4 4  1 , 8 0 3  2 .  3 9 3  
5  2 7  2 , 1 7 4 0  3 , 2 2 1 8  5 , 5  3 1 9  1 , 0 8  
2 .  1 7 4  
6  2 5  1 . 6 3 1 9  2 . 8 6 8 9  3 . 6 0 4 9  1 , 0 7  
1 , 6 3 2  2 ,  9 6 7  
0  3 0  1 , 2 0 6 4  1 . 9 2 0 6  4 . 0 9 9 5  1 . 1 1  
1 , 2 1 0  1 . 9 2 0  4 . 0 9 9  
2  2 7  0 , 4 4 3 5  0 , 9 6 6 5  2 , 6 7 9 4  1 . 1 0  
0 , 4 4 4  0 . 9 6 5  2 , 8 7 9  
3  3 0  1 . 3 5 0 5  4 . 9 0 0 3  7 , 2 8 6 1  1 , 1 5  
1  .  3 6 1  4 . 9 0 2  
4  2 5  1,0 .177 1 . 9 9 7 2  2 . 4 2 5 4  1 . 0 4  
1 , 0 3 8  1 , 9 8 5  2 , 4 2 5  
S  2 7  2 . 2 0 0 4  3 , 1 2 4 5  6 . 0 9 4 7  1 . 0 5  
2 . 2 0 0  
6  2 5  1 , 7 4 5 8  3 ,  1  7 9 0  3 , 8 6 2 6  1 .  0 6  
1  . 7 4 6  3 .  1  7 7  
0  3 0  1 . 4 7 4 9  1 . 9 7 6 9  3 . 5 7 2 5  1 ,  1 1  
1 . 4 7 5  1 . 8 7 7  3 . 5 7 1  
? 2 7  0 . 5 2 8 9  1 . 1 2 3 1  2 . 9 9 3 8  
CO 0
 
0 , 5 2 9  1 ,  1 2 1  2 , 8 9 3  
3  3 0  1 . 6 0 3 5  5 . 0  4 0 9  6 . 6 5 8 5  1 * 0 6  
1 . 6 0 3  5 . 0 4 0  
4  2 5  1 , 1 8 8 0  2 , 1 9 8 3  2 . 6 6 8 3  1 * 0 4  
1 . 1 8 8  2 .  1  9 6  2 . 6 6 6  
5  2 7  2 . 5 0 4 1  3 .  4 8 3 8  6 , 2 8 4 5  1 « 0 4  
2 . 5 0 4  
6  2 5  1 , 9 5 5 3  3 . 4 1 7 7  4 . 1 0 6 0  1 *  0 6  
1 , 9 5 5  3 , 4 1 5  
j - T I L D A  
2  3  
1 . 0 7  1 , 1 3  
1 . 0 8  1 . 0 4  
1 . 0 6  1 . 0 9  
1 . C 7  1 , 0 7  
1 , 1 1  1 , 0 6  
1 . 0 3  1 . 0 3  
1 .11  1 .11  
1 ,06  1 ,10  
1 . 0 9  1 , 1 6  
1 .07  1 .06  
1 . 1 0  1 . 0 4  
1 . 0 4  1 . 0 5  
1 , 0 7  1 , 1 3  
1 . 0 7  1 . 0 5  
1 . 0 9  1 , 1 4  
1 . 0 7  1 . 0 7  
1 . 0 5  1 , 0 4  
1 . 0 4  1 . 0 4  
Û E ( J | )  I n  M e V  
EST E f iPQO 
2 
O . O C O O l  
0 . 0 0 0 0 3  
0 * 0 0 0 0 1  
C «  0 0 0 0 9  
0 * 0 0 0 1 0  
0 * 0 0 0 0 4  
O*0no i4  
0 *00052  
0 .C0024  
O .C0031  
0 * 0 0 0 0 0  
0*00000 
O.COOOl  
0 *00007  
0 * 0 0 0 1 1  
0  * 0 0 0 0 4  
0 * 0 0 0 0 2  
0 * 0 0 0 0 6  
0 * 0 0 0 0 5  
0*00026  
0*00006 
0 * C 0 0 1 6  C * 0 0 0 S 1  
0 * 0 0 0 0 3  0 * 0 0 0 0 7  
0  * 0 0 0 3 1  
0 * 0 0 0 2 4  
r . o o o s A  
0*00022  
c  * 0 0 2 9 5  
0 .0000 l  
0 * 0 0 0 0 2  
0  * 0 0 0 0 4  
0*00011  
o . o o o o e  
0*00026 
0 * 0 0 0 0 2  
0*  00007  
0 * 0 0 0 1 7  
0*00044  
0 .G00C5  
0 *  OOC68  
0 * 0 0 0 1 3  
0 * 0 0 0 2 0  
0*00017  
0 *00135  
0 *00357  
O . O O l P o  
0*OOrcO 
0*OCOCO 
0 *  COCOl  
0 *00025  
o * e c o 6 i  
0*00014  
N)  
o  
0 
2 
3  
4  
5  
6 
0 
2 
3  
4 
5  
6 
Cont i  nued 
Es t  J  i  
c
 C
D
 
UJ 
MeV CD AE(J; )  in  MeV 
ENEPGIES S -T ILOA FST  FPROR 
-EVEL  « :  1  :! 3  1  2  3  1  2  3  
30  1 .0311  1 .  ( •  1 .  36  3 .1662  1 .58  1 .54  1  . 51  0 .00001  0 .00045  0 .00466  
1 .032  1 . (38  3 .340  
27  0 .6673  1 .3346  2 .2 *53  1 .55  1 .52  1  . 51  0 .00001  0 .00033  0 .00050  
0 .666  1 .3142  2 .328  
30  1  . 0015  3.  ; iV29  5 .4962  1 .55  1 .50  1  . 49  0 .00013 0 .00237  0 .01230  
1 .017  3. r*>o 
25  1 .3902  2 .  : i ; ) 27  2 .6845  1 .49  1 .49  1  . 49  0 .0C044  0 .00  113 0 .00143  
1 .397  2.  :- i î>o 2 .729  
27  2 .5682  3 .  : i 027  4 .3966  1 .50  1 .50  1  . 45  0 .00  1  18 0 .00021  0 .01270  
2 .631  
25  2 .1234  3 .  ; ( î>50  3 .7177  1 .50  1  . 46  1  . 44  0 .00075  0 .00677  0 .003C9  
2 .138  3.  <>;>i  
30  1 .7887  l . i iOlS 2 .0881  1 .06  1 .04  0 .99  0  .  00000  0 .00398  0 .00089  
1 .789  I , ' . ,13  2 .089  
27  0 .W479  1 .  ! iV  14  1 .8918  0 .99  0 .98  0 .95  0 .00001  0 .00638  0 .00203  
0 .048  i . ; iV7 1 .888  
30  2 .3910  2 .T784  4 .3254  1 .02  1 .01  1  . 00  0 .00605  c .ooies  0 .01302  
2 .407  2 . r»3  
25  1 .6935  1 . ( 1755  2 .5243  0 .96  0 .96  1  . 00  0 .00928  0 .00925  0 .04319  
1 .694  1 . (176  2 .521  
27  2 .6237  3 .7094  3 .9117  0 .99  0 .99  0 .97  0 .00959  0 .00278  0 .02530  
2 .627  
25  1 .9939  2 .7415  2 .8449  0 .96  0 .93  0 .93  0 .01857  0 .02651  0 .0  1346  
2 .000  2 .735  
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Table E.4. Values of s used in GRID diagonalizations of 
HQptBo 'Yo 'Cy )  [ F i gu re  5 .3 ] .  Fo r  f i xed  (6o ,C  ) ,  s  
va r i ed  l i nea r l y  asyg  ranged  ove r  0 ° ,  2 . 5 ° ,  5 ° ,  — ,  
30° ;  t he  va lue  o f  s  i s  consequen t l y  g i ven  on l y  f o r  
Yo=  0 °  and  30 °  
®o  S  s(Yo=0° )  s (7^=30° )  Gg  i (YQ=0° )  i (Yo=30° )  
0  1 .001  1 .001  1  0  1 .00  1 .00  
10  1 .22  1 .22  10  1 .13  1 .13  
20  1  . 20  1 .20  20  1 .15  1 .15  
30  1 .20  1 .20  30  1 .10  1 .16  
40  1 .20  1 .25  40  1 .10  1 .15  
50  1 .  18  1 .26  50  1 .10  1 .16  
60  1 .  18  1 .26  60  1 .10  1 .14  
70  1 .18  1 .26  70  1 .08  1 .12  
0  1 .00  1 .00  3  0  . 90  . 90  
10  1 .00  1 .00  10  . 90  . 95  
20  1 .00  1  . 05  20  . 90  . 95  
30  1  . 00  1 .05  30  . 90  . 95  
40  1 .00  1 .05  40  . 90  . 95  
50  1 .00  1 .08  50  . 90  . 95  
60  1 .00  1 .08  60  . 90  . 95  
70  1  . 00  1 .08  70  . 90  . 95  
0  . 78  . 78  5  0  . 74  . 74  
10  . 78  . 82  10  . 72  . 75  
20  . 78  . 82  20  . 72  . 75  
-70  Qo  •5  A  -TO 
.  75  •  !  \J  . wz. • / ^ 
40  . 80  . 84  40  . 72  . 75  
50  . 80  . 84  50  . 72  . 75  
60  . 80  . 84  60  . 72  . 75  
70  . 80  . 84  70  . 72  . 75  
0  . 67  . 67  6  40  . 67  . 67  
10  . 67  . 67  50  . 67  . 67  
20  . 67  . 67  60  . 67  . 67  
30  . 67  . 67  70  . 67  . 67  
Tab le  E .5 .  Pa r t i cu l a r s  o f  ene rgy  and  B (E2 )  cu r ves  f o r  H q p  d rawn  us i ng  t he  I .S .U .  S imp lo t t e r  
p rog ram [mode  =  2 ,  see  Re fe rence  ( 49 ) ] .  x  and  y  r e fe r  r espec t i ve l y  t o  t he  
ho r i zon ta l  and  ve r t i ca l  coo rd i na tes  o f  t he  f i gu re .  I n  co lumn  (C ) ,  [ xLO ,  xH I ,  Ax ]  
i nd i ca tes  t ha t  x  ranged  f r om xLO t o  xH I  i n  s teps  o f  Ax .  W i t h i n  each  such  i n t e r va l  
s  used  i n  t he  d i agona11za t i on  ranged  l i nea r l y  f r om s ( xLO)  t o  s ( xH l ) .  I n  co lumn  
(B ) ,  i nd i ca tes  seconda ry  f i gu res  cons t ruc ted  f r om da ta  a t  one  va l ue  o f  x  on l y  
[ e . g . ,  F i gu re  5 -9  i s  essen t i a l l y  a  " de ta i l "  o f  F i gu re  5 -6 ] .  When  "GRID"  appea rs  
I n  co lumn  (B ) ,  t he  f i gu re  i s  based  upon  t he  r esu l t s  o f  t he  GRID  ca l cu l a t i ons ,  and  
g raph ing  pa r t i cu l a r s  may  be  deduced  f r om  F igu re  5 *3  and  Tab le  E .4  
(A )  
F i gu re ( s )  
5 .5  
5 .6 -5 .8  
5 .9  
5 .10 -5 .11  
5 .12  
5 .13  
5 .14 ,  5 .15 .  
5 .20  
5 .23 ,  5 .25  
5 .27  ( yo=15° ) ,  
5 . 28 ,  5 .30  
(B )  (C )  (D )  (E )  
Va lues  o f  x  f o r  
X  wh i ch  y  was  ca l cu l a ted  s ( xLO)  s ( xH I )  
by  d i agona l  I za t i on  
GRID  
Y  
S  
G R i n  
(F )  
"max (J )  
[ 0 ,  3 ,  . 3 ]  
[ 3 . 3 ,  5 . 1 .  . 3 ]  
[ 3 ,  3 ,  0 ]  
[ 0 ,  8 0 ,  1 ]  
[ I ,  1 0  . 1 ]  
[ 0 ,  24 ,  2 ]  
[ 1 8 ,  1 8 ,  0 ]  
1 . 0  
. 92  
. 93  
1 .1025  
. 95  
. 92  
. 92  
. 93  
. 76  
. 93  
1 .10253  
1 .55  
. 92  
. 92  
f  20  f o r  each  o f  7  
\ j  =  0 ,2 ,3 ,4 ,5 ,7 ,9  J  
as  above  
/ 25  f o r each of 2 
( J  =  0 ,2  J 
25  f o r  J  =  0  
(22  f o r  J  =  0 ;  " I  20  f o r  each  o f  \  J  =  2 ,3 ,4 ,5 ,6 ,7 ;  
as  above  
5.16, 5.17^ C 
5.21, 5.22b f 
5 .24 ,  5 .26 ,  C_*  
5 .27  (70=30 " ) ,  
5 . 29 ,  5 .31  
5 .32 -5 .39  GRID  
5 .40  C 
(Yo=0° ,  15 ° )  
5 . 40  Cy  
( Y O=30° )  
5 . 41 -5 .46^  GRID  
5 .48 -5 .49  
[ 0 ,  ? . h ,  2 ]  
[ 24 ,  24 ,  0 ]  
. 95  
95  
. 95  
. 95  
22  f o r  J  =  0 ;  
20  f o r  each  o f  
J  =  2 ,3 ,4 ,5 ,6 ,7 ;  
as  above  
• 
[ 0 ,  : ; 4 ,  2 ]  
[ 0 ,  24 ,  2 ]  1 .0  
1 .2  
1 .25  
- (  15  f o r  each  o f  \  
I J=0 ,2 ,3 ,4 ,5 ,6 ,7 ,8 j  
as  above  
I t  ^Or i g i na l l y  each  o f  t he  Yo~0°»  15 ° ,  30 °  ca l cu l a t i ons  was  made  w i t h  s  f i xed  a t  1 .1025 .  
was  l a t e r  f ound  t ha t  t he  op t ima l  s  was  somewha t  sma l l e r  (% .95 ) .  I t  was  f ound  necessa ry  t o  
repea t  on l y  t he  Y O=0°  ca l cu l a t i ons .  These  we re  redone  w i t h  i ( xL0 )= .90 ,  s ( xH l )= .95 .  
bpo r  t he  mos t  pa r t ,  cu r ves  appea r i ng  i n  t he  f i gu res  o f  t h i s  t ab l e  rep resen t  t he  r e l a t i ve  
o r  reduced  ene rgy  o f  t he  s t a te  J ;  as  a  f unc t i on  o f  x .  Th i s  me thod  i s  usua l l y  app rop r i a t e  
s i nce  Hqp  ene rg i es  o f  t he  s t a tes  J :  and  J ;+ ]  a re  gene ra l l y  f o rb i dden  t o  c ross .  Howeve r  i n  
t hose  i ns tances  [ 0 ^=0 ;  CyT^O,  Yo~30  ]  whe re  c ross i ng  can  occu r ,  E ( J ; ) - v r s - x  cu rves  cons t ruc ted  
f r om a  l im i t ed  number  o f  po in t s  w i l l  no t  i l l u s t r a te  t he  c ross i ng .  [See ,  f o r  examp le ,  F i gu re  
5 .16 .  The re  t he  J=0 ,  3  and  y  band  heads  shou ld  i n t e r sec t . ]  Such  i n t e r sec t i ng  l eve l s  have  
been  d rawn  as  exac t l y  i n t e r sec t i ng  [ i . e . ,  f o l l owed  smoo th l y  t h rough  i n t e r sec t i ons ]  on l y  i n  
F igu res  5 .6 -5 .8 ,  5 .21  and  5 .22 .  
CThe  cu r ves  r ep resen t i ng  Oy  i n  F igu res  5 .41 -5 .46  do  no t  r e f l ec t  i n t e r f e rence  e f f ec t s  f r om 
the  2$ band  head .  
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Table E.6. Experimental and model relative energies 
rE(J;)-E(Oi)] in MeV for selected states of 
lÔDEr. [See Figure 6.7] 
QPf i  QP#2  
Exp .  DC Mode l  Mode l  
Band  J  Ene rgy®  Mode l  (H igh  Cy )  ( Low  Cy )  
GS 2  . 0806  . 081  . 082  . 082  
(K=0 )  4  . 265  . 263  . 265  . 265  
6  . 545  . 535  . 534  . 530  
8  . 911  . 883  . 871  . 861  
10  1 .350  1 .291  1 .261  1 .245  
GS 2  . 786  . 787  . 777  . 764  
(K=2 )  3  . 859  . 859  . 853  . 848  
4  . 956  . 958  . 958  . 959  
5  1 .075  1 .074  1 .076  1 .086  
6  1 .216  1 .225  1 .237  1 .250  
7  1 .376  1 -374  1 .383  1 .406  
8  1 .556  1 .584  1 .610  1 .623  
B  0  1 .460  1 .450  1 .446  1 .431  
(K=0 )  2  1 .528  1 .541  1 .539  1 .527  
4  1 .746  1 .746  1 .735  
y 0  3 .426  2 .112  
(K=0 )  2  3 .497  2 .196  
4  3 .657  2 .382  
F ro i i i  Re fe rence  (53 )  -  The  1 .460  and  1  . 528  MeV  ex -
pe r imen ta l  l e ve l s  may  no t  be  6~v ib ra t i ona l  i n  cha rac te r .  
Howeve r ,  du r i ng  mode l  f i t t i ng  these  two  l eve l s  we re  
assumed  t o  be long  t o  t he  f i r s t  B -band .  
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Table E.7- Experimental and model relative energies 
[ |(J;)-E(0])] in MeV for selected states of 
ToZy, [See Figure 6.8] 
Band  J  
Exp .  g  
Ene rgy  
DC 
Mode l  
Q f#1  
Mode l  
(H igh  Cy )  
Q f#2  
Mode l  
( Low  Cy )  
GS 2  . 100  . 101  . 104  . 107  
(K=0 )  4  . 329  . 325  . 329  . 336  
6  . 681  . 649  . 648  . 657  
8  (1 .145 )  1 .053  1 .038  1 .046  
10  ( 1 .712 )  1 .516  1 .481  1 .487  
GS 2  1 .221  1 .250  1 .249  1 .219  
(K=2 )  3  1 .331  1 .326  1 .338  1 .327  
4  1 .443  1 .428  1 .451  1 .443  
5  1 .624  1 .551  1 .587  1 .604  
6  1 .702  1 .748  1 .756  
7  1 .862  1 .920  1 .960  
6  0  1 .138  1 .154  1 .131  1 .095  
(K=0 )  2  1 .257  1 .274  1 .258  1 .237  
4  1 .510  1 .536  1 .519  1 .514  
Y  0  3 .057  2 .406  
(  K=0 )  2  3 .136  2 .513  
4  3 .313  2 .759  
^F rom Re fe rence  ( 60 ) .  
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Table E.8. Experimental and model relative energies 
[E(J;)-E(0^)] in MeV for selected states of 
'22Te. [See Figure 6.9] 
Exp .  QP  GG 
Band  J  Ene rgy  Mode l  Mode l  
GS  
(K=0 )  
2  
4  
. 564  
1 .181  
. 559  
1 .182  
. 565  
1 .178  
6  1 .751  1 .847  1 .834  
8  2 .669  2 .541  2 .534  
10  3 .290  3 .257  3 .276  
GS 
(K=2 )  
2  
3  
1 .257  1 .235  
1 .862  
1 .226  
1 .984  
4  1 .918  1 .900  
5  2 .553  2 .742  
6  2 .618  2 .625  
7  3 .267  
GS 
(K=4 )  
4  
5  
6  
2 .582  
3 .284  
3 .317  
2 .749  
S  
(K=0 )  
0  
2  
4  
1 .357  1 .366  
2 .012  
2 .691  
1 .297  
2 .027  
3  
(K=2 )  2  2 .735  
o
"
 
0  
2  
4  
1 .940  1 .971  
2 .622  
3 .315  
2 .014  
C
M
 2  3 .347  
^F rom Re fe rences  (29 )  and  ( 30 ) ,  and  t he  wo rks  c i t ed  
t he re i n .  
^Y rom Re fe rences  (29 )  and  ( 30 ) ,  and  Chap te r  IV  o f  
t he  p resen t  wo rk .  
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Table E.g. Experimental and model relative energies 
[E(J j ) -E(0])] in MeV for selected states of Os. 
[See Figure 6.12] 
Exp .  2  DC HQPVBY)  HQP(Y6 )  HQP(YO)  
Band  J  Ene rgy  Mode l  Mode l  Mode l  Mode l  
GS  2  
. 137  . 138  . 138  . 143  . 144  
(K=0 )  4  . 434  . 424  . 394  . 400  . 400  
6  .869 . 807  . 724  . 741  . 733  
8  1 .421  1 .249  1 .104  1 .147  1 .122  
10  2 .070  1 .732  1 .522  1 .606  1 .554  
GS 2  . 768  . 782  . 729  . 634  . 710  
(K=2 )  3  . 910  . 889  . 876  . 857  . 904  
4  1 .071  1 .036  1 .025  . 972  1 .028  
5  1 .276  1 .193  1 .207  1 .237  1  . 258  
6  1 .491  1 .421  1 .388  1 .360  1 .391  
7  1 .752  1 .596  1 .594  1 .678  1 .665  
8  1 .919  1 .803  1 .801  1 .800  
9  2 .073  2 .024  2 .169  2 .113  
10  2 .255  2 .290  2 .246  
GS 4  1 .352  2 .457  1 .549  1 .373  1 .462  
(K=4 )  5  1 .560  1 .788  1 .757  1 .790  
6  1 .776  1 .993  1 .866  1 .918  
7  2 .225  2 .259  2 .247  
8  2 .445  2 .379  2 .364  
Oo  O9  1 . 061  1 .072  . 985  1 .077  1 .015  
(K=0 )  1 1 .208  1 .242  1 .179  1 .383  1 .241  
4  1 .584  1 .485  1 .772  1 .564  
O3 O3 1 .456  2 .152  1 .549  1 .451  1 .307  
(K -O)  2  2 .351  1 .710  1 .632  1 .532  
4  1 .988  1 .937  1 .862  
04 1 .953  1 .993  2 .372  2 .080  
O5 2 .599  2 .625  2 .388  
^From Reference (62) and the works cited therein. 
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Table E.IO. Experimental and model relative energies 
[E(JÎ)-E(0|)] in MeV for selected states of ^^^Os. 
[See Figure 6.13] 
Exp .  2  DC Hqp(By) Hqp(yB )  Hqp(yO )  
Band  J  Ene rgy  Mode l  Mode l  Mode l  Mode l  
GS  2  . 155  . 157  .  163  .  162  . 159  
(  K=0 )  4  . 478  . 470  . 440  . 431  . 424  
6  . 940  . 870  . 782  . 776  . 770  
8  1 .515  1 .322  1 .172  1 .183  1 .178  
10  2 .170  1 .817  1 .599  1 .642  1 .640  
GS 2  
. 633  . 650  . 594  . 562  . 578  
(K=2 )  3  . 790  . 776  . 769  . 801  . 837  
4  .965 . 960  . 953  . 928  . 928  
5  1 .182  1 .130  1 .138  1 .194  1 .230  
6  1 .425  1 .429  1 .380  1 .343  1 .327  
7  1 .587  1 .560  1 .646  1 .679  
8  2 .022  1 .855  1 .808  1 .777  
9  2 .115  2 .021  2 .146  2 .178  
10  2 .359  2 .315  2 .272  
GS 4  1 .280  2 .055  1 .363  1 .295  1 .308  
(K=4 )  5  1 .516  2 .216  1 .654  1 .691  1 .725  
6  2 .405  1 .874  1 .809  1 .795  
7  2 .145  2 .209  2 .232  
8  2 .381  2 .347  2 .312  
O2  O2  i . 085  1 .111  i  .  069 1 .071  .389 
(  K=0 )  2  1 .305  1 .305  1 .291  1 .386  1 .330  
4  1 .680  1 .619  1 .780  1 .746  
O3  O3  1 . 478  2 .234  1 .486  1 .416  1 .422  
(K=0 )  2  2 .461  1 .675  1 .616  1 .620  
4  1 .986  1 .931  1 .932  
O4  1 .704  2 .162  2 .407  2 .307  
05 1 -765  2 .644  2 .610  2 .527  
^From Reference (62) and the works cited therein. 
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Table  E . l l .  Exper imenta l  and mode l  re la t i ve  energ ies  
[ E ( J j ) - E ( 0 | ) ]  i n  MeV fo r  se lec ted  s ta tes  o f  ^^O q s .  
[See F igure  6 .14 ]  
Band J  
Exp.  g  
Energy  
DC 
Model  
"qf(Sy) 
Model  
HopvYg)  
Mode l  
Hqp(yC) 
Model  
GS 2  .187 .191 .200 .184 .179 
(  K=0)  4  .548 .532 .490 .457 .450 
6 1.050 .934 .827 .802 .795 
8 1.667 1.375 1 .197 1.210 1.204 
10 1.851 1 .597 1.672 1.667 
GS 2 .558 .589 .546 .483 .497 
(K=2)  3  .756 .733 .734 .783 .808 
4 .955 .958 .945 .851 .849 
5 1 .204 1 .124 1 .107 1 .191 1.213 
6 1 .490 1 .394 1 .275 1 .258 
7  1 .600 1 .515 1 .654 1 .673 
8  2 .116 1 .869 1 .747 1 .719 
9  2 .124 1 .950 2 .166 2 .181 
10 2 .354 2 .263 2 .226 
GS 4  1 .163 1 .758 1 .260 1.215 1.234 
(K=4)  5  1 .446 1 .938 1 .556 1 .661 1 .684 
6  1.836 2.149 1 .771 1 .707 1 .708 
7  2 .383 2 .034 2.183 2.197 
8  2.308 2.241 2 .226 
02 O2 .  312 .950 -884 -911 .870 
(K=0)  2  1 .115 1 .191 1 .149 1 .279 1 .254 
4  1 .601 1 .489 1.716 1.701 
o3 O3 1 .546 1 .938 1 .513 1 .474 1 .463 
(K=0)  2  2 .214 1 .740 1 .694 1 .681 
4  2 .074 2 .014 1 .997 
04 1.734 1 .810 2.289 2.235 
o5 2.517 2 .513 2 .459 
^From Reference (62) and the works cited therein. 
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Table  E.12.  Exper imenta l  and mode l  re la t i ve  energ ies  
[ E ( J ; ) - E ( O ] ) ]  i n  M e V  f o r  s e l e c t e d  s t a t e s  o f  ^ 9 2 Q g  
[See F igure  6 .15 ]  
Exp.  DC HQpt&y)  ' r ÎQpvYp)  "opvYO)  
Band J  Energy  Mode l  Mode l  Mode l  Mode l  
GS 
(K=0)  
GS 
(K=2)  
GS 
(K=4)  
0 2  
(K=0)  
(K=0) 
2 .206 .207 .215 .196 .180 
4 .580 .549 .497 .470 .457 
6  1 .089 .947 -824 .804 .800 
8  1 .708 1 .392 1.189 1.190 1.189 
10 1.875 1.586 1.619 1 .616 
2  .489 .507 .480 .468 .617 
3  .690 .  669 .709 .752 .874 
4  .909 . 9 6 0  .910 .845 .965 
5  1 .143 1 .106 1.089 1.143 1 .248 
6 1.362 1.573 1 .365 1 .266 1.345 
7  1 .713 1 .614 1.502 1.578 1 .663 
8 1.967 2.229 1 .829 1.719 1 .759 
9  2 .155 1 .939 2.050 2.110 
10 2.296 2.201 2 .203 
4  1.069 1.510 1.141 1 .166 1 .334 
5  1 .733 1.498 1.578 1 .715 
6 1.465 1 .996 1 .652 1 .641 1.789 
7 2.272 1.979 2.068 2.172 
8 2.184 2.151 2.255 
-2  .956 .982 .914 .944 .316 
2 1.125 1.243 1 .187 1 .280 1.198 
4 1 .653 1.522 1.676 1 .544 
O3 1 .206 2 .002 1.236 1 .161 1.123 
2 2.300 1.451 1 .404 1 .401 
4  1 .801 1.728 1.767 
0 4  1.924 1.867 2.239 1.927 
O 5  2.301 2.253 2.183 
^From Reference (62) and the works cited therein. 
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Table  E.13-  B(E2:J . ->-J - )  i n  un i ts  o f  B(E2:2 , ->0 , )  ,  and Q(J . )  5  
'  1 1  '  
Q.(J . ) / [B(E2:2^->0^)  ]  fo r  Os.  Exper imenta l  and 
GG-model  va lues  are  taken f rom Reference (63)  
Exp.  ^  
DC 
Model 
GG 
Model 
HQP(6Y) 
Model 
Hqp(Y3)  
Model 
.078 .033 .0829 .0742 
22-2 ,  .172 .177 .330 .362 .506 
Vh 1.51 1 .539 1 .58  1 .571 1 .527 
.0561 .006 .0123 .0097 
1 . 8  1 .963 1 .851 
2 , " °2  .0795 .0225 
^2"^2  
.0126 .0001 .2050 
Q(2, )  -1 .86  -1 .91  -1 .902 -1 .757 
6(22)  1 .75  1 .940 1 .752 
G(4 , )  -2 .37  -2 .246 -1 .996 
qxtg) -  .79  -1 .162 -  .317 
^Rat ios  ca lcu la ted  f rom va lues  c i ted  in  References (61)  
and  (63).  
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Table  E.14.  B (E2: in  uni ts  o f  B(E2:2 , -H)J  ,  and Q(J . )  =  
'  i l  88 '  
Q,(J . ) / [B(E2:2^->0^) ]  fo r  Os.  Exper imenta l  and 
GG-model  va lues  are  taken f rom Reference (63) 
Exp.^  
DC 
Mode l  
GG 
Mode l  
H(JP(3Y )  
Mode l  
Hqp(Y3)  
Mode l  
^2-^1  
.091 .029 .0791 .0634 
.27  .295 .55  .625 .739 
1 .42  1 .560 1 .60  1 .577 1 .529 
.0282 .002 .0219 .0117 
2 . 5  2 .010 1 .879 
: i " *2  
.0794 .0186 
.0126 .0011 .2002 
01(2 , )  -1.78 -1 .75  -1 .689 -1 .546 
0(22)  1 .64  1 .720 1 .544 
0(4 , )  -2.07 -1 .744 -1 .631 
0(4 , )  -  .92  -1 .319 .353 
^Rat ios  ca lcu la ted  f rom va lues  c i ted  in  References (61)  
and (63) .  
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Table  E.15.  B (E2: in  uni ts  o f  B(E2:2 , ->0 , )  ,  and Q(J ; )  s  
'  1  1 Qfl  
Q,( j . ) / [B(E2:2^-K)p  ]  fo r  Os.  Exper imenta l  and 
GG-model  va lues  are  taken f rom Reference (63)  
Exp.® 
DC 
Mode l  
GG 
Mode l  
HQP(By)  
Mode l  
HQp(yB)  
Mode l  
22-0 ,  
00 0
 .00004 .0548 .0188 
22-2 ,  .48  .483 1 .37  .979 1.261 
1.17 1.618 1 .47  1 .632 1 .495 
" , "22  .0481 .005 .0222 .0035 
6 , -4 ,  2 .8  2 .185 1.832 
.1236 .0051 
h-^2 .0172 .0052 .2851 
0(2 , )  
-1 .33  -  .54  -1 .391 -  .840 
oxzg) .57  1 .433 .839 
0(4 , )  -  .40  -1 .262 -  .830 
4(4 , )  .34  -1 .566 + .137 
^Rat ios  ca lcu la ted  f rom va lues  c i ted  in  References (61)  
and  (63).  
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Table  E.16.  B(E2:J . ->J^)  in  un i ts  o f  B(E2:2 , -» -0 ,  )  ,  and Q(J ; )  =  
'  1  1P2 
Q(J. ) / [B(E2;2^^ . | )  ]  fo r  Os.  Exper imenta l  and 
GG-model  va lues  are  taken f rom Reference (63) 
Exp.^  
DC 
Mode l  
GG 
Mode l  
hQP(8Y) 
Model  
HnpfyB)  
Mode l  
^2^1 .097 .0058 0.0 .0009 
V^L .82 .797 1.50 1.568 1.498 
4 l "2 l  1.23 1.591 1 .50  1.576 1.513 
4I":2 .05608 .0006 0.0 .002 
^R^I 2.083 1.901 
2I-^2 .1138 .0005 
^2-^2 .0118 0.0 .2618 
0(2 , )  
-  .75  -  .138 0.0 1
 
00
 
00
 
Ô fZg)  .121 0.0 .188 
0(4,) -  .199 0.0 -  .178 
0(4%) .188 0.0 -  .0026 
^Rat ios  ca lcu la ted  f rom va lues  c i ted  in  Reference (63).  
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XI1.  APPENDIX F :  ANGULAR MOMENTUM CONVENTIONS 
Th is  f ina l  append ix  se ts  fo r th  the  angu lar  momentum convent ions  
assumed th roughout  Reference (22)  and the  present  work .  In  the  in i t ia l  
sec t ion ,  the  "ac t ive"  ro ta t ions  o f  po in ts ,  func t ions  and phys ica l  
sys tems are  def ined w i th  re ference to  an a rb i t ra ry  " f i xed"  LAB coord ina te  
f rame.  Two methods o f  enumerat ing  the  d is t inc t  ro ta t ions  are  descr ibed.  
These employ  the  usua l  Eu ler  ang les ,  6 . ,  and the  Mie ln ik -P lebansk i  vec tor  
(70) ,  b ,  respect ive ly .  The la t te r  parameter iza t ion  i s  used to  i l lus t ra te  
some o f  the  genera l  concepts .  Observers  in  two re ference f rames,  LAB 
and LAB,  genera l l y  ass ign  d i f fe ren t  se ts  o f  parameters  to  a  g iven ac t ive  
ro ta t ion .  The re la t ionsh ip  between the  two se ts  o f  parameters ,  and i t s  
app l ica t ion  to  the  r ig id  body prob lem are  the  f ina l  top ics  o f  Sect ion  A.  
The fo l low ing two sec t ions  then ou t l ine  the  procedure  fo r  cons t ruc t ing  
ro ta t ion  mat r ix  e lements  ,  (6 . ) .  Group representa t ions  are  in t roduced 
m m I  
in  Sect ion  B,  and commuta t ion  re la t ionsh ips  are  der ived fo r  the  genera tors  
(J . )  o f  in f in i tes imal  ro ta t ions .  These commuta t ion  re la t ions ,  together  
w i th  a  phase convent ion ,  lead to  the  express ion  fo r  presented 
in  Sect ion  C.  Sec t ions  D and E d iscuss  the  spher ica l  harmonic  func t ions  
and C lebsch-Gordon coef f i c ien ts  respect ive ly .  In  each case the  adopt ion  
o f  a  phase convent ion  leads  to  a  spec i f i c  c losed express ion .  The f ina l  
sec t ion  serves  to  de f ine  i r reduc ib le  tensor  opera tors  and to  present  the  
adopted fo rm o f  the  Wigner -Eckar t  theorem.  
Sect ions  C-F essent ia l l y  summar ize  re levant  por t ions  o f  the  tex t  by  
M.  E .  Rose (31) ,  and the  reader  i s  re fer red  there  fo r  fu r ther  de ta i l s  o f  
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the  der iva t ions .  For  a  more  comple te  d iscuss ion  o f  p roper t ies  o f  con­
t inuous groups near  the  ident i ty  [ in  par t i cu la r ,  the  re la t ionsh ips  
between group genera tors ,  s t ruc ture  constants ,  and the  fo rm o f  the  
product  mapp ing]  the  in te res ted  reader  may consu l t  References (32)  and 
(71) .  Equat ions  (F .11) - (F .13)  and (F .15) ,  wh ich  invo lve  the  Mie ln ik -
P leb insk i  vec tor ,  a re  due to  D.  L .  Pursey  (72) .  
A .  The Ac t ive  V iewpo in t  
An n-parameter  cont inous  group G cons is ts  o f  a  co l lec t ion  o f  e lements  
{a ,  b ,  c ,  . . . }  together  w i th  a  mapp ing m o f  G x  G on to  G.  Each e lement  
b  requ i res  n  rea l  numbers  (b^ ,  b^ ,  —,  b^)  fo r  i t s  spec i f i ca t ion ,  and 
the  mapp ing may consequent ly  be  represented by  a  se t  o f  n  func t ions :  
m. (a i ,  ^2 '  • * *>  ^1*  ^2*  * • *>  b^)  c .  ,  ( i  1 ,  2 ,  • • •  n )  . (F . la )  
We assume tha t  each o f  the  m.  i s  a  smooth  func t ion  o f  i t s  arguments  and 
possesses cont inuous f i rs t  and second der iva t ives .  By de f in i t ion ,  four  
cond i t ions  must  be  sa t is f ied  by  the  e lements  and mapp ing fo r  G to  be a  
group.  i f  the  group product  o f  Equat ion  (F . la )  i s  wr i t ten  in  the  
abbrev ia ted  fo rm 
a •  b  =  c  ,  (F . lb )  
these cond i t ions  may be  expressed as  fo l lows:  
1)  C losure ,  i f  a  and b  are  a rb i t ra ry  e lements  o f  G,  then the i r  
p roduct  a  •  b  i s  a  un ique e lement  o f  G.  
2 )  Ident i ty .  There  ex is ts  a  un ique e lement  e  o f  G w i th  the  proper ty  
e  •  b  =  b  •  e  =  b  (F .2a)  
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fo r  a rb i t ra ry  b .  
3)  Inverse .  For  every  e lement  b  o f  G the i r  ex is ts  a  un ique e lement  
— ] 
of  G,  denoted by  b  ,  wi th  the  proper ty  
b * b ^ = b ^ * b = e  .  ( F . 2 b )  
4 )  Assoc ia t iv i ty .  For  a rb i t ra ry  e lements  a ,  b ,  and c  o f  G,  the  
product  mapp ing sa t is f ies  
a  •  (b  •  c )  =  (a  •  b )  •  c  .  (F .2c)  
In  a  phys ica l  se t t ing ,  the  exp l ic i t  fo rm o f  the  product  [Equat ion  
(F . la ) ]  may be  found once we have spec i f ied :  
1)  the  mean ing o f  each e lement  [o r  "opera t ion" ]  o f  G as  i t  i s  
rea l ized in  the  phys ica l  se t t ing ;  
2)  the  mean ing o f  the  group product  o f  two opera t ions ;  and 
3)  a  scheme fo r  enumerat ing  the  e lements  o f  G.  
We now cons ider  each o f  these po in ts  in  tu rn  fo r  the  group o f  phys ica l  
ro ta t ions .  G =  R(3) .  
We beg in  by  se lec t ing  a  se t  o f  r igh t -handed,  mutua l ly  perpend icu la r  
[LAB]  axes .  Wi th  respect  to  these axes ,  po in ts  in  the  sur round ing  th ree-
d imens iona l  Euc l idean space [E^ ]  may be  ass igned car tes ian  coord ina tes  
X =  (X j ,  Xg,  Xg) .  Each ro ta t ion  b  o f  R(3)  i s  a  mapp ing o f  E^  on to  E^ ,  
and assoc ia tes  w i th  each po in t  x  a  " ro ta ted  image"  x ' .  We wr i te  
(F.3) b:  X  ^  x '  o r  x '  =  f (b ,  x )  
By de f in i t ion ,  the  mapp ing has  the  proper t ies :  
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r  ^  3  
1)  lengths  are  preserved I  xl  x !  =  E x .  x .  
L; = i  '  '  i  = i  '  '  
;  and 
2)  fo r  every  b  there  i s  some s t ra igh t  l ine  pass ing  th rough the  LAB 
o r ig in  [ax is  o f  ro ta t ion ]  such tha t  
(i = 1, 2 ,  3) I  I  
fo r  po in ts  on the  l ine .  
I f  the  re la t ionsh ip  between x  and x '  i s  expressed as  
x l  = E [F ( b ) ]  .  X .  ,  
' j ' J J 
the  above p roper t ies  assure  tha t  [F ]  i s  an or thogona l  mat r ix  ( i .e . ,  
[F ]^  =  [F ]  ' )  hav ing  a  de terminant  o f  +1.  The re la t ionsh ip  between x  
and x '  i s  dep ic ted  in  F igure  F . la .  In  th is  case the  [d i rec ted ]  ax is  o f  
ro ta t ion  i s  a long the  un i t  vec tor  n ,  and the  ro ta t ion  i s  th rough the  
pos i t i ve  ang le  6 .  [A  r igh t -handed screw,  l y ing  a long n  w i th  i t s  head 
fac ing  the  o r ig in ,  i s  advanced away f rom the  o r ig in  by  a  ro ta t ion  about  
n  th rough a  pos i tve  ang le  0 . ]  A ro ta t ion  o f  -6  o r  (2tt - 6)  about  the  
vec tor  -n  wou ld  have an equ iva len t  e f fec t  upon x .  The group ident i ty  e  
i s  the  nu l l  ro ta t ion  [x '  =  x  fo r  a rb i t ra ry  x ] ,  and a  ro ta t ion  about  n  
th rough -0  i s  the  inverse  o f  the  ro ta t ion  dep ic ted  in  F igure  F . la .  
We v iew every  ro ta t ion  b  as  ac t ing  ac t ive ly  upon ob jec ts  s i tua ted  
in  E^ .  For  example ,  a  po in t  mass a t  x  i s  t ranspor ted  to  x '  by  the  
ac t ion  o f  b .  Both  the  o r ig ina l  and ro ta ted  mass a re  v iewed f rom the  LAB 
axes  wh ich  prov ide  a  re ference f rame fo r  gaug ing  the  e f fec ts  o f  b .  Thus 
the  or ien ta t ions  o f  the  LAB axes  a re  no t  a l te red  by  b .  However ,  po in t  
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P(x ,y ,z )  
(a )  (x ' , y ' , z '  
P '  i s  the  image o f  P under  a  
ro ta t ion  th rough the  pos i t i ve  
ang le  0  about  the  n  ax is .  The 
a rc  PP'  shown l ies  in  a  p lane 
perpend icu la r  to  n .  
<P'  ( x )  
P '  
(b )  •> 
x 
LAB 
o f  
< î ) ' (x )  i s  the  image o f  ( } ) (x )  
under  a  ro ta t ion  th rough the  
pos i t i ve  ang le  6  about  the  z  
ax is .  In  th is  example  the  
va lues  o f  <{ ) (x )  and (g )  a t  
se lec ted  po in ts  in  the  xy  p lane 
are  ind ica ted  by  the  contour  
l ines .  Not ice  tha t  i f  P '  i s  
the  image o f  P ,  then 
= <|.(P) . 
Figure  F . l .  Ac t ive ly  ro ta ted  po in ts  (a )  and func t ions  (b)  as  v iewed 
f rom the  LAB re ference f rame.  
k k ]  
masses s i tua ted  a t  LAB coord ina tes  (1 ,  0 ,  0 ) ,  (O,  1 ,0 ) ,  and (0 ,  0 ,  1)  
wou ld  a l l  be ac t ive ly  ro ta ted ,  w i th  the i r  f ina l  pos i t ions  d ic ta ted  by  
Equat ion  (F .3) .  There  w i l l  be  some re ference f rame in  wh ich  the  f ina l  
pos i t ions  o f  the  th ree masses a re  (1 ,  0 ,  O) ,  (0 ,  1 ,0 ) ,  and (0 ,  0 ,  1)  
respect ive ly .  We des ignate  th is  f rame LAB' ,  wr i te  
and re fe r  to  coord ina te  sys tem LAB'  as  the  " image o f  LAB under  b " .  Le t  
S denote  an  a rb i t ra r i l y  complex  phys ica l  sys tem,  and le t  S '  denote  the  
ro ta ted  vers ion  o f  S,  ob ta ined by  app ly ing  b  [o f  Equat ion  (F .4) ]  ac t ive ly .  
The charac ter is t i cs  o f  S '  as  they  appear  to  a  LAB'  observer ,  a re  ident ica l  
to  the  charac ter is t i cs  o f  S as  they  appear  to  a  LAB observer .  Th is  las t  
s ta tement  may be  v iewed as  de f in ing  the  ro ta ted  vers ion  o f  S in  the  
genera l  case.  
Suppose now tha t  q  =  (q , ,  q_ ,  . . .  q  )  and q '  a re  the  genera l i zed 
I z m ~ 
coord ina te  se ts  used by  a  LAB observer  to  spec i fy  the  conf igura t ions  o f  
S and S '  respect ive ly .  Then g '  i s  sa id  to  be the  image o f  q  under  b  and 
we wr i  te  
Hence the  ac t ive  ro ta t ion  b  changes the  genera l i zed coord ina tes  o f  S 
f rom q  to  q ' .  I f  S cons is ts  o f  a  s ing le  po in t  par t i c le  whose on ly  
charac ter is t i c  i s  i t s  loca t ion ,  we may take  q .  =  x .  ( i  =  1 ,  2 ,  3 ) ,  In  
wh ich  case Equat ions  (F .3)  and (F .5)  become ident ica l .  [The fac t  tha t  
the  e lements  b  sa t is fy  the  de f in ing  cond i t ions  fo r  a  group [Equat ions  
(F .2) ]  imposes cer ta in  cond i t ions  upon the  func t ions  h  =  (h^ ,  hg ,  — h^) .  
b :  LAB ->  LAB'  (F .4)  
b :  q  -»•  q '  o r  q '  =  h(b ,  q)  (F.5) 
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We w i l l  re tu rn  to  th is  po in t  shor t l y  when the  "product "  o f  ro ta t ions  i s  
de f ined. ]  Le t  ( }>(q)  and ( j ) ' (q )  be  the  LAB vers ions  o f  the  S and S '  wave-
func t ions  in  the  q-coord ina te  representa t ion .  We may ins is t  tha t  the  
phase o f  the  la t te r  be chosen such tha t  
* ' (g ' )  =  * (q)  ,  (F.6a)  
f rom which  
( j ) '  (q )  =  ( { ) (h (b  '  ,  q) )  (F .6b)  
fo l lows.  The func t ion  <)> ' (q )  de f ined by  Equat ion  (F .6b)  i s  sa id  to  be the  
ac t ive ly  ro ta ted  counterpar t  o f  <|»(q) ,  and we wr i te  
b :  * (q )  -»•  4 ' (q )  o r  R(b)* (q)  =  (J) ' (q )  =  * (h (b  \  q)  )  (F .6c)  
R(b)  sa t is fy ing  Equat ion  (F .6c)  wou ld  be  rea l ized as  a  d i f fe ren t ia l  
opera tor  on  the  space o f  func t ions  o f  (q ) .  The re la t ionsh ip  between i j )  
and  ({ ) '  i s  p ic tu red in  F igure  F . lb  fo r  the  case q  =  x .  
We now ass ign  a  mean ing to  the  product  mapp ing fo r  R(3)  opera t ions .  
By  a  •  b  we sha l l  mean the  success ive  app l ica t ion  o f  the  ac t ive  ro ta­
t ions ,  b  fo l lowed by  a .  Thus in  the  equat ion  
a  •  b  =  c  ,  
c  ident i f ies  tha t  s ing le  ro ta t ion  whose e f fec t  [as  gauged f rom F igure  
(F . la )  o r  Equat ion  (F .3) ]  i s  equ iva len t  to  tha t  o f  b  fo l lowed by  a .  i f  
x "  denotes  the  ro ta ted  image o f  x  under  c ,  then 
c  =  a  •  b :  X -»•  x "  imp l ies  x "  =  f (a ,  x ' )  =  f (a ,  f (b ,  x ) )  (F .7)  
where  x '  i s  the  vec tor  in  Equat ion  (F .3) .  By v i r tue  o f  Equat ions  (F .2) ,  
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(F .3)  and (F .7)  we have the  cond i t ions  
f ( a  •  b ,  x )  =  f ( a ,  f (b ,  x ) )  ,  (F.8a)  
f ( e ,  x )  =  X  ,  (F.Sb)  
and 
x '  =  f (b ,  x )  imp l ies  x  =  f (b  \  x ' )  .  (F.Sc)  
S imi la r  cond i t ions  [ob ta ined by  rep lac ing  f  by  h  and x  by  q  in  Equat ions  
(F .8a) - (F .Sc) ]  a re  assumed to  be sa t is f ied  by  the  h(b ,  q )  o f  Equat ion  
(F .5) .  We a re  then assured tha t  the  opera tor  R(b)  in  Equat ion  (F .6c)  
has  the  proper t ies  
R(a)R(b)0(g)  =  R(c)* (q)  i f  a  •  b  =  c  ,  (F.8d)  
R(e)<J) (q)  =  * (q )  ,  (F.8e)  
and 
R(b)< j ) (q )  =  * ' (q )  imp l ies  R(b  ' )< j ) ' (q )  =  <| ) (q )  .  (F .8 f )  
When opera t ing  on an a rb i t ra ry  func t ion  o f  (q ) ,  R(b)  e f fec t ive ly  rep laces  
every  occur rence o f  q .  w i th  h . 'b  ^ ,  q ) .  The cond i t ions  expressed by  
I I 
Equat ions  (F .8a) - (F .8c)  appear ,  in  the  no ta t ion  o f  Equat ion  (F .4) ,  as  
b :  LAB ->•  LAB '  1  
> imp ly  a  •  b :  LAB -) •  LAB"  ,  (F.8g)  
a :  LAB'  +  LAB"  J 
e:  LAB -»•  LAB ,  (F.8h)  
b :  LAB LAB'  imp l ies  b~^  LAB'  ^  LAB .  (F .8 i )  
Aga in  we emphas is  tha t  the  or ien ta t ions  o f  a l l  se ts  o f  coord ina te  axes  
[LAB,  LAB' ,  LAB"  in  Equat ions  (F .8g) - (F .8 i ) ]  a re  regarded as  f i xed  
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aga ins t  ro ta t ions .  The no ta t ion  
b :  LAB LAB'  
wh ich  i s  used to  descr ibe  the  re la t ive  or ien ta t ion  o f  two se ts  o f  
coord ina tes  axes ,  shou ld  be in te rpre ted  in  te rms o f  the  hypothet ica l  
po in t  masses descr ibed above Equat ion  (F .4) .  
Thus fa r  l i t t le  has been sa id  about  methods o f  ass ign ing  group 
coord ina tes  (b^ ,  b^ ,  . . .  b^)  to  the  genera l  e lement  b  o f  R(3) •  In  
e f fec t  such coord ina tes  wou ld  spec i fy  the  re la t ive  or ien ta t ions  o f  two 
f rames,  LAB and LAB' ,  connected by  
b :  LAB ->  LAB'  
In  as  much as  every  b  leaves  some " ro ta t ion  ax is "  unchanged,  a  LAB 
observer  may parameter ize  b ,  as  in  F igure  F . la ,  by  spec i fy ing  
1)  the  un i t  vec tor  n  a long the  d i rec ted  ro ta t ion  ax is ,  and 
2)  the  ang le  o f  ro ta t ion  9 about  n .  
A l l  ro ta t ions  may be  enumerated by  ex tend ing  n  over  a l l  un i t  vec tors  
f rom the  o r ig in ,  and res t r i c t ing  9 to  0  £  9 ^  t t .  [Rota t ions  th rough i r  
about  n  and -n  are  equ iva len t ] .  From n  and 0  we may cons t ruc t  the  
Mie ln ik -P lebansk i  [MP]  vec tor  (70)  
b  E n  tan( j0 )  .  (F .9a)  
The d i rec t ion  and magn i tude o f  b  then spec i fy  the  ax is  and ang le  o f  
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ro ta t ion  respect ive ly  J  The p ro jec t ions  o f  b  a long the  LAB axes  {b . ;  
i  = 1 ,  2 ,  3 }  may be taken as  group parameters .  From the  res t r i c t ion  o f  
6  to  [0 ,  i r ] ,  the  ranges o f  the  MP parameters  a re  then 
-00 <  b .  <  CO i  =  1 ,  2 ,  3  •  (F .9b)  
1 2  
Two ro ta t ions  hav ing  MP vec tors  b  and b  a re  equ iva len t  i f  
b^  =  -b^  and |b^ |  =  |b^ |  =  «  ,  (F.9c)  
The nu l l  ro ta t ion  has the  MP parameter iza t ion  
e  =  e  =  0  =  (0 ,  0 ,  0)  ,  (F.9d)  
and the  ro ta t ion  inverse  to  b  i s  c lear ly  -b :  
(b  ^ )  =  -b  .  (F.9e)  
The MP parameters  a re  usefu l  too ls  fo r  the  exp lora t ion  o f  R(3)  p roper t ies .  
The ro ta t ion  assoc ia ted  w i th  b  may be  immedia te ly  v isua l ized,  and the  
parameter iza t ion  i s  we l l -de f ined in  the  ne ighborhood o f  e .  
A more common method o f  spec i fy ing  R(3) e lements  employs  Eu ler  
ang les  (0 . )  =  (6^ ,  6^ ,  0^ ) .  In  par t i cu la r  we cons ider  here  the  vers ion  
o f  the  Eu ler  ang les  employed by  Rose (31) .  Three success ive  "s imp le"  
ro ta t ions  are  per fo rmed whose cumula t ive  e f fec t  i s  equ iva len t  to  
b :  LAB +  LAB'  
We w i l l  cont inue to  use b  to  denote  a  genera l  e lement  o f  R(3) .  b  
and (9 j )  w i l l  be used to  denote  the  MP parameters  and Eu ler  ang les  o f  b  
respect ive ly .  
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In  order  o f  app l ica t ion ,^  these are  
1)  A ro ta t ion  th rough 0^  about  the  LAB =  z  ax is ,  
2)  A ro ta t ion  th rough 0^  about  the  LAB x^  =  Y ax is ,  and (F . IO)  
3)  A ro ta t ion  th rough 6^  about  the  LAB x^  =  z  ax is .  
A l l  poss ib le  ro ta t ions  may be  accounted fo r  by  res t r i c t ing  the  ang les  to  
n(e . )  de f ined be low Equat ion  (B .4) .  A l te rna t ive ly ,  ranges symmetr ic  
about  zero  may be  chosen so  tha t  the  e lement  inverse  to  (e^ ,  0^)  may 
- ] 
be wr i t ten  as  ( -0^ ,  -Bg,  "6^ ) *  In  the  la t te r  event ,  b  l ies  near  the  
o r ig in  o f  Eu ler -ang le-space i f  b  does;  however ,  (0^ ,  0 ,  "9^)  then 
represents  the  nu l l  ro ta t ion  fo r  any  va lue  o f  0^ .  Th is  las t  proper ty  
renders  the  Eu ler  ang le  parameter iza t ion  inappropr ia te  fo r  exp lor ing  
d i f fe ren t ia l  p roper t ies  o f  Equat ion  (F . la )  near  the  ident i ty .  For  such 
an exp lora t ion  we des i re  tha t  the  parameters  o f  a l l  in f in i tesmal  ro ta t ions  
l ie  near  the  parameters  o f  e ,  and tha t  a l l  such ro ta t ions  be un ique ly  
parameter ized.  The MP parameters ,  on  the  o ther  hand,  sa t is fy  these re -
QL:  :  remer î ts .  
I f  the  ro ta t ion  b  i s  parameter ized by  a  LAB observer  to  have MP 
components  b  =  (bp  b^ ,  b^)  and Eu ler  ang les  (0 . )  =  (0^ ,  0^ ,  0^ ) ,  then 
the  two se ts  o f  parameters  a re  connected by  
b^  =  [ tan  i02 /cos  5(0^  +  0^) ] [ -s ia  i (0^  -  0^)1  
bg =  [ tan  i02 /cos  i (0^  +  0^) ] [cos  i (0^  -  0^) ]  (F . l l )  
^ Rose (31)  beg ins  w i th  an equ iva len t  de f in i t ion  in  wh ich  the  order  
o f  app l ica t ion  i s  reversed,  and ro ta t ions  are  per fo rmed about  ro ta ted  
images o f  the  LAB axes .  
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= tan i (8^  +  9^)  
These may be  inver ted  to  g ive  
tan  0^  =  [b^b^  -  b^J /Lb^  +  b^b^ ]  
cos  02 =  [1  +  (bg)^  -  (b^)2  -  (bg jZ j / t l  +  (b , )2  +  (bg)^  +  (bg)^ ]  
tan  0^  =  [bgbg +  b^ j / fbg  "  b^b^ ]  .  (F.12)  
In  the  MP parameter iza t ion ,  the  re la t ionsh ip  between the  o r ig ina l  and 
ro ta ted  image pos i t ions  [x  and x '  in  F igure  F . la ]  o f  an a rb i t ra ry  po in t  
may be  wr i t ten  exp l ic i t l y  as  
x '  =  f (b ,  x )  =  [1  +  b  © b ]  ^ { (1  -be  b)x  +  2(x  ® b )b  +  2b a  x }  . (F .13)  
In  Equat ion  (F .13) ,  ® and a denote  the  usua l  sca lar  and c ross  products :  
3  
b  ® c  =  Z b .c .  
i  = l  '  '  
r+1  ( i j k )  =  (123) ,  (312) ,  (231)  
bacs  Z e . .^ ,b .c .a^  ;  e . .  =  ^  -1  ( i j k )  =  (213)  ,  (132) ,  (321)  
:  !  J  ! J K  ,  n  c o  
One may read i ly  ver i fy  tha t  f (b ,  x )  g iven by  Equat ion  (F .13)  sa t is f ies  
Equat ions  (F .8b)  and (F .8c) .  Fur thermore ,  
c  =  a  •  b  imp l ies  f (c ,  x)  =  f (a ,  f (b ,  x ) )  (F . l4 )  
may be  used to  deduce the  fo rm o f  the  group product  [Equat ion  (F . la ) ]  
under  the  MP parameter iza t ion :  
a  +  b  +  a  a b 
c  =  m(a;  b )  =  .  (F.15)  
[1  ~  a  ® b ]  
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The group pos tu la tes  [Equat ions  (F .2) ]  a re  found to  be sa t is f ied  by  the  
se t  o f  e lements  and product  mapp ing de f ined in  Equat ions  (F .9)  and (F .15)  
respect ive ly .  When Equat ion  (F .15)  i s  used,  care  must  be  taken to  re fer  
a l l  components  a . ,  b . ,  c .  to  a  s ing le  se t  o f  re ferences axes  [LAB fo r  
example ]  whose o r ien ta t ions  are  f i xed aga ins t  the  ro ta t ions  in  quest ion .  
Occas iona l ly  in  phys ica l  p rob lems,  one becomes in te res ted  in  t rans­
la t ing  express ions  between two o r  more  re ference f rames.  We now b r ie f l y  
cons ider  the  prob lem o f  t rans la t ing  ro ta t ion  parameters .  Le t  LAB and 
LAB denote  two d is t inc t  re ference f rames possess ing  a  common o r ig in ,  and 
suppose tha t  observers  in  each f rame agree to  parameter ize  ac t ive  ro ta­
t ions  accord ing  to  a  common scheme.  Each observer ,  fo r  example ,  cou ld  
adopt  the  Eu ler  ang le  scheme,  and re fer  (9^ ,  Gg,  8^ )  to  h is  own coord ina te  
axes .  I t  is  c lear  tha t  the  observers  w i l l  genera l l y  no t  ass ign  ident ica l  
parameters  to  a  g iven ro ta t ion .  For  example  in  the  MP scheme,  the  
pro jec t ions  o f  b  upon cor respond ing LAB and LAB axes  w i l l  genera l l y  
d i f fe r .  Le t  us  suppose tha t :  
1)  The two re ference f rames are  connected by  the  ro ta t ion  a  
in  the  sense o f  Equat ion  (F .4)  
a :  LAB LAB 
LAB 
2)  a  i s  ass igned the  parameters  (a .  ;  i  = 1 ,  2 ,  3)  by  a  LAB 
observer .  
LAB 
3)  Some o ther  ro ta t ion  b  i s  ass igned parameters  (b .  ;  
i  = 1 ,  2 ,  3)  by  a  LAB observer .  
i  ab 
We ask ,  "what  parameters  (b .  ;  i  = 1 ,  2 ,  3)  a re  ass igned to  b  by  the  
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LAB observer?"  Th is  quest ion  may be  immedia te ly  answered i f  two aux i l ia ry  
re ference f rames,  LAB and LAB ,  are  in t roduced.  By de f in i t ion  the  f i rs t  
i s  the  image o f  LAB under  b  
b :  LAB +  LAB 
and second i s  def ined f rom the  f i rs t  by  
a :  LAB ->  LAB 
The re la t ionsh ips  between the  four  re ference f rames [ in  the  sense o f  
Equat ion  (F .4) ]  may thus  be summar ized by  
LAB LAB 
i  b (F.16)  
LAB ^  LAB 
* 
We may th ink  o f  the  ro ta t ion  "a"  as  s imu l taneous ly  tak ing  LAB and LAB 
in to  the i r  respect ive  images LAB and LAB .  The re la t ive  or ien ta t ion  
between LAB and LAB i s  no t  a l te red  dur ing  th is  process ,  and consequent ly  
r  The appearance of LAB .  . .  ^  f  the  appearance of LAB 1 L as seen f rom LAB J ' =  ident ica l  to  [  33 ^een f rom tÀB J" 
Thus the  parameters  ass igned by  LAB to  b  must  equa l  the  parameters  
ass igned by  LAB to  
b"  :  LAB lab"  
* 
However  f rom Equat ions  (F .8g) ,  (F .8 i )  and (F .16) ,  b  i s  c lear ly  
equ iva len t  to  the  group product  a  •  b  •  a .  Hence i f  a :  LAB LAB,  
then fo r  a rb i t ra ry  b  
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= [a~^  •  b  .  ,  i  = 1 ,  2 ,  3  ,  (F.17a)  
where  the  r igh t -hand s ide  denotes  the  i— parameter  ass igned by  LAB to  
-1  -1  LAB 
the  s ing le  ro ta t ion  equ iva len t  to  a  •  b  •  a .  [a  •  b  •  a ] .  may be  
LAB LAB 
computed by  us ing  the  a .  and b .  together  w i th  the  appropr ia te  
mul t ip l i ca t ion  law [Equat ion  (F .15)  in  the  MP parameter iza t ion ] .  An 
immedia te  consequence o f  Equat ion  (F . l ja )  i s  obta ined by  tak ing  b  =  a :  
aLAB =  gLAB _ (F .17b)  
I  I  
The two f rames,  LAB and LAB,  ass ign  ident ica l  parameter  se ts  to  the  
ro ta t ion  which  connects  them.  In  the  MP scheme,  th is  resu l t  i s  obv ious .  
When the  LAB axes  a re  "spun about "  the  ro ta t ion  vec tor  a ,  the  pro jec­
t ions  o f  a  a long the  mov ing  axes  do no t  change.  Consequent ly  a l l  in ­
s tan taneous images o f  LAB encountered dur ing  th is  sp inn ing  process  must  
ass ign  ident ica l  parameter  se ts  to  a .  
Because bo th  LAB and LAB observers  agree on the  parameters  o f  a ,  
the  resu l t  o f  Equat ion  (F .17a)  may be  expressed in  an a l te rna t ive  fo rm:  
I f  a :  LAB LAB,  
then fo r  any  ro ta t ion  b  (F .17c)  
[a  •  =  [b  •  a ]^^^  ,  i  = 1 ,  2 ,  3  
Th is  fo rm f inds  an immedia te  app l ica t ion  in  the  r ig id  body p rob lem.  To 
spec i fy  the  conf igura t ion  o f  a  r ig id  body,  i t  su f f i ces  to  descr ibe  the  
or ien ta t ion  o f  a  se t  o f  axes  (BF)  f i xed  in  the  body.  For  th is  purpose,  
a  LAB observer  may choose as  genera l i zed coord ina tes  (q^ ,  q^ ,  q^)  the  
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LAB parameters  descr ib ing  the  ro ta t ion  
q .  =  ,  a:  LAB BF .  (F. l8a)  
Le t  us  suppose now tha t  the  LAB observer  w ishes to  f ind  the  genera l i zed 
coord ina tes  q l  descr ib ing  the  or ien ta t ion  o f  a  d i f fe ren t  se t  o f  axes  
[BF]  f i xed  in  the  same body.  Aga in  he  wr i tes  
q j  =  [a ' ] j ^^  ,  a ' :  LAB -> BF .  (F. l8b)  
I f  the  second body- f i xed f rame i s  spec i f ied  by  
b :  BF ->  BF ,  (F . l8c)  
BF 
the  parameters  b .  w i l l  be independent  o f  the  o r ien ta t ion  o f  BF re la t i ve  
to  LAB and hence independent  o f  the  va lues  o f  the  q . .  Th is  i s  no t  t rue  
o f  the  From Equat ions  (F . lB)  and (F .17c)  we have a '  =  b  •  a  and 
q l  =  [a ' ]V^^  =  [b  •  a ] j ^^  =  [a  •  b ]?^  .  (F.19a)  
S ince LAB and BF agree upon the  parameters  o f  a ,  
LAB BF q ,  =  a .  =  a .  
we may rewr i te  Equat ion  (F .19a)  in  the  more  exp l ic i t  fo rm 
q l  =  m. (q , ,  q , ,  q , ;  ,  b®^,  b^^)  (F .19b)  
and conc lude tha t  r igh t  mul t ip l i ca t ion  o f  the  genera l i zed coord ina tes  by  
a  cons tant  ro ta t ion  cor responds to  a  change o f  BF axes .  Th is  resu l t  was 
used in  Append ix  A [see Equat ion  (A . lS) ]  under  the  Eu ler  ang le  parameter ­
i za t ion  scheme.  
452 
B.  Angu lar  Momentum Opera tors  
When a  comple te  se t  o f  expans ion  s ta tes  i s  in t roduced,  the  e f fec t  
o f  an ac t ive  ro ta t ion  upon a  sys tem in  the  quantum s ta te  |$>  [o r  
may be  represented by  a  l inear  t rans format ion  connect ing  the  expans ion  
coef f i c ien ts  o f  the  o r ig ina l  and ro ta ted  s ta tes .  Th is  procedure  i s  
summar ized in  F igure  F .2 .  The ro ta t ion  b  i s  rep laced by  a  mat r ix  
[D(b) ]  wh ich  ac ts  upon the  vec tor  o f  expans ion  coef f i c ien ts ,  and mat r ix  
mu l t ip l i ca t ion  p lays  the  ro le  o f  the  group product .  The se t  o f  mat r ices  
M =  { [D(b) ] ;  b  an e lement  o f  R(3) }  (F .20a)  
w i th  the  proper ty  
a  •  b  =  c  imp ly ing  [D(a) ] [D(b) ]  =  [D(c) ]  (F .20b)  
i s  sa id  to  be a  representa t ion  o f  R(3) •  The poss ib le  e f fec ts  o f  R(3)  
opera t ions  upon quantum s ta tes  may be  ascer ta ined by  ca ta log ing  a l l  
poss ib le  se ts  M wh ich  sa t is fy  Equat ion  (F .20b) .  Th is  la t te r  task  
reduces to  a  search  fo r  i r reduc ib le  representa t ions  [ IR ]  o f  R(3) ,  i .e . ,  
se ts  M fo r  wh ich  there  ex is ts  no mat r ix  [U]  w i th  the  proper ty  
has  the  par t i t ioned 
[U l [D(b) ] [U] - '  fo rm 
- [D ' (b ) ] l  [0 ]  fo r  a l l  [D(b) ]  
L [G(b) ]  !  [D" (b) ]J  in  M 
(F .21)  
Here  [0 ]  denotes  a  mat r ix  w i th  on ly  zeros  as  i t s  e lements .  I f  M i s  an 
^ I f  s u c h  a  [ U ]  d o e s  e x i s t ,  t h e n  b o t h  { [ D ' ( b ) ] }  a n d  { [ D " ( b ) ] }  a r e  
eas i l y  shown to  be representa t ions  o f  R(3) -
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<q |n> " 4^(q) 
bra-ket notation 
!* '> = Bbl*> 
<q|*> = *(q) etc. 
<q|R^|q'> - R(b)S(q-q') 
- result of applying the 
active rotation b to 
the physical system 
whose state is |*>* 
|4 ' "> = RaRbl*)  
-  Ra.bl*> .  
Let (|n>} be a complete set of 
orthonormal expansion states, 
and introduce the expansion co­
efficients a, a' and a": 
li)i> ~ Z a^|n> 
!$'> » r a'|n> 
q coordinate representation 
ijj' (q) i  R(b)*(q) 
result of applying the 
active rotation b to 
the physical system 
whose state is *(q). 
*"(q) 5 R(a)R(b)i(i(q) 
- R(a'b)*(q) , 
Let {*n(q)} be a complete set of 
orthonormal expansion functions: 
*(q) - E a *„(<?) 
•'(q) - Z a^*^(q) 
I*") - E a"Jn> . 
Define 
O^Jb) - <k|ji^ l l> .  
Basis states transform via 
R^|n> " Z D^(b) |m>. 
Then: 
"n • ^ °nm^''^°m 
m 
or 
a' « [D(b)la , 
and 
a" " [D(a)1[D(b)]o 
[D(a-b)]g ^ 
V(q) - Z aX+nt?) . 
Define 
l>kj(b) m <*k(q) |R(b)|4,(q)>.  
Basis functions transform via 
R(b)«^(q) - I D^(b)«Jq). 
Figure  F .2 .  Mapp ing the  group e lements  on to  a  se t  o f  mat r ices ,  
b  -»•  [D(b) ] ,  by  in t roduc ing  a  comple te  se t  o f  expans ion  
s ta tes  
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IR  cons is t ing  o f  square  mat r ices  o f  s ide  d ,  then the  se t  o f  func t ions  
m =  1 ,  2 ,  d }  i s  sa id  to  be a  bas is  fo r  M [ in  the  q-coord ina te  
representa t ion ]  i f  
,  d  
R(b)< l )  (q )  =  *^ (h(b  q) )  =  Z D (b )è  (q ) ,  [n  =  1 ,  2 ,  . . .  d ] . (F .22a)  
' 1 •• n «a, « nin m 
fTF I 
From F igure  F .2 ,  the  appropr ia te  mat r ix  e lements  in  Equat ion  (F ,22a)  a re  
D^^(b)  =  <*^ (q) |R(b) | *^ (q)>  .  (F.22b)  
The <t>^(q)  may be  thought  o f  as  spann ing  the  space & cons is t ing  o f  a l l  
d  
poss ib le  l inear  combinat ions  E a  (j )  ( q ) .  The res t r i c t ion  tha t  M be  an 
» m m «« 
m= I  
IR assures  tha t  there  i s  no se t  {^^ (q)  in  S ;  n  =  1 ,  2 ,  . . . ,  d<d}  such tha t  
d  
R(b) i  ( q )  =  S 5  (b) i  ( q )  
n -  ,  mn m _ 
m=l  
w i th  {D(b) }  a  representa t ion  o f  R(3) .  
In  F igure  F .2 ,  the  e f fec t  o f  R(b)  upon a  genera l  func t ion  ^ (q)  i s  
eas  i1  y  gauged I f  
1)  the  comple te  se t  o f  expans ion  func t ions  i s  chosen to  cons is t  
o f  or thogona l  se ts  o f  i r reduc ib le  bas is  func t ions ,  and 
2)  the  mat r ix  e lements  D^^{b)  o f  Equat ion  (F .22b)  a re  determined 
fo r  each such bas is  se t .  
in  the  present  sec t ion ,  the  angu lar  momentum opera tors  J .  a re  in t roduced 
and the i r  commuta t ion  re la t ions  are  der ived.  In  the  fo l low ing sec t ion ,  
2 
s imul taneous e igenfunc t ions  o f  J  and are  adopted as  the  appropr ia te  
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expans ion  func t ions  fo r  s tep  1)  above,  and the  exp l ic i t  cons t ruc t ion  o f  
the  D^^(b)  in  s tep  2)  i s  ou t l ined.  
I t  i s  c lear  tha t  the  genera l  ro ta t ion  b  may be  bu i l t  up by  the  
success ive  app l ica t ion  o f  in f in i tes imal  ro ta t ions  about  the  LAB Xp Xg 
and axes .  We in t roduce the  angu lar  momentum opera tors  as  the  genera­
to rs  o f  these in f in i tes imal  ro ta t ions .  In  par t i cu la r ,  le t  ôb denote  a  
ro ta t ion  about  the  un i t  ax is  n  th rough the  in f in i tes imal  ang le  S0. We 
de f ine  the  [d imens ion less ]  vec tor  angu lar  momentum J  by  ins is t ing  tha t  
R(6b)  have the  fo rm 
R(«b)  =  ^  .  5b =  ro ta t lo "  i  e ,  (F.23a)  
about the n axis ^ 
and we denote the components of J along the LAB x. axis by 
J. H J 9 x. I  -  I  
A ro ta t ion  b  about  n  th rough the  f in i te  ang le  0 may be expressed as  a  
sequent ia l  p roduct  o f  the  in f in i tes imal  ro ta t ions  appear ing  in  Equat ion  
(F .23a)  
- i ô 9 _ n @ J  - i ô 0 , n © J  
R(b)  =  .  .  .  e e ,  
0 = 09^ + 602 •  
Using (39)  
e^  e^  =  e^*^  i f  [A ,  B ]  =  0  ,  
we consequent ly  ob ta in  the  f in i te  form o f  Equat ion  (F .23a)  
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DFL\ _ „ - i6noJ  .  ro ta t ion  th rough 9 /R O-5K> 
® =  about  the  n  ax is  "  (F .^Sb)  
The phys ica l  angu lar  momentum opera tor  re fe r red  to  e lsewhere  in  th is  
thes is  i s  the  J  o f  Equat ions  (F .23)  mu l t ip l ied  by  A.  In  th is  append ix ,  
however ,  on ly  the  d imens ion less  fo rm i s  used so  as  to  avo id  car ry ing  
fac tors  o f  J  i s  assumed to  be an Hermi t ian  opera tor  w i th  respect  to  
the  q-space inner  p roduct  o f  normal izab le  func t ions ,  i .e . ,  
(q)  l< |>2(q)>  =  <4^(q) | j . *2 (q)>  i  = 1 ,  2 ,  3  .  (F.24)  
Th is  assures  tha t  R(b)  p reserves  the  norm o f  the  func t ion  on wh ich  i t  
opera tes .  
In  the  q-coord ina te  representa t ion  [q  =  (q^ ,  q^ ,  . . . ,  q^ ) ] ,  the  fo rm 
o f  J .  i s  f i xed  by  i t s  de f in i t ion  and by  Equat ion  (F .6c)  wh ich  we may 
wr i te  as  
R(b)^ (q)  =  i j ; ' (q )  =  i i ) (h (c ,  q )  )  ,  c  =  b  ^ .  (F.25)  
To fac i l i ta te  the  d iscuss ion  vvs  use  the  MP parar rs te r lza t ion  and cons ider  
an  in f in i tes imal  ro ta t ion  th rough 69 about  the  x^  ax is .  Then 
,  ^ .  Ô8 -  66 ,  Ô9 -b = tan IT = IT ^ = ~1 ^£j 
and 
.  - 6 8  ,  Ç =  -b  or  C j  =  -Y  
We now expand the  r igh t "hand s ide  o f  Equat ion  (F .25)  about  c  =  0 ,  
keep ing  on ly  te rms o f  order  59 and la rger .  
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i j ' '  (q )  =  %(h(0 ,  q ) )  +  Z F  
-  -  -  j= i  L 
3 r  3i i ' (h (c ,  q ) )  
3c .  ] 
c=0 
3  m p  3iJ ; (h (c ,  q ) )  3h  - ,  
^ ' j!, i ^ 
c=0 
3h 3c  
o  
c .  
J  
3 m 3^(q)  
=  ^ (q)  +  Z Z  
r  ShgXc,  q )  1  
j= l  a= l  3c .  J  
c .  
J  
c=0 
=  t |<(q)  -  Z c .  [X .  ] ' ^ (q )  
j=1  J  J  -
=  4 ' (q )  +  [Xg^^(q)  (F .26)  
where  the  de f in i t ion  
X .  E  
J  
m  r  9 h  ( c ,  q )  i  3 
3q, 
c=0 
(F.27) 
has been in t roduced.  We may s imi la r ly  expand 
-  i  56J 
i f ) ' (q )  =  R(b)^ (q)  =  e  ^  ^ (q)  
=  ' i ' (q )  -  i58J^$(q)  (F .28)  
and compare  w i th  Equat ion  (F .26)  to  deduce tha t  
"  2  
(F.29) 
The exp l ic i t  fo rm o f  X^ ,  and hence depends on  the  manner  in  wh ich  
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the  genera l i zed coord ina tes  are  chosen.  However ,  the  constants  
appear ing  in  the  commuta t ion  re la t ion  
[X. ,  X. ]  =  X.X. -  X.X. = Z C...X, (F .30)  
X. J  X, J  J X, * ,JK K 
may be  shown to  be de termined so le ly  by  the  fo rm o f  the  group product  
in  the  v ic in i ty  o f  the  ident i ty .  [The func t ion  h(c ,  q)  must  be  smooth  
and sa t is fy  Equat ions  (F .8a) - (F .8c) ] .  In  par t i cu la r  i f  we expand 
E q u a t i o n  ( F . l a )  i n  a  T a y l o r ' s  s e r i e s  a b o u t  a  =  b  =  e  =  ( 0 ,  0 ,  — ,  0 )  
then the  s t ruc ture  constant  in  Equat ion  (F .30)  i s  g iven qu i te  
genera l l y  by  
C&jk "  Pajk ~ Pj%k 
For  the  MP parameter iza t ion ,  expand ing  Equat ion  (F .15)  resu l ts  in  
P%jk  "  ^ %jk  '  "  2^&jk  •  (F .31)  
Consequent ly  f rom Equat ions  (F .29) - (F .31)  we have 
Jj j  I  2 G&jk - .32)  Vr .  
As an example  o f  these genera l  resu l ts ,  cons ider  a  po in t  mass 
loca ted by  LAB car tes ian  coord ina tes  q  =  x .  In  th is  case 
h (b ,  q)  =  f (b ,  x )  o f  Equat ion  (F .13) ,  
and we may eas i l y  eva lua te  Equat ion  (F .27) :  
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}  ^ jk£  3x .  j k  k 
Then  Equa t ion  (F .29)  leads  to  the  we l l - known fo rm 
,  .  P  
r  a 1  I  J  =  X G 
* ji "j P =  l i near  momentum 
(F .33)  
and  the  commuta t ion  re la t ions  o f  Equa t ion  (F .32)  a re  seen  to  be  sa t i s f ied .  
Rewr i t i ng  Equa t ion  (F .33)  i n  te rms o f  spher i ca l  po la r  coord ina tes  
(R ,  0 ,  ( } ) )  [See  F igure  F .3 ]  resu l t s  i n  
r  9 3  
J ,  =  J  = i  I  co t  0  cos  4  TY +  s in  *  - r r  
I  X  j  O  ç  0  0  
^2  =  Jy  =  !  e  s in  4  -  cos  *  
(F .34a)  
(F .34b)  
J3  =  •  (F '34c )  
C.  Ro ta t ion  Mat r i ces  
Equa t ion  (F .23b)  a l l ows  us  to  assemble  the  ro ta t ion  mat r i x  e lement  
D ,  (b )  =  <9 {R(b ) | (p  ,  >  f ro tT i  a  k r iowîedge  o f  the  I J . l i  ,> .  The  l a t te r  
nn '  n '  '  n  n '  I ' ^n  
may be  found  f rom the  commuta t ion  re la t ions  o f  the  J .  i f  the  o r thonorma l  
expans ion  s ta tes  $^^q)  appear ing  i n  F igure  F .2  a re  p roper l y  chosen .  
For  th i s  purpose  i t  i s  conven ien t  t o  in t roduce  the  pseudo-spher i ca l  com­
ponen ts  o f  the  angu la r  momentum opera to r  u  =  0 ,  ±1}  de f ined  by^  
To  avo id  con fus ion  be tween the  f i r s t  member  o f  ( J ] ,  J2»  J3) = 
(J* ,  Jy,  J-)  and the  pseudo-spher i ca l  component  w i th  u  =  1 ,  the  
la t te r  w i l t  be  wr i t ten  as  J+ ] .  Greek  [u ,  v ,  —]  and Roman [ I ,  j ,  —]  
subscr ip ts  w i l l  be  used  to  re fe r  to  the  pseudo-spher i ca l  and  ca r tes ian  
components  o f  J respec t i ve ly .  
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Jo ' Jz 
•'±1 '•'x - '-y) 
From Equa t ion  (F .32) ,  the  a re  found  to  obey  
tJ+l' J-]] = -Jo 
(F.35)  
(F .36)  
The [Cas imer ]  opera to r  
/  e ( j ^ )2  +  ( j y )2  +  ( j ^ )2  =  ( j ^ )2  _  -  j  (F .37 )  
has  the  p roper ty  o f  commut ing  w i th  each  o f  the  J .  o r  J^ :  
j , i  =  0  ;  :  J,;  2 ,3  _ (F .38 )  
2 
In  a  g iven  represen ta t ion  (q ) ,  s imu l taneous  e igen func t ions  o f  J  and  
can  consequen t l y  be  found .  We choose  the  4^ (q )  to  be  such  e igen func t ions  
and  wr i te  ~  Here  m the  e igenva lue  o f  and  j  1  abe ls  
2  
the  e igenva lue  w( j )  o f  J  :  
J  ( j ) .  =  w( j ) ( j ) .  (F .393)  
jm jm 
J  4 .  =  m^ .  .  (F .39b)  
o  jm jm 
2  As J  and  a re  Hermi t ian  opera to rs ,  two  w i th  d i f fe ren t  e igenva lues  
2  
of  e i the r  J  o r  a re  necessar i l y  o r thogona l .  Assuming  the  to  be  
norma l i zed  we have  then  
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With  no  o ther  assumpt ions  abou t  the  charac te r  o f  we may  use  
Equa t ions  (F . 3 6 ) - (F .39)  to  show:  
2  
1)  For  f i xed  j ,  rr .  i s  bounded :  [ v . ' ( j )  -  m _> O ] -  Consequen t l y  
fo r  f i xed  j ,  there  a re  la rges t  and  sma l les t  va lues  o f  m 
[m^  and  m^  respec t i ve ly ] .  
m may  be  ra ised  o r  lowered  i n  s teps  o f  un i t y .  
3 )  =  -m^  
For  f i xed  j  =  m^ ,  m can  range  f rom - j  to  + j .  
4 )  j  may be  e i the r  in tegra l  o r  ha l f - i n tegra l ,  and  the  asso­
c ia ted  e igenva lue  w( j )  i s  j ( j  +  1 ) .  
In  summary  
=  j ( j  +  1)4,. j  =  0 ,  1 /2 ,  1 ,  3 /2 ,  . . .  (F .40a)  jm jm 
J  ( | ) .  =  m* .  m =  j ,  j -1 ,  . . . ,  ( - j )  (F .40b)  
o  jm jm 
fo r  f i xed  j  
Fur thermore ,  Equa t ions  (F .3 6 ) - (F .40)  may  be  used  to  deduce  mat r i x  e lements  
o f  the  J  be tween the  bas is  s ta tes :  y  
[The  commuta t ion  re la t ions  de te rmine  on ly  the  abso lu te  va lue  o f  the  
mat r i x  e lements  i n  Equa t ion  (F .4 lb ) .  A  phase  cho ice  has  been  made. ]  
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2 
By v i r tue  o f  Equa t ions  (F .23)  and  (F .4 l ) ,  e igens ta tes  o f  J  w i th  
d i f fe ren t  e igenva lues  a re  no t  connec ted  by  ro ta t ions ;  
=  0  i f  j  r  j '  
Consequen t l y ,  when  the  ac t i ve ly  ro ta ted  e igen func t ion  R(b)<{ )^ . ^  i s  ex ­
panded  i n  the  comple te  se t  o f  we f i nd  
(F '42a )  
m 
(b )  E  < *  ,  | R ( b ) | * . ^ >  .  (F .42b)  
mm J  m j  m 
The  mat r i ces  de f ined  by  Equa t ion  (F .42a)  compr ise  a  (2 j  +  l ) -d imens iona l  
i r reduc ib le  represen ta t ion  o f  the  ro ta t ion  g roup .  The  g roup  p roduc t  has  
been  rep laced  by  mat r i x  mu l t ip l i ca t ion ,  
a  •  b  =  c  imp l ies  ,  (c )  =  Z D" '  , , (a )  D" ' , .  ,  (b )  ,  (F .43a)  
mm 11 mm m m 
m" 
and the  (2 j  +  l ) x (2 j  +1 )  un i t  mat r i x  represen ts  the  g roup  iden t i t y  
[ i . e . ,  the  nu l l  ro ta t ion ]  
, (e )  =  6  ,  .  (F .43b)  
m J m 11« y m 
Fur thermore ,  f rom Equat ion  (F .23b)  and  the  hermic i t y  o f  J ,  we may  deduce  
tha t  the  ro ta t ion  mat r i ces  de f ined  by  Equa t ion  (F .42b)  a re  un i ta ry :  
">i>> •  
The  o r thonorma l i t y  p roper t ies  
=  Sm.m '  
m" 
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z D;i" (b )  ,  (b )  =  5 
m'  
m"m m"m m,m 
(F .44b)  
then  fo l l ow f rom Equat ions  (F .43) .  
Hav ing  spec i f i ed  the  fo rm o f  the  genera l  ro ta t ion  opera to r  [Equa t ion  
(F .23b) ]  and  the  mat r i x  e lements  o f  the  ro ta t ion  genera to rs  [Equa t ions  
(F .41) ] ,  D"* ,  (b )  may  be  unambiguous ly  cons t ruc ted  i f  a  paramete r i za t ion  
m m 
fo r  b  i s  chosen .  The  Eu le r  ang les  a re  par t i cu la r l y  appropr ia te  fo r  th i s  
task .  Because  o f  the  manner  o f  the i r  de f in i t i on  we have  
- i 8 .J  - iELJ  - i6_J  
R(b)  =  R(e . )  =  e  ^  e  ^  e ^  ^  
and  we may  immed ia te ly  wr i te  
- im '8 ,  .  - im6 
mm I  (F .45a)  
'  im"  '  '  •  im  (F .45b)  
The  l a t te r  mat r i x  e lement  may  be  eva lua ted  as  
=  [ ( j  +  m)  ;  ( j  -  m)  !  ( j  +  m ' )J ( j  "  
X Z ( -1 )  [ ( j  -  m'  -  k ) ! ( j  +  m -  k )  !  (k  +  m'  -  m) !k ! ]  
k  
- 1  
X i  cos  
02  n  
2 j  +m-m' -2k  m ' -m+2k  
- s  I  n  (F .45c)  
where  the  in teger  k  ranges  over  those  va lues  fo r  wh ich  a l l  fac to r ia l  
a rguments  a re  non-nega t i ve .  A  number  o f  use fu l  re la t ionsh ips  may  be  
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Tab le  F . l .  The  twen ty - f i ve  d |J | , ^ (6 )  f o r  j  =  2 .  The  supersc r ip t  2  
and  a rgument  ( f l )  nave  been  omi t ted  f rom the  r igh t -
hand  por t ion  o f  the  tab le  
d^  2 , (8 )  "  i  [1 +  cosO]^  = d  
- 2 , - 2  
dg j (8 )  =  -5  s in8 [cos8  +  1 ]  
^ -1 , -2  " ^1 ,2  " ^ -2 , -1  
4 ,0^®^  =^s in^8  ^0 , -2  ^0 ,2  ^ -2 ,0  
d2_^(8)= i s in8 [cos8  -  1 ]  "1 , -2  =  -d . , , 2  =  " " -2 ,1  
.2^®^  ~  i t cos9  -  l ] ^  =  d  
- 2 , 2  
d j  J (8 )  =  [1  +  cose ] [cos0  -  i ]  
- 1 , - 1  
2  
d^  q (6 )  =  —2f~  s ine  COS0 
" 0 , - 1  '  - " 0 , 1  =  - " - 1 , 0  
d^  _ j (8 )  =  [1  -  cos0 ] [cose  +  i ]  =  d  
- 1 , 1  
dg q (8 )  =  & [3  cos^ e  -  1 ]  
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deduced  f rom Equat ion  (F .45c)  and  the  un i  t a r i t y  p roper ty  
d im '< - *2 )  °  .  (F . l .6a )  
In  par t i cu la r .  
(F .46b)  
Reca l l i ng  tha t  the  ro ta t ion  w i th  Eu le r  ang les  ( -E^ ,  -8^ )  i s  inverse  
to  the  ro ta t ion  spec i f i ed  by  (8^ ,  G^) ,  Equa t ions  (F .43c) ;  (F .45a) ,  
and  (F .46)  may  be  used  to  deduce  
The  D"^  I  (e . )  o f  Equa t ions  (F .45)  a re  o r thogona l '  on  the  su r face  o f  the  
m m I  
un i t  sphere :  
2TI ir 2ir j * j „ 2 
'0 ^0  '0 Slne ,d9 ,de ,de3  =  ^  • 
S j  8g  8  (F .47 )  
2  
The d  ,  (8_)  a re  used  ex tens ive ly  th roughou t  th i s  thes is ,  and  may  be  
mm 2  
found  in  Tab le  F . l .  The i r  exp l i c i t  fo rms  a re  requ i red  in  Sec t ion  C o f  
Append ix  A .  
F rom F igure  F . la ,  i t  i s  c lea r  tha t  the  two  ro ta t ions  
b :  abou t  the  n  ax is  th rough  the  ang le  8 ,  
'A  p roo f  may  be  found  i n  Sec t ion  16  o f  Re fe rence  (31) .  
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and 
abou t  the  n  ax is  th rough  the  ang le  (9  +  2%) ,  
a re  equ iva len t  i n  the i r  e f fec ts .  Hence  opera to rs  represen t ing  phys ica l  
ro ta t ions  mus t  genera l l y  sa t i s fy  
R(b)0 (q )  =  R(b2^ ) * (q )  .  (F .48a)  
Equa t ion  (F .48a)  imposes  the  cond i t i on  
"k'"' = (F'tSb) 
on IR  mat r i x  e lements  o f  R(3 ) •  For  example  i f  0  =  0  and  n  =  z  i n  
Equa t ion  (F .48b) ,  we  have  
i n  the  Eu le r  ang le  paramete r i za t ion .  D j | ^ , ^ (6 j )  g i ven  by  Equa t ion  (F .45a)  
c lea r l y  fa i l s  to  sa t i s fy  Equa t ion  (F .49)  i f  j  [and  hence  m]  i s  ha l f  
i n tegra l .  The  ha l f - i n tegra l  represen ta t ions  wh ich  we have  cons t ruc ted  
a r e  then  no t  to  be  assoc ia ted  w i th  the  g roup  R(3 ) .  Reca l l  t ha t  the  
en t i re  cons t ruc t ion  p rocedure  fo r  the  D"*  ,  p roceeded  f rom a  knowledge  o f  
m m 
m(a ;  b )  i n  the  v i c in i t y  o f  a  =  b  =  e .  There  i s  ano ther  th ree-paramete r  
con t inuous  g roup ,  namely  SU(2) ,  wh ich  i s  i somorph ic  w i th  R(3)  i n  the  
v i c in i t y  o f  the  g roup  iden t i t y .  The  j  =  1 /2 ,  3 /2»  5 /2»  . . .  represen ta ­
t i ons  o f  Equa t ion  (F .45a)  a re  in  fac t  IR  o f  SU(2) '  [under  a  
^See ,  fo r  example .  Append ix  I  I  o f  Refe rence  (31) .  
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parameter i za t ion  s im i la r  to  the  Eu le r  ang le  paramete r i za t ion  o f  R(3 ) ,  
bu t  w i th  ex tended  ranges  fo r  the  9 . ] .  Represen ta t ions  o f  SU(2)  p lay  no  
ro le  in  the  mathemat ica l  deve lopments  requ i red  in  th i s  thes is .  However ,  
they  a re  o f ten  encoun te red  i n  the  t rea tment  o f  o ther  phys ica l  phenomena 
[e .g . ,  e lec t ron  sp in ] .  Hence fo r th  i n  th i s  append ix ,  we  sha l l  con t inue  
to  use  the  le t te r  j  [as  i nD" ,  , ( {> . ]  i n  a l l  re la t ionsh ips  wh ich  ho ld  
m m jm 
t rue  fo r  bo th  the  in tegra l  and  ha l f - i n tegra l  represen ta t ions  o f  Equa t ion  
(F .45a) .  L  w i l l  be  used  exc lus ive ly  to  deno te  in tegra l  rep resen ta t ions .  
D .  Spher i ca l  Harmon ics  
In  the  q -coord ina te  represen ta t ion ,  o r thonorma l  bas is  func t ions  
( j ) ^ . ^ (q )  may  be  ob ta ined  by  so lv ing  the  d i f fe ren t ia l  equa t ions  imp l ied  by  
Equa t ions  (F .40) .  I f  the  phases  o f  the  so lu t ions  a re  chosen  such  tha t  
Equa t ions  (F .41)  a re  sa t i s f ied ,  we a re  then  guaran teed  tha t  Equa t ion  
(F .42a)  w i l l  ho ld  w i th  j [8 . )  g iven  by  Equa t ions  (F .45) .  Th is  p rocedure  
requ i res  tha t  the  q -coord ina te  represen ta t i ves  o f  the  angu la r  momentum 
opera to rs  be  known. .  When the  genera l i zed  coord ina tes  (q )  a re  the  
spher i ca l  po la r  coord ina tes  o f  a  po in t  mass ,  the  appropr ia te  J .  a re  g iven  
by  Equa t ions  (F .34) .  S ince  the  J .  a re  independent  o f  the  rad ia l  
coord ina te ,  we may  wr i te  
=  R( r )Y j ^^ (e ,  L  =  0 ,  1 ,  2 ,  . . .  ,  (F .50 )  
where  the  rad ia l  func t ion  i s  a rb i t ra ry .  The  Y^^ (e ,  (J ) )  sa t i s fy ing  
Equat ions  (F .40)  and  (F .41)  may  then  be  deduced^  to  be  
^See Append ix  I  11  o f  Refe rence  (31) -
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L+M 2  L  
(cos  6 -1 )  
(F .50  
The above  express ion  i s  un ique  to  w i th in  a  phase  fac to r  depend ing  upon  
L .  The  Y obey  the  o r thonorma l i t y  cond i t i on  
Lfl 
2ir TT  ^
/  /  ( j , )Y |_ .^ , (e .  <} . )  s ined0d( ( .  =  ,  (F . 5 2 )  
ij)=0 0=0 
and sa t i s fy  the  iden t i t y  
Y*^ (S ,  < ! > )  =  ( - 1 ) ^  (1 , )  .  (F .53 )  
The Y j^ i ^  may  a l so  be  re la ted  to  the  Eu le r  ang le  fo rm o f  the  ro ta t ion  
mat r i ces :  
°  "«o ' * '  » '  •  (F '54 )  
The exp l i c i t  fo rms  fo r  the  Y^* ,  ob ta ined  by  eva lua t ing  Equa t ion  (F . 5 I ) ,  
may  be  found  in  F igure  F .3 -
Cons ider  two  re fe rence  f rames ,  LAB and  BF,  wh ich  a re  re la ted  by  the  
ac t i ve  ro ta t ion  b ,  
b :  LAB ->  BF  
Reca l l  t ha t  bo th  f rames  w i l l  ass ign  iden t i ca l  paramete rs  [ such  as  Eu le r  
ang les ]  to  b .  Le t  Y  (0 ,  4) )  be  a  spher i ca l  harmon ic  w i th  (6 ,  (}>)  
LM 
measured  w i th  respec t  to  LAB axes .  We now endeavor  to  express  th i s  
same func t ion  in  te rms o f  the  coord ina tes  (6 ' ,  <|> ' )  measured  w i th  
469 
cartesian (x,y,z) and spherical 
(R,0,4)) coordinates of a point P: 
X = R sin6 cos# 
y = R sin6 sin# 
z = R cosG 
P(x ,y ,z )  
Yo.o (8 ' * l  =  1 4ir Yg  2 (8 , * )  =  i  I I  2tt s in^e  6= :+  
sin9 cos6 e 
i *  
Y,,(8,*) = -i .1. " Sine e'* 
L 2tt J 
V 2 _ o ( e , + )  >  i  5  ir [3  cos  e  -  1 ]  
Y,0(8,4) = 1 
r _ 2 
J  
cos6 = — !  s ine  cose  e " '9  
-1 , -1  (9 ' * )  =  :nA  - i (j) *2 , -2 (9 ' * )  
-[if Sin^e  e-"* 
Figure F.3. Some spherical harmonics 
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respec t  to  BF axes .  Tha t  i s ,  we seek  an  express ion  fo r  
We may  de f ine  a  new sca la r  func t ion  by  ac t i ve ly  ro ta t ing  [and  hence  
BF 
Y,u ]  th rough  the  ro ta t ion  b .  By  cons t ruc t ion ,  the  appearance  o f  the  Ln  
new func t ion  to  BF i s  iden t i ca l  w i th  the  appearance  o f  the  o ld  func t ion  
to  LAB.  Consequen t l y  a  BF observer  may  wr i te  
R(b)Y®^(0', d,') = <j,') 
or  equ iva len t l y ,  
'  4 ) ' )  =  R(b "MYL^(9 '  ,  r) 
Us ing  Equa t ion  (F .42a)  [wh ich  ho lds  fo r  an  a rb i t ra ry  ca r tes ian  re fe rence  
f rame] ,  we ob ta in  the  des i red  resu l t  
Y®^(e ' ,  * ' )  =  Z i» ' )  -  (F .55b)  
M 
Suppose  tha t  observers  i n  the  LAB and  BF f rames  v iew a  common 
quadrupo le  su r face .  i n  the  manner  o f  Equa t ions  (2 .1 )  and  (2 .2 ) ,  the  
two  observers  may  express  the  sur face  as  
R = R [1 + Z a Y- (0, (J))] 
o  ^  2u  
and 
R =  R [1  +  E a  Y"  (e '  ,  (J ) ' ) ]  
O P 2y  
W 
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respec t i ve ly .  S ince  the  observers  agree  upon  the  rad ius  R to  a  g iven  
po in t  on  the  su r face ,  we may  wr i te  
E a  Y*  (8 ' .  • • )  =  : :« „  ^2^ , (9 .  • )  
u  u  
=  Z  E  Yzp . te ' .  
y  p '  
Equat ions  (F .55)  have  been  used  i n  deduc ing  the  las t  equa l i t y .  Mu l t i ­
p l y ing  by  ^2^ (0 ' .  ( j ) ' ) s in6 'd9 'd ( j j ' ,  i n tegra t ing  over  the  fu l l  range  o f  0 '  
and  4 ) ' ,  and  invok ing  the  o r thonorma l  i t y  o f  the  leads  to  
Th is  resu l t  appears  i n  the  ma in  tex t  as  Equa t ion  (2 .3 ) -
E .  C lebsch-Gordon  Coe f f i c ien ts  
Le t  us  suppose  tha t  S ^  and  a re  independent  phys ica l  sys tems [o r  
independent  aspec ts  o f  a  s ing le  sys tem]  descr ibed  by  LAB genera l i zed  
coord ina te  se ts  q  '  and  q ' ^  respec t i ve ly .  Opera to rs  e f fec t ing  the  ac t i ve  
ro ta t ion  b  [abou t  n  th rough  the  ang le  6 ]  w i l l  be  wr i t ten  as  
-i 0n9j, 
R/b)  =  e  
and  (F . 5 6 )  
-i 8n@J 
.  e 
respec t i ve ly  fo r  the  two  sys tems.  The  pseudo-spher i ca l  components  o f  
J  [ k  =  1 ,  2 ]  w i l l  be  deno ted  as  J ,  (p  =  0 ,  ±1) .  They  sa t i s fy  
~  K  K ,  y  
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Equat ions  (F .36)  fo r  each  o f  k  =  1 ,  2 :  
^^k ,+T  "  "^k ,o  '  [ ^k ,o '  ^k ,± l ^  "  -^k ,± l  •  (F .57)  
I  2  
Since  q  and  q  a re  independent ,  we  a l so  have  
[ J ]  y '  ^2  ^  °  ^  •  (F '58 )  
'-«t - j|' j,-' -j|) "2 ' 4' h''' 
—, ~]2^  be  se ts  o f  norma l i zed  func t ions  o f  the  genera l i zed  coord ina tes  
wh ich  a re  bas is  se ts  fo r  the  (2 j j+ l )  and  (2 j2+ l )~d imens iona l  IR  o f  R(3)  
respec t i ve ly .  Tha t  i s ,  each  se t  i s  assumed to  cons is t  o f  e igen func t ions  
o f  the  appropr ia te  and  J |^  q» and  to  sa t i s fy  Equa t ions  (F .40)  and  
(F .41) .  i n  the  p receed ing  sec t ion ,  the  ^ (6 . )  were  cons t ruc ted  such  
tha t  the  f i n i te  [Equa t ions  (F .42b)  and  (F .45) ]  and  in f in i tesma l  [Equa t ions  
(F .41) ]  fo rms  fo r  the  ro ta t ion  mat r i x  e lements  were  equ iva len t .  Conse­
quen t l y  we have  
1 h 1 
R, (b ) i i ) .  _  (q  )  =  Z D_ ,_  (8 . ) ^ .  _ , (q  )  
I  J  ,  M l ,  ^  _ _  I  I I I ,  I  J  1  _  
I  I  I I I .  I I  I I  
(F.59)  
The p rob lem a r i ses  o f  f i nd ing  l i near  conb ina t ions  o f  the  p roduc t  func ­
t ions  i j ; .  X -  wh ich  be long  to  a  spec i f i c  IR  o f  R(3)  •  I n  par t i cu la r  
J 1^*1 ^2*2 
we seek  norma l i zed  func t ions  
• j n ' ? ' -  ^  CU.J j j ;  
m ^  I i ^ ^ 
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which  t rans fo rm accord ing  to  
^  m 
In  Equa t ion  (F .61)  ,  the  appropr ia te  opera to r  fo r  e f fec t ing  ac t i ve  ro ta ­
t ions  o f  the  p roduc t  func t ions  i s  s imp ly  
- i0noJ  - i8n@J - i8n@(J .+J  )  
R(b)  =  R j fb jRgOb)  =  e  e  =  e  
The  angu la r  momentum opera to r  fo r  the  p roduc t  space  i s  thus  i den t i f i ed  as  
J  =  J ,  +  ^2  
By v i r tue  o f  Equa t ions  (F .57)  and  (F . 5 8 ) ,  the  components  
sa t i s fy  the  expec ted  commuta t ion  re la t ions .  Equa t ions  (F . 3 6 ) .  The  
coup led  p roduc t  we seek ,  < j ) .  [ o r  more  p roper l y  ({> .  .  .  ] ,  i s  a  s imu l tane-
J fTl J  1  J  2J  
ous  e igen func t ion  o f  fou r  mutua l l y  commut ing  opera to rs :  
=  i l ' j l  *  ' )+Jm '  =  J2L I2  " • j .  •  
(F .62)  
Fur thermore  we assume tha t  the  phases  o f  the  6 .  a re  chosen  such  tha t  jm 
Equa t ions  (F .41)  [and  consequen t l y  Equa t ion  (F . 6 I ) ]  ho ld .  The  uncoup led  
p roduc t  i j ; .  x -  > on  the  o ther  hand ,  i s  a  s imu l taneous  e igen func t ion  
o f  (J | )  ,  (J j )  ,  and 
The  CIebsch-Gordon  coe f f i c ien t  [CGC]  C t j ^ jg j ;  m^m^m)  appears  i n  
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Equat ion  (F .60)  as  an  e lement  o f  a  un i ta ry  t rans fo rmat ion  connec t ing  the  
coup led  and  uncoup led  func t ions .  From the  o r thogona l i t y  p roper t ies  o f  
the  ,  Sg,  and  p roduc t^  func t ions  
r n  ! ^ :  =  G 
J  1^1 "  J l " ,  
(F .63)  
we may  use  Equa t ion  (F .60)  to  deduce  
z  c " ( j ^ j g j ;  m jmgnJCf j i JgJ ' ;  m,m2m' )  =  8 ,  ; ,  6^  
m^m^ 
J,J m,m 
(F .64a)  
A  second  o r thogona l i t y  re la t ionsh ip ,  
jm 
(F .64b)  
may  be  deduced  f rom the  inverse  expans ion  
(F .65)  
Other  CGC re la t ionsh ips  may  be  found  by  us ing  Equa t ion  (F .60)  toge ther  
w i th  Equa t ions  (F .40) - (F .41) .  For  example ,  
' i f  /  .dG^(q ' )  and  /  _dO^(q^ )  a re  used  i n  the  computa t ion  o f  inner  
11  2 2  
produc ts  fo r  S and  S func t ions  respec t i ve ly ,  then  /  .  /  „d f i  (q  )d f2  (q  )  
i s  used  fo r  the  p roduc t  func t ions .  
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"•jm = Vjn, ' <J|.o " 
l eads  one  to  
m Z  C( j  j  j ;  m m _  X ;  _  =  ^  C( j  j  j ;m m m)  
m^m^ ' ^ -"ri ^2*2 m^m^ ' 
Consequent l y ,  
C ( j ^ j2 j î  m^m^m)  =  0  un less  m =  +  m^ .  (F .66a)  
One may  a l so  deduce  tha t  
n i^m^m)  =  0  un less  j  i s  one  o f  ( j ^+ jg ) '  " "  
I j j - Jg t  •  (F .66b)  
Fur thermore  every  va lue  o f  j  in  the  above  l i s t  i s  found  to  be  rea l i zed  
exac t l y  once  [ i . e . ,  i f  i s  a  l i near  combina t ion  o f  the  ip .  Y-
jm  - ' l ' " l  - ' 2 ' ^2  
hav ing  the  four  e igenva lues  ind ica ted  by  Equa t ions  (F .62) ,  then  no  o ther  
imear i y  inaepenaent  como ina t ion  nas  tne  same rour  e igenva lues ] .  
Equa t ions  (F .6O)  and  (F .41)  se rve  to  de te rmine  each  CGC to  w i th in  a  
phase .  A  spec i f i c  cho ice  o f  phases ' ,  compat ib le  w i th  these  equa t ions ,  
leads  to  Racah 's  (73)  c losed  fo rm wh ich  i s  employed  in  th i s  thes is :  
In  par t i cu la r  the  CGC s  a re  a l l  chosen  to  be  rea l ,  and  C^ j ^ jg ,  
j ] j 2 '  ^  taken  as  +1 .  Other  phase  cho ices  imposed  dur ing  
the  deve lopment  o f  Equa t ion  (F .67)  a re  d iscussed  in  Append ix  A  o f  
Refe rence  (31) .  
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^ 
[ ( j i Jg j ;  =  6  m.mj+mg L ( j , + j2+ j+1 ) :  
• • ' •  \  »  /  *  N t / «  > t < «  \  .  \  t  /  m  \  I  m  ^  
X • IJ-m; : J 
X z [ ( j |+ j2 " j " ^ ' )  '  ( j  i"^!"'^) i  (Jo+m^-v) !  
v ;  1  1  '  "^2  2  
X ( j - j 2+n i^+v)  :  ( j - j ^ -m^+v)  !  ]  n" l  (F .67)  
In  the  sum,  v  ex tends  over  those  va lues  fo r  wh ich  a l l  fac to r ia l  a rgu­
ments  a re  s imu l taneous ly  non-zero .  An  examina t ion  o f  Equa t ion  (F .67)  
leads  to  the  symmet ry  re la t ionsh ips  
j , + j2 - j  
=  ( -0  [ ( j ^ j g j ;  -m^ -m^ . -m)  
J'l+jo'j 
=  ( -1 )  C ( j2 j ^ j ;  m^m^m)  (F .68)  
=  ( - 1 )  
J , - " !  (2 j+ l )  
(Z jg+ l )  
Eva lua t ion  o f  Equa t ion  (F .67)  fo r  =  0  resu l t s  i n  
C( j ,  0  j  ;  m 0  m)  =  6 .  .5  
J - j j J  ÎT Î^J ÎT !  (F .69)  
S imp le r  express ions  fo r  C( j j  2  j ;  m^ 2  m)  ,  invo lv ing  no  summat ion ,  may  
be  found  i n  Chapte r  X IV  o f  Refe rence  (74) .  These  [w i th  j  ^ and  j  
in tegra l ]  were  used  i n  computa t ion  o f  the  r igh t -hand  s ide  o f  Equa t ion  
(D .9b) .  
Equa t ions  (F .59) - (F .61)  p rov ide  a  connec t ion  be tween the  CGC's  and  
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the  ro ta t ion  mat r i x  e lements .  One may  eas i l y  deduce  the  C lebsch-Gordcn  
se r ies  
°  i  > . (F -70a)  
11  2 2  J my 
and  i t s  inverse  
^  (e . )D^2m (e , )  IF  70b)  
m^m^ I  I  2  2  
^1^2  
Equat ions  (F .47)  and  (F .70a)  pe rmi t  the  ready  eva lua t ion  o f  the  in tegra l  
o f  th ree  ro ta t ion  mat r i ces :  
2TT TT 2 IT j  >•:  j  j  / I / n, .  (e,)D '  (e , )  s ine .de .de .de ,  =  
y^m^ i  y^m^ i  y^m^ i  2 12  3 
6^=0  6^=0  6^=0  
8.2 
2 j  +1  l - ' 2 - '3 '  ' "1^3^  
(  r . 7 ' )  
F.  I r reduc ib le  Tensor  Opera to rs  
Le t  4> and  ip be two  func t ions  o f  the  genera l i zed  coord ina tes  q ,  and  
l e t  <j ) '  and  i j ; '  deno te  the i r  ac t i ve ly  ro ta ted  coun te rpar ts  under  b :  
( j ) '  ( q )  =  R(b )$ (q )  
ip '  (q )  =  R(b )^ (q )  
I f  0  i s  an  a rb i t ra ry  opera to r  on  the  space  o f  func t ions  o f  (q ) ,  we may  
de f ine  i t s  ac t i ve ly  ro ta ted  coun te rpar t  6 '  by  
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I 
b:  =  R(b )&R(b~S j  .  (F .72)  
Th is  de f in i t i on  i s  chosen  to  insure  tha t^  
<( { ) '  I&  '  1 i t ; ' >  =  j "  < j ) '  & ' i | ; ' dS î (q )  
0(q)  
= <(J) i© 1 ii)> 
i n  Sec t ion  B ,  se ts  o f  func t ions  were  c lass i f i ed  under  the  IR  o f  R(3)  by  
the i r  t rans fo rmat ion  p roper t ies  [Equa t ions  (F .22a) ,  (F .42a) ] .  A  s im i la r  
c lass i f i ca t ion  procedure  may  be  adop ted  fo r  opera to rs .  By  de f in i t i on ,  
the  se t  o f  opera to rs  {T ,  M =  L ,  L -1  ,  -L }  i s  an  i r reduc ib le  tensor  
Ln 
opera to r  o f  rank  L  i  f  
M 
When i n f in i tesma l  ro ta t ions  abou t  the  th ree  LAB axes  a re  cons idered ,  the  
con ten t  o f  Equa t ion  (F .73)  may  be  expressed  by  the  commuta t ion  re la t ions  
r . l  T  1 =  M l  a n r i  
"O '  LPT LM 
V  -  ÎHXL  ±  M +  
(F .74a)  
o r  equ iva len t l y  
[ J  ,  T ;_ l  =  - [L (L  +  1 ) ]2  E C(1LL :  uMM' )T  (F .74b)  
W'  LM '  '  • '  '  u i  •  '  '  '  LM-M 
Vhe  p roo f  o f  th i s  s ta tement  assumes tha t  J  i s  Hermi t ian  w i th  
respec t  to  the  inner  p roduc t  i n  ques t ion ,  i . e . ,  tha t  
<J ; * '  1 (&{ ' )>  =  <4 ' | J . (G* )>  i = 1  ,  2 ,  3  
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From two  i r reduc ib le  tensors^ ,  {T ,  _  }  and  {V ,  _  K  o f  ranks  L ,  and  
4^2 ^ 
Lg respec t i ve ly ,  we  can  cons t ruc t  p roduc t  tensors  w i th  ranks  o f  
L  =  ( L ^  +  L g ) ,  ( L ^  +  L g  -  1 ) ,  I -  L g  j  
i n  par t i cu la r  the  se t  whose  members  a re  de f ined  by  
^LM "  ^  .  V ,  (F .75)  
I I z Z 
may be  shown to  sa t i s fy  Equa t ion  (F .73)  i f  {T ,  _  }  and  {V, „  }  do .  
•"l"! ^2"2 
Simi la r l y ,  i f  a  se t  o f  func t ions  t rans fo rms accord ing  to  
^  '  (F-76 )  
m" 
and  i f  {T ,  _ }  t rans fo rms accord ing  to  Equa t ion  (F . 7 3 ) ,  then  { i j ; .  }  
LM J  m 
de f ined  by  
i j ; .  H  Z  C (L j ' j ;  Mm'm)T  cj )  ,  ,  (F .77)  jm LM J m 
j  =  one  o f  (L+ j ' ) ,  (L+ j ' - l ) ,  j  '  j  
may  be  shown to  be  a  bas is  fo r  the  (2 j+ l ) -d imens iona l  IR  o f  R(3 ) :  
-  J ,  
When func t ions  and  opera to rs  a re  c lass i f i ed  accord ing  to  IR  o f  R(3 ) ,  
the  Wigner -Eckar t  theorem may be  used  to  speed  the  eva lua t ion  o f  mat r i x  
^{A. } denotes the set {A. A. . ,, ..., A. .} for an operator jm j,j J,J-i J,-J 
or  func t ion  A. 
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e lements .  Th is  theorem^ s ta tes  tha t  i f  {T ,  and  { i | ; .  }  
J  m LM jm 
t rans fo rm accord ing  to  Equa t ions  (F .76)  ,  (F .73) ,  and  (F . 7 8 )  respec t i ve ly ,  
cnen  
<* j 'm ' |TLMl* jm)  =  C ( j L j  '  ;mMm' .  [  1 t  J  IT| ; .  >  ,  (F .79)  
where  the  reduced  mat r i x  e lement  <4 ' j  1 I  I  I  I  ^  i  s  independent  o f  m.  M,  
and  m ' .  The  se t  o f  opera to rs  
Tlw - J* • w = 1, 0, -1 
sa t i s fy  Equa t ions  (F .74)  fo r  L  =  1 ,  and  {J^^ }  i s  thus  i den t i f i ed  as  a  
f i r s t  rank  tensor .  The  mat r i x  e lements  o f  g iven  i n  Equat ions  (F .41) ,  
may  be  wr i t ten  in  a  fo rm wh ich  makes  the  Wigner -Eckar t  theorem man i fes t :  
< ( t> jm lJ^k j .m->  =  C( j '  1  j ;m '  y  m)  {  [  j  ( j+1  )  ,  }  .  (F .80)  
' a  p roo f  may  be  found  i n  Chapte r  V  o f  Re fe rence  (31) .  
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